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BOOK X. 


INTRODUCTORY NOTE. 


The discovery of the doctrine of incommensurables is attributed to 
Pythagoras. Thus Proclus says (Comm. on Eucl. 1. p. 65, x9) that Pythagoras 
“discovered the theory of irrationals!"; and, again, the scholium on the begin- 
ning of Book x., also attributed to Proclus, states that the Pythagoreans were 
the first to address themselves to the investigation of commensurability, having 
discovered it by means of their observation of numbers. They discovered, 
the scholium continues, that not all magnitudes have a common measure. 
“ They called all magnitudes measurable by the same measure commensurable, 
but those which are not subject to the same measure incommensurable, 
and again such of these as are measured by some other common measure 
commensurable with one another, and such as are not, incommensurable with 
the others. And thus by assuming their measures they referred everything to 
diferent commensurabilities, but, though they were different, even so (they 
proved that) not all magnitudes are commensurable with any. (They showed 
that) all magnitudes can be rational (y7a) and all irrational (aAoya) in a 
relative sense (ws pós 71); hence the commensurable and the incommensurable 
would be for them zafura/ (kinds) ($voe«), while the rational and irrational 
would rest on assumption or convention (06oc«)." The scholium quotes further 
the legend according to which * the first of the Pythagoreans who made public 
the investigation of these matters perished in a shipwreck," conjecturing that 
the authors of this story “‘ perhaps spoke allegorically, hinting that everything 
irrational and formless is properly concealed, and, if any soul should rashly 
invade this region of life and lay it open, it would be carried away into the 
sea of becoming and be overwhelmed by its unresting currents." There 
would be a reason also for keeping the discovery of irrationals secret for the 
time in the fact that it rendered unstable so much of the groundwork of 
geometry as the Pythagoreans had based upon the imperfect theory of 
proportions which applied only to numbers. We have already, after Tannery, 
referred to the probability that the discovery of incommensurability must 
have necessitated a great recasting of the whole fabric of elementary geometry, 
pending the discovery of the general theory of proportion applicable to 
incommensurable as well as to commensurable magnitudes. 

It seems certain that it was with reference to the length of the diagonal of 
a square or the hypotenuse of an isosceles right-angled triangle that Pythagoras 
made his discovery. Plato (Theaetetus, 147 D) tells us that Theodorus of 
Cyrene wrote about square roots (vrápes), proving that the square roots of 

1 [ have already noted (Vol. I. p. 351) that G. Junge (Wann haben die Griechen das 
Irrationale entdeckt ?) disputes this, maintaining that it was the Pythagoreans, but not 


oh ng who made the discovery. Junge is obliged to alter the reading of the passage 
Proclus, on what seems to be quite insufficient evidence; and in any case I doubt whether 


the point is worth so much labouring. 
H. E. Il. E í 
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three square feet and five square feet are not commensurable with that of one 
square foot, and so on, selecting each such square root up to that of 17 square 
feet, at which for some reason he stopped. No mention is here made of ,/2, 
doubtless for the reason that its incommensurability had been proved before, 
ie. by Pythagoras. We know that Pythagoras invented a formula for finding 
right-angled triangles in rational numbers, and in connexion with this it was 
inevitable that he should investigate the relations between sides and hypotenuse 
in other right-angled triangles. He would naturally give special attention to 
the isosceles right-angled triangle ; he would try to measure the diagonal, he 
would arrive at successive approximations, in rational fractions, to the value 
of ,/2; he would find that successive efforts to obtain an exact expression for 
it failed. It was however an enormous step to conclude that such exact 
expression was impossible, and it was this step which Pythagoras (or the 
Pythagoreans) made. We now know that the formation of the side- and 
diagonal-numbers explained by Theon of Smyrna and others was Pythagorean, 
and also that the theorems of Eucl. 11. 9, 10 were used by the Pythagoreans 
in direct connexion with this method of approximating to the value of ,/2. 
The very method by which Euclid proves these propositions is itself an indica- 
tion of their connexion with the investigation of ,/2, since he uses a figure 
made up of two isosceles right-angled triangles. 

The actual method by which the Pythagoreans proved the incommensura- 
bility of ,/2 with unity was no doubt that referred to by Aristotle (Anal. prior. 
1. 23, 41a 26—7),a reductio ad absurdum by which it is proved that, if the diagonal 
is commensurable with the side, it will follow that the same number is both 
odd and even. The proof formerly appeared in the texts of Euclid as x. 117, 
but it is undoubtedly an interpolation, and August and Heiberg accordingly 
relegate it to an Appendix. It is in substance as follows. 

Suppose 4C, the diagonal of a square, to be commen- A B 
surable with ÆÐ, its side. Let a: B be their ratio expressed 
in the smallest numbers. 

Then a> £ and therefore necessarily > 1. 


Now AC*: AB* za: fF, 
and, since AC*=2AB [Eucl. 1. 47] 
a! = 287, D [e 


Therefore a* is even, and therefore a is even. 
Since a : $ is in its lowest terms, it follows that 8 must be odd. 


Put a= 2y; 
therefore 47 = 28°, 
or 8? = 2’, 


so that 8, and therefore B, must be even. 
But 8 was also odd: 
which is impossible. 


This proof only enables us to prove the incommensurability of the 
diagonal of a square with its side, or of ,/2 with unity. In order to prove 
the incommensurability of the sides of squares, one of which has ¢hree times 
the area of another, an entirely different procedure is necessary ; and we find 
in fact that, even a century after Pythagoras' time, it was still necessary to use 
separate proofs (as the passage of the Z7vaetetus shows that Theodorus did) 
to establish the incommensurability with unity of /3, ./5,... up to ./17. 
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This fact indicates clearly that the general theorem in Eucl. x. 9 that sguares 
whith have not to one another the ratio of a square number to a square number 
have their sides incommensurable in length was not arrived at all at once, but 
was, in the manner of the time, developed out of the separate consideration 
of special cases (Hankel, p. 103). 

The proposition x. 9 of Euclid is definitely ascribed by the scholiast to 
Theaetetus. Theaetetus was a pupil of Theodorus, and it would seem clear 
that the theorem was not known to Theodorus. Moreover the Platonic 
passage itself ( Z/eae/. 147 D sqq.) represents the young Theaetetus as striving 
after a general conception of what we call a surd. ‘The idea occurred to 
me, seeing that sguare roots (Ovrápew) appeared to be unlimited in multitude, 
to try to arrive at one collective term by which we could designate all these 
square roots....I divided number in general into two classes. The number 
which can be expressed as equal multiplied by equal (ivory lodxis) I likened 
to a square in form, and I called it square and equilateral....'The intermediate 
number, such as three, five, and any number which cannot be expressed as 
equal multiplied by equal, but is either less times more or more times less, so 
that it is always contained by a greater and less side, I likened to an oblong 
figure and called an oblong number. ... Such straight lines then as square the 
equilateral and plane number I defined as length (p5xos), and such as square 
the oblong square roofs (Óvvapes), as not being commensurable with the 
others in length but only in the plane areas to which their squares are 
equal. " 

There is further evidence of the contributions of Theaetetus to the theory 
of incommensurables in a commentary on Eucl. x. discovered, in an Arabic 
translation, by Woepcke (Mémoires présentés à l Académie des Sciences, XIV., 
1856, pp. 658—720). It is certain that this commentary is of Greek origin. 
Woepcke conjectures that it was by Vettius Valens, an astronomer, apparently 
of Antioch; and a contemporary of Claudius Ptolemy (2nd cent. A.D.). 
Heiberg, with greater probability, thinks that we have here a fragment of the 
commentary of Pappus (Euklid-studien, pp. 169—71), and this is rendered 
practically certain by Suter (Die Mathematiker und Astronomen der Araber 
und thre Werke, pp. 49 and 211). This commentary states that the theory 
of irrational magnitudes “ had its origin in the school of Pythagoras. It was 
considerably developed by Theaetetus the Athenian, who gave proof, in this 
part of mathematics, as in others, of ability which has been justly admired. 
He was one of the most happily endowed of men, and gave himself up, with a 
fine enthusiasm, to the investigation of the truths contained in these sciences, 
as Plato bears witness for him in the work which he called after hisname. As 
for the exact distinctions of the above-named magnitudes and the rigorous 
demonstrations of the propositions to which this theory gives rise, I believe 
that they were chiefly established by this mathematician; and, later, the 
great Apollonius, whose genius touched the highest point of excellence in 
mathematics, added to these discoveries a number of remarkable theories 
after many efforts and much labour. 

* For Theaetetus had distinguished square roots [puissances must be the 
duvdpats of the Platonic passage] commensurable in length from those which 
are incommensurable, and had divided the well-known species of irrational 
lines after the different means, assigning the medial to geometry, the binomial 
to arithmetic, and the afofome to harmony, as is stated by Eudemus the 
Peripatetic. 

* As for Euclid, he set himself to give rigorous rules, which he established, 


1—2 
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relative to commensurability and incommensurability in general; he made 
precise the definitions and the distinctions between rational and irrational 
magnitudes, he set out a great number of orders of irrational magnitudes, and 
finally he clearly showed their whole extent.” 

The allusion in the last words must be apparently to x. 115, where it is 
proved that from the medial straight line an unlimited number of other 
irrationals can be derived all different from it and from one another. 

The connexion between the medial straight line and the geometric mean 
is obvious, because it is in fact the mean proportional between two rational 
straight lines “commensurable in square only.” Since $ (x + y) is the arithmetic 
mean between x, y, the reference to it of the binomial can be understood. 
The connexion between the apotome and the harmonic mean is explained by 
some propositions in the second book of the Arabic commentary. The 


harmonic mean between x, y is ix , and propositions of which Woepcke 


quotes the enunciations prove that, if a rational or a medial area has for one 
of its sides a d:nomial straight line, the other side will be an afofome of corre- 
sponding order (these propositions are generalised from Eucl. x. 111—4); the 


; 2Xy | 2Xy ,. 
fact 1s that yee (x — y). 

One other predecessor of Euclid appears to have written on irrationals, 
though we know no more of the work than its title as handed down by 
Diogenes Laertius. According to this tradition, Democritus wrote epi 
adoywv ypappoy xai vactav B, two Books on irrational straight lines and 
solids (apparently). Hultsch (Neue Jahrbücher für Philologie und Pädagogik, 
1881, pp. 578—9) conjectures that the true reading may be cepi addywv 
ypappav kXaeráv, “on irrational broken lines." Hultsch seems to have 
in mind straight lines divided into two parts one of which is rational 
and the other irrational (*Aus einer Art von Umkehr des Pythagoreischen 
Lehrsatzes über das rechtwinklige Dreieck gieng zunächst mit Leichtigkeit 
hervor, dass man eine Linie construiren kónne, welche als irrational zu 
bezeichnen ist, aber durch Brechung sich darstellen lässt als die Summe 
einer rationalen und einer irrationalen Linie"). But I doubt the use of xAacros 
in the sense of breaking one straight line into parts; it should properly mean 
a bent line, Le. two straight lines forming an angle or broken short off at their 
point of meeting. It is also to be observed that vaerov is quoted as a 
Democritean word (opposite to xevov) in a fragment of Aristotle (202). I see 
therefore no reason for questioning the correctness of the title of Democritus' 
book as above quoted. 

I will here quote a valuable remark of Zeuthen's relating to the classifi- 
cation of irrationals. He says (Geschichte der Mathematik im Altertum und 
Mittelalter, p. 56) “Since such roots of equations of the second degree as are 
incommensurable with the given magnitudes cannot be expressed by means 
of the latter and of numbers, it is conceivable that the Greeks, in exact 
investigations, introduced no approximate values but worked on with the 
magnitudes they had found, which were represented by straight lines obtained 
by the construction corresponding to the solution of the equation. That is 
exactly the same thing which happens when we do not evaluate roots but content 
ourselves with expressing them by radical signs and other algebraical symbols. 
But, inasmuch as one straight line looks like another, the Greeks did not get 





1 Diog. Laert. 1x. 47, p. 239 (ed. Cobet). 
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the same clear view of what they denoted (i.e. by simple inspection) as our 
system of symbols assures to us. For this reason it was necessary to under- 
take a classification of the irrational magnitudes which had been arrived at by 
successive solution of equations of the second degree.” To much the same 
effect Tannery wrote in 1882 (De /a solution géométrique des problemes du 
second degré avant Euclide in Mémoires de la Société des sciences physiques et 
naturelles de Bordeaux, 2° Série, IV. pp. 395—416). Accordingly Book x. 
formed a repository of results to which could be referred problems which 
depended on the solution of certain types of equations, quadratic and biquad- 
ratic but reducible to quadratics. 


Consider the quadratic equations 
x7 + 20x.p+B.p’?=0, 
where p is a rational straight line, and a, f are coefficients. Our quadratic 
equations in algebra leave out the p; but I put it in, because it has always to 
be remembered that Euclid’s x is a straight /ine, not an algebraical quantity, 
and is therefore to be found in terms of, or in relation to, a certain assumed 
rational straight line, and also because with Euclid p may be not only of the 


; m 
form a, where a represents a units of length, but also of the form PEL 


which represents a length * commensurable in square only" with the unit of 
length, or J4 where 4 represents a number (not square) of units of area. 
The use therefore of p in our equations makes it unnecessary to multiply 
different cases according to the relation of p to the unit of length, and has the 
further advantage that, e.g., the expression p + ,/4. p is just as general as the 
expression ,/£.p+,/A.p, since p covers the form ,/&.p, both expressions 
covering a length either commensurable in length, or “commensurable in 
square only," with the unit of length. 
Now the positive roots of the quadratic equations 


X f2ux.ptB.p'zo 

can only have the following forms 

x 7 p (a+ Va- B), x; =p (a—Va?— B) ! 

m - p (Ve E Ba) x =p (V2 e B-a) J 

The negative roots do not come in, since x must be a straight line. The 

omission however to bring in negative roots constitutes no loss of generality, 
since the Greeks would write the equation leading to negative roots in another 
form so as to make them positive, i.e. they would change the sign of x in the 
equation. 


Now the positive roots x,, xi, x,, x5 may be classified according to the 
character of the coefficents a, 8 and their relation to one another. 


I. Suppose that a, B do not contain any surds, i.e. are either integers or 
of the form m/n, where m, n are integers. 
Now in the expressions for x,, x,' it may be that 
2 


(1) B is of the form zo 


Euclid expresses this by saying that the square on ap exceeds the square 
on p a* — B by the square on a straight line commensurable in length with ap. 
In this case x, is, in Euclid's terminology, à frst binomial straight line, 

and x,' a first apotome. 
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2 
(2) In general, 8 not being of the form T 


x, is a fourth binomial, 
xy a fourth apotome. 


Next, in the expressions for x,, x,’ it may be that 
2 


(1) B is equal to i (a? + B), where m, # are integers, i.e. B is of the form 
"m 3 
FO » a. 


Euclid expresses this by saying that the square on pat B exceeds the 
square on ap by the square on a straight line commensurable in length with 
pra? + B. 

In this case x, is, in Euclid’s terminology, a second binomial, 


x, a second apotome. 
2 





(2) In general, B not being of the form "LE 
X is a fifth binomial, 


x, a fifth apotome. 


Il. Now suppose that a is of the form J =, where m, # are integers, and 


let us denote it by ,/A. 
Then in this case 
x,=p(J/aAt A/ A — B), xy - p(JA- NÀ- B), 
x= p (VÀ B+ JA), xy =p(VA+ B— JA). 

Thus x,, x,’ are of the same form as x, xy. 

If VÀ -B in x,, x, is not surd but of the form m/n, and if /X+B in xa, xy 
is not surd but of the form m/s, the roots are comprised among the forms 
already shown, the first, second, fourth and fifth binomials and apotomes. 

If VA- B in 34, x,' is surd, then 





2 
(1) we may have f of the form sn A, and in this case 


x, is a third binomial straight line, 
Xy a third apotome; 
2 
(2) in general, B not being of the form ma 
AX, ls a sixth binomial straight line, 
xy a sixth apotome. 
_ With the expressions for x,, x, the distinction between the third and sixth 
binomials and apotomes is of course the distinction between the cases 


2 
(1) in which B= - (A + B), or B is of the form À, 


and (2) in which £ is not of this form. 
. If we take the square root of the product of p and each of the six 
binomials and six apotomes just classified, i.e. 


pP (a+ va — B), p' (Na! 4 B ta), 


A, 





m» 
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in the six different forms that each may take, we find six new irrationals with 
a positive sign separating the two terms, and six corresponding irrationals with 
a negative sign. These are of course roots of the equations 


x!42ax!.p! +B. pt=o. 
These irrationals really come before the others in Euclid’s order (x. 36— 
41 for the positive sign and x. 73—78 for the negative sign). As we shall 
see in due course, the straight lines actually found by Euclid are 


I. p+ JŘ. p, the binomial (4 èx 9vo ovopdruv) 
and the apotome (amoropy), 
which are the positive roots of the biquadratic (reducible to a quadratic) 
xt —2(1 +) p*. x7 + (1 — k? pf=o. 
2. kin + kip, the first bimedial (èx Bio péowy mporn) 
and the first apotome of a medial (pions aroropy mper), 
which are the positive roots of 
x*— 2E (1 +h) p. x* - A(1— £y p =o. 
3. kłp+ x p, the second bimedial (èx dv0 péowy Sevrépa) 
and the second apotome of a medial (péoys dworopy Sevrépa), 

which are the positive roots of the equation 


aes vate ps ids 


* Sl 7 Ag uci AIR 


the major (irrational straight line) (me{wv) 
and the minor (irrational straight line) (éAacowr), 
which are the positive roots of the equation 











stap p= 
—M p E EENEN NESE: 
5- Jurk YN Pk oo ig VFA, 


the “side” of a rational plus a medial (area) (pyrov xai péoov Suvaja) 


and the “side” of a medial minus a rational area (in the Greek 7 pera rob 
pécov TO dAoy wowovea), 


which are the positive roots of the equation 





2 e 
C lai gg |n 
Mp 
6. 2 ANI TNR S6 
42 * Agi x» 


the “side” of the sum of two beo areas (y) úo péra Svvapévn) 
and the “side” of a medial minus a medial area (in the Greek y pera pérov 
pégoy Tò GAov wowvea), 
which are the positive roots of the equation 


p 
— 2 
xt 24/A. ap A 





p =o. 
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The above facts and formulae admit of being stated in a great variety of 
ways according to the notation and the particular letters used. Consequently 
the summaries which have been given of Eucl x. by various writers differ 
much in appearance while expressing the same thing in substance. The first 
summary in algebraical form (and a very elaborate one) seems to have been 
that of Cossali (Origine, trasporto in Italia, primi progressi in essa dell 
Algebra, Vol. 11. pp. 242—65) who takes credit accordingly (p. 265). In 
1794 Meier Hirsch published at Berlin an Alyebraischer Commentar über das 
zehente Buch der Elemente des Euklides which gives the contents in algebraical 
form but fails to give any indication of Euclid’s methods, using modern forms 
of proof only. In 1834 Poselger wrote a paper, Ueber das sehnte Buch der 
Elemente des Euklides, in which he pointed out the defects of Hirsch’s repro- 
duction and gave a summary of his own, which however, though nearer to 
Euclid’s form, is difficult to follow in consequence of an elaborate system of 
abbreviations, and is open to the objection that it is not algebraical enough 
to enable the character of Euclid’s irrationals to be seen at a glance. Other 
summaries will be found (1) in Nesselmann, Die Algebra der Griechen, 
pp. 165—84; (2) in Loria, XZ periodo aureo della geometria greca, Modena, 
1895, pp. 40—9; (3) in Christensen’s article * Ueber Gleichungen vierten 
Grades im zehnten Buch der Elemente Euklids” in the Zeitschrift fur Math. u. 
Physik (Historisch-Iiterarische Abtheilung), xxxiv. (1889), pp. 201—17. The 
only summary in English that I know is that in the Penny Cyclopaedia, under 
* Irrational quantity," by De Morgan, who yielded to none in his admiration of 
Book x. “Euclid investigates,” says De Morgan, “every possible variety of lines 
which can be represented by ,/(,/a + ~b), a and ? representing two commen- 
surable lines.... This book has a completeness which none of the others (not 
even the fifth) can boast of: and we could almost suspect that Euclid, having 
arranged his materials in his own mind, and having completely elaborated 
the 10th Book, wrote the preceding books after it and did not live to revise 
them thoroughly." 

Much attention was given to Book x. by the early algebraists. Thus 
Leonardo of Pisa (fl. about 1209 A.D.) wrote in the r4th section of his Lider 
Abaci on the theory of irrationalities (de tractatu binomiorum et recisorum), 
without however (except in treating of irrational trinomials and cubic irra- 
tionalities) adding much to the substance of Book x.; and, in investigating 
the equation 

x + 2x7 + rox = 20, 


propounded by Johannes of Palermo, he proved that none of the irrationals 
in Eucl. x. would satisfy it (Hankel, pp. 344—6, Cantor, 1, p. 43). Luca 
Paciuolo (about 1445—1514 A.D.) in his algebra based himself largely, as he 
himself expressly says, on Euclid x. (Cantor, i, p. 293). Michael Stifel 
(1486 or 1487 to 1567) wrote on irrational numbers in the second Book of 
his Arithmetica integra, which Book may be regarded, says Cantor (11,, p. 402), 
as an elucidation of Eucl. x. The works of Cardano (1501—76) abound in 
speculations regarding the irrationals of Euclid, as may be seen by reference to 
Cossali (Vol. ir, especially pp. 268—78 and 382—99); the character of 
the various odd and even powers of the binomials and apotomes is therein 
investigated, and Cardano considers in detail of what particular forms of 
equations, quadratic, cubic, and biquadratic, each class of Euclidean irrationals 
can be roots. Simon Stevin (1548—1620) wrote a Traité des incommensurables 
grandeurs en laquelle est sommairement déclaré le contenu du Dixiesme Livre 
d Euclide (Oeuvres mathématiques, Leyde, 1634, pp. 219 sqq.); he speaks thus 
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of the book: “La difficulté du dixiesme Livre d'Euclide est à plusieurs 
devenue en horreur, voire jusque à l'appeler la croix des mathématiciens, 
matière trop dure à digérer, et en la quelle n'apercoivent aucune utilité," a 
passage quoted by Loria (// Periodo aureo della geometria greca, p. 41). 

It will naturally be asked, what use did the Greek geometers actually 
make of the theory of irrationals developed at such length in Book x.? The 
answer is that Euclid himself, in Book x111., makes considerable use of the 
second portion of Book x. dealing with the irrationals affected with a negative 
sign, the apotomes etc. One object of Book xir. is to investigate the relation 
of the sides of a pentagon inscribed in a circle and of an icosahedron and 
dodecahedron inscribed in a sphere to the diameter of the circle or sphere 
respectively, supposed rational. The connexion with the regular pentagon of 
a straight line cut in extreme and mean ratio is well known, and Euclid first 
proves (x11. 6) that, if a rational straight line is so divided, the parts are the 
itrationals called apotomes, the lesser part being a frst apotome. Then, on 
the assumption that the diameters of a circle and sphere respectively are 
rational, he proves (xu. 11) that the side of the inscribed regular pentagon is 
the irrational straight line called minor, as is also the side of the inscribed 
icosahedron (xir. 16), while the side of the inscribed dodecahedron is the 
irrational called an afotome (xii. 17). 

Of course the investigation in Book x. would not have been complete if 
it had dealt only with the irrationals affected with a negative sign. Those 
affected with the positive sign, the dnomia/s etc., had also to be discussed, 
and we find both portions of Book x., with its nomenclature, made use of by 
Pappus in two propositions, of which it may be of interest to give the enun- 
ciations here. 

If, says Pappus (1v. p. 178), AB be the rational diameter of a semicircle, and 
if 48 be produced to C so that BC is equal to the radius, if CD be a tangent, 


D 


A F B C 


if E be the middle point of the arc BD, and if CE be joined, then CZ is the 
irrational straight line called minor. As a matter of fact, if p is the radius, 


CP =p (5-243) and CE- VEIT = J sav 
2 2 
If, again (p. 182), CD be equal to the radius of a semicircle supposed 





rational, and if the tangent DZ be drawn and the angle ADB be bisected by 
DF meeting the circumference in A, then DF is the excess by which the 
binomial exceeds the straight line which produces with a rational area a medial 
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whole (see Eucl. x. 77). (In the figure DØ is the binomial and KF the other 
irrational straight line.) As a matter of fact, if p be the radius, 


KD - p. vse ! and KF- p. J J3 -1-p. (/ 33245 -./ 82%). 

Proclus tells us that Euclid left out, as alien to a selection of ements, the 
discussion of the more complicated irrationals, “the unordered irrationals which 
Apollonius worked out more fully” (Proclus, p. 74, 23), while the scholiast 
to Book x. remarks that Euclid does not deal with all rationals and irrationals 
but only the simplest kinds by the combination of which an infinite number 
of irrationals are obtained, of which Apollonius also gave some. The author 
of the commentary on Book x. found by Woepcke in an Arabic translation, 
and above alluded to, also says that “it was Apollonius who, beside the 
ordered irrational magnitudes, showed the existence of the unordered and by 
accurate methods set forth a great number of them.” It can only be vaguely 
gathered, from such hints as the commentator proceeds to give, what the 
character of the extension of the subject given by Apollonius may have been. 
See note at end of Book. 





DEFINITIONS. 


1. Those magnitudes are said to be commensurable 
which are measured by the same measure, and those incom- 
mensurable which cannot have any common measure. 


2. Straight lines are commensurable in square when 
the squares on them are measured by the same area, and 
incommensurable in square when the squares on them 
cannot possibly have any area as a common measure. 


3. With these hypotheses, it is proved that there exist 
straight lines infinite in multitude which are commensurable 
and incommensurable respectively, some in length only, and 
others in square also, with an assigned straight line. Let 
then the assigned straight line be called rational, and those 
straight lines which are commensurable with it, whether in 
length and in square or in square only, rational, but those 
which are incommensurable with it irrational. 


4. And let the square on the assigned straight line be 
called rational and those areas which are commensurable 
with it rational, but those which are incommensurable with 
it irrational, and the straight lines which produce them 
irrational, that is, in case the areas are squares, the sides 
themselves, but in case they are any other rectilineal figures, 
the straight lines on which are described squares equal to 
them. 
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DEFINITION 1. 


Xopperpa. peyeOn A€yerat rà TO QUT@ pérpe peTpovpeva, dovpperpa é, ov 
prety évydéxerar Kowov pérpov yevérOat. 


DEFINITION 2. 

Ev@ecta: Suvdper ovpperpol eow, Grav rà dx’ atray Terpd-yova TH adTy xwpűp 
perpijrau dovpperpor Bé, oray Tois ax aUrüv tetpaywvos pdtv évdéyntat xwpiov 
Kotvov pétpov -yevér Oat. 

Commensurable in square is in the Greek wape: ovpperpos. In earlier 
translations (e.g. Williamson's) 8vrape« has been translated “in power,” but, 
as the particular power represented by vvas in Greek geometry is square, 
I have thought it best to use the latter word throughout. It will be observed 
that Euclid’s expression commensurable in square only (used in Def. 3 and 
constantly) corresponds to what Plato makes Theaetetus call a sguare root 
(Svvajus) in the sense of a surd. If a is any straight line, a and a/m, or 
a |m and a,/n (where m, n are integers or arithmetical fractions in their 
lowest terms, proper or improper, but not square) are commensurable in square 
only. Of course (as explained in the Porism to x. 10) all straight lines 
commensurable in length (uyxe), in Euclid's phrase, are commensurable £s 
square also; but not all straight lines which are commensurable i” square are 
commensurable in length as well. On the other hand, straight lines incom- 
mensurable in square are necessarily incommensurable in length also; but not 
all straight lines which are incommensurable in /ength are incommensurable 
in square. In fact, straight lines which are commensurable in square only are 
incommensurable i /esg/A, but obviously not incommensurable in square. 


DEFINITION 3. 


Tovrov Droxepéve Seixvvraa, $n Tj mporeÜeiry beig trdpxovow evPeiat 
ze a Tepot aper poc re xai Couper poe ol uiv pire póvov, ai òè ai Suvaper. 
xadeio Ow o)v 9 pèv mporeÜeica, evÓ eia. p Pri, «ai ai TavTy gupp.erpoc etre piket xai 
Suvdper eire Óvváp.ec povov pryrai, ai 6€ ravry dovpperpor dAoyoc kaAeiaÜwaav. 


The first sentence of the definition is decidedly elliptical. It should, 
strictly speaking, assert that “with a given straight line there are an infinite 
number of straight lines which are (1) commensurable either (a) in square 
only or (4) in square and in length also, and (2) incommensurable, either 
(a) in length only or (^) in length and in square also." 

The relativity of the terms rational and irrational is well brought out in 
this definition. We may set out any straight line and call it rational, and it 
is then with reference to this assumed rational straight line that others are 
called rational or irrational. 

We should carefully note that the signification of rational in Euclid is wider 
than in our terminology. With him, not only is a straight line commensurable /x 
length with a rational straight line rational, but a straight line is rational which 
is commensurable with a rational Ld line tn square only. That is, if pisa 


rational straight line, not only is - p rational, where m, * are integers and 
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ae ! mio. 
mjn in its lowest terms is not square, but Ji FILAS rational also. We should 


in this case call PE irrational. It would appear that Euclid's termino- 


logy here differed as much from that of his predecessors as it does from 
ours. We are familiar with the phrase dppyros Suaperpos ris Tejma6os by 
which Plato (evidently after the Pythagoreans) describes the diagonal of a 
square on a straight line containing 5 units of length. "This *inexpressible 


diameter of five (squared)” means 4/50, in contrast to the fyr) &aperpos, the 
* expressible diameter" of the same square, by which is meant the approxi- 


— m 
mation J/ 50-1, or 7. Thus for Euclid's predecessors aP would 


apparently not have been rational but appyros, “ inexpressible,” i.e. irrational. 
| I shall throughout my notes on this Book denote a rational straight line in 

Euclid's sense by p, and by p and ø when two different rational.straight lines are 
required. Wherever then I use p or a, it must be remembered that p, o may 
have either of the forms a, JA. a, where a represents a units of length, a being 
either an integer or of the form. m/z, where m, n are both integers, and & is an 
integer or of the form m/n (where both m, ^ are integers) but not square. In 
other words, p, e may have either of the forms a or J4, where A represents 
A units of area and A is integral or of the form m/n, where m, n are both 
integers. It has been the habit of writers to give a and ,/a as the alternative 
forms of p, but I shall always use J4 for the second in order to keep the 
dimensions right, because it must be borne in mind throughout that p is an 
irrational straight line. 

As Euclid extends the signification of rational (fros, literally expressible), 
so he limits the scope of the term aAoyos (literally having no ratio) as applied - 
to straight lines. That this limitation was started by himself may perhaps be 
inferred from the form of words “ /e straight lines incommensurable with it 
be called irrational.” Irrational straight lines then are with Euclid straight lines 
commensurable nether in length nor in square with the assumed rational 
straight line. /4. a where & is not square is not irrational; J£. a is irrational, 
and so (as we shall see later on) is (V/k + ,/A) a. 


DEFINITION 4. 


M 4 * » A ^ 0 , 3 0 , , e , M b] r 
Kai ro piv amò ris mporeÂeions «veas Terpáywovov fwrov, kal rà Tovro 
3 , , 
oUppetpa prá, rà 0€ rovro acvpperpa adoya kaAeiaÜw, kai ai Suvvapevat avrà 
dXoyot, ei pèr TeTpaywva <n, abrat ai wAeupai, ef dé érepd twa evOvypappa, ai 
(ca abrois TeTpaywva avaypadoucat. 


As applied to areas, the terms rational and trrational have, on the other 
hand, the same sense with Euclid as we should attach to them. According 
to Euclid, if p is a rational straight line in Ais sense, p° is rational and any 
area commensurable with it, i.e. of the form 4p! (where Å is an integer, or of 
the form m/z, where m, n are integers), is rational ; but any area of the form 
Jk. p! is irrational.  Euclid's rational area thus contains A units of area, 
where 4 is an integer or of the form m/n, where m, 5» are integers ; and his 
irrational area is of the form /&. A. His irrational area is then connected 
with his irrational s/razgA4 line by making the latter the square root of the 
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former. This would give us for the irrational straight line 1/2. J.A, which of 
course includes 4/&. a. 

ai Suvaerat avra. are the straight lines the squares on which are equal to 
the areas, in accordance with the regular meaning of Svvac@a. It is scarcely 
possible, in a book written in geometrical language, to translate duvvapévy as 
the square root (of an area) and dwacba as fo be the square root (of an area), 
although I can use the term “square root" when in my notes I am using an 
algebraical expression to represent an area ; I shall therefore hereafter use the 
word “side” for Svvapévyn and “to be the side of" for Svvac@a, so that 
“side” will in such expressions be a short way of expressing the “side of 
a square equal fo (an area)" In this particular passage it is not quite practi- 
cable to use the words “ side of” or “straight line the square on which is equal 
to," for these expressions occur just afterwards for two alternatives which the 
word dévvayévy covers. I have therefore exceptionally translated ‘the straight 
lines which produce them " (i.e. if squares are described upon them as sides). 

ai iga avrots Terpayova dvaypidoveat, literally * the (straight lines) which 
describe squares equal to them”: a peculiar use of the active of avaypadeu, 
the meaning being of course “the straight lines on which ave described the 
squares " which are equal to the rectilineal figures. 


BOOK X. PROPOSITIONS. 


PROPOSITION I. 


Two unequal magnitudes being set out, if from the greater 
there be subtracted a magnitude greater than tts half, and from 
that which is left a magnitude greater than its half, and if 
this process be repeated continually, there will be left some 
magnitude which will be less than the lesser magnitude set out. 


Let AB, C be two unequal magnitudes of which 42 is 





the greater : e 
I say that, if from AB there be A—*—*— —8 9 
subtracted a magnitude greater D———3H—— 4-—— E 


than its half, and from that which 

is left a magnitude greater than its half, and if this process be 
repeated continually, there will be left some magnitude which 
will be less than the magnitude C. 


For C if multiplied will-sometime be greater than 4B. 
[cf. v. Def. 4] 


Let it be multiplied, and let DZ be a multiple of C, and 
greater than 4B; 
let DE be divided into the parts DF, FG, GE equal to C, 
from AZ let there be subtracted ZH greater than its half, 
and, from AH, HK greater than its half, 
and let this process be repeated continually until the divisions 
in AB are equal in multitude with the divisions in DZ. 

Let, then, 4, KH, HB be divisions which are equal in 
multitude with DEF, FG, GE. 

Now, since D is greater than AB, 
and from DE there has been subtracted ÆG less than its 
half, 
and, from AZ, BA greater than its half, 
therefore the remainder G is greater than the remainder 77.4. 
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And, since GD is greater than 774, 

and there has been subtracted, from GD, the half GF, 

and, from 77:4, HK greater than its half, 

therefore the remainder DF is greater than the remainder 4X. 
But DF is equal to C; 

therefore C is also greater than 4X. 


Therefore AX is less than C. 
Therefore there is left of the magnitude 447 the magnitude 
AK which is less than the lesser magnitude set out, namely C. 
Q. E. D. 


And the theorem can be similarly proved even if the parts 
subtracted be halves. 


This proposition will be remembered because it is the lemma required in 
Euclid's proof of xit. 2 to the effect that circles are to one another as the 
squares on their diameters. Some writers appear to be under the impression 
that xir. 2 and the other propositions in Book xu. in which the method of 
exhaustion is used are the only places where Euclid makes use of x. 1 ; and it 
is commonly remarked that x. 1 might just as well have been deferred till the 
beginning of Book xi. Even Cantor (Gesch. d. Math. 1,, p. 269) remarks 
that ** Euclid draws no inference from it [x. 1], not even that which we should 
more than anything else expect, namely that, if two magnitudes are incom- 
mensurable, we can always form a magnitude commensurable with the first 
which shall differ from the second magnitude by as little as we please." But, 
so far from making no use of x. 1 before xir. 2, Euclid actually uses it in the 
very next proposition, X. 2. This being so, as the next note will show, it 
follows that, since x. 2 gives the criterion for the incommensurability of two 
magnitudes (a very necessary preliminary to the study of incommensurables), 
X. 1 comes exactly where it should be. 

Euclid uses x. 1 to prove not only xir. 2 but x11. 5 (that pyramids with the 
same height and triangular bases are to one another as their bases), by means 
of which he proves (xit. 7 and Por.) that any pyramid is a third part of the 
prism which has the same base and equal height, and xir. ro (that any cone 
is a third part of the cylinder which has the same base and equal height), 
besides other similar propositions. Now xii. 7 Por. and xit. 1o are theorems 
specifically attributed to Eudoxus by Archimedes (Ox the Sphere and Cylinder, 
Preface), who says in another place (Quadrature of the Parabola, Preface) that 
the first of the two, and the theorem that circles are to one another as the 
squares on their diameters, were proved by means of a certain lemma which 
he states as follows: “Of unequal lines, unequal surfaces, or unequal solids, 
the greater exceeds the less by such a magnitude as is capable, if added 
[continually] to itself, of exceeding any magnitude of those which are 
comparable with one another," i.e. of magnitudes of the same kind as the 
original magnitudes. Archimedes also says (oc. cit.) that the second of 
the two theorems which he attributes to Eudoxus (Eucl xit ro) was 
proved by means of ‘‘a lemma similar to, the aforesaid.” The lemma 
stated thus by Archimedes is decidedly different from x. x, which, however, 
Archimedes himself uses several times, while he refers to the use of it 
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in xit. 2 (On the Sphere and Cylinder, 1. 6). As I have before suggested 
(The Works of Archimedes, p. xlviii), the apparent difficulty caused by the 
mention of Zo lemmas in connexion with the theorem of Eucl. xu. 2 may be 
explained by reference to the proof of x. 1. Euclid there takes the lesser 
magnitude and says that it is possible, by multiplying it, to make it some time 
exceed the greater, and this statement he clearly bases on the 4th definition of 
Book v., to the effect that “magnitudes are said to bear a ratio to one another 
which can, if multiplied, exceed one another" Since then the smaller 
magnitude in X. 1 may be regarded as the difference between some two 
unequal magnitudes, it is clear that the lemma stated by Archimedes is in 
substance used to prove the lemma in X. r, which appears to play so much 
larger a part in the investigations of quadrature and cubature which have come 
down to us. 

Besides being employed in Eucl. x. 1, the “Axiom of Archimedes" appears 
in Aristotle, who also practically quotes the result of x. 1 itself. Thus he 
says, Physics viii. 10, 266 b 2, “ By continually adding to a finite (magnitude) 
I shall exceed any definite (magnitude), and similarly by continually subtract- 
ing from it I shall arrive at something less than it," and sd:d. 111. 7, 207 b 10 
* For bisections of a magnitude are endless." It is thus somewhat misleading 
to use the term ‘Archimedes’ Axiom” for the “lemma” quoted by him, 
since he makes no claim to be the discoverer of it, and it was obviously much 
earlier. 

Stolz (quoted by G. Vitali in Questioni riguardanti la geometria elementare, 
pp. 91—2) showed how to prove the so-called Axiom or Postulate of Archimedes 
by means of the Postulate of Dedekind, thus. Suppose the two magnitudes 
to be straight lines. It is required to prove that, given two straight lines, there 
always exists a multiple of the smaller which is greater than the other. 

Let the straight lines be so placed that they have a common extremity and 
the smaller lies along the other on the same side of the common extremity. 

If AC be the greater and 4B the smaller, we have to prove that there 
exists an integral number z such that 2. AB > AC. 

Suppose that this is not true but that there are some points, like B, not 
coincident with the extremity 4, and such that, # being any integer however 
great, n. AB < AC; and we have to prove that this assumption leads to an 
absurdity. 


A X Y B C 


The points of 4 C may be regarded as distributed into two “parts,” namely 
(1) points Æ for which there exists no integer # such that s. 477^ AC, 

(2) points Æ for which an integer 7 does exist such that 2. AX > AC. 

This division into parts satisfies the conditions for the application of 
Dedekind's Postulate, and therefore there exists a point M such that the 
points of 44M belong to the first part and those of MC to the second part. 

Take now a point Y on MC such that MY < AM. The middle point (X) 
of 4 Y will fall between 4 and M and will therefore belong to the first part ; 
but, since there exists an integer ^ such that #. Y> AC, it follows that 
2n. 4X » AC: which is contrary to the hypothesis. 
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PROPOSITION 2. 


Tf, when the less of two unequal magnitudes is continually 
subtracted zn turn from the greater, that which ts left never 
measures the one before it, the magnitudes will be incom- 
mensurable. 


For, there being two unequal magnitudes 4B, CD, and 
AB being the less, when the less is continually subtracted 
in turn from the greater, let that which is left over never 
measure the one before it; 


I say that the magnitudes 48, CD are incommensurable. 


E | hee 


a ——H 
Cc É D 





For, if they are commensurable, some magnitude will 
measure them. ! 
Let a magnitude measure them, if possible, and let it be Æ; 


let AZ, measuring FD, leave CF less than itself, 
let CF measuring BG, leave AG less than itself, 


and let this process be repeated continually, until there is left 
some magnitude which is less than Æ. 


Suppose this done, and let there be left AG less than Æ. 
Then, since Æ measures 74 5, 
while AZ measures DF, 
therefore Æ will also measure FD. 
But it measures the whole C2 also ; 
therefore it will also measure the remainder CZ. 
But CF measures BG ; 
therefore Æ also measures BG. 
But it measures the whole AZ also; 
therefore it will also measure the remainder AG, the greater 
the less: | 
which is impossible. 
Therefore no magnitude will measure the magnitudes 4 B, 
therefore the magnitudes 42, CD are incommensurable. 
[x. Def. 1] 
Therefore etc. 


H. E. HI. 2 
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This proposition states the test for incommensurable magnitudes, founded 
on the usual operation for finding the greatest common measure. The sign 
of the incommensurability of two magnitudes is that this operation never 
comes to an end, while the successive remainders become smaller and smaller 
until they are less than any assigned magnitude. 

Observe that Euclid says “let this process be repeated continually until 
there is left some magnitude which is less than Æ.” Here he evidently 
assumes that the process wi some time produce a remainder less than any 
assigned magnitude Æ. Now this is by no means self-evident, and yet 
Heiberg (though so careful to supply references) and Lorenz do not refer to 
the basis of the assumption, which is in reality x. 1, as Billingsley and 
Williamson were shrewd enough to see. The fact is that, if we set off a 
smaller magnitude once or oftener along a greater which it does not exactly 
measure, until the remainder is less than the smaller magnitude, we take away 
from the greater more than its half. ‘Thus, in the figure, FD is more than the 
half of CD, and BG more than the half of 4B. If we continued the process, 
AG marked off along CF as many times as possible would cut off more than 
its half; next, more than half 4G would be cut off, and so on. Hence along 
CD, AB alternately the process would cut off more than half, then more than 
half the remainder and so on, so that on Joff lines we should ultimately 
arrive at a remainder less than any assigned length. 

The method of finding the greatest common measure exhibited in this 
proposition and the next is of course again the same as that which we use and 
which may be shown thus: 


b)a(p 
po 


c)^ (g 
qc 
d)c(r 

rd 
e 


The proof too is the same as ours, taking just the same form, as shown in the 
notes to the similar propositions vir. 1, 2 above. In the present case the 
hypothesis is that the process never stops, and it is required to prove that a, 4 
cannot in that case have any common measure, as f. For suppose that f is a 
common measure, and suppose the process to be continued until the remainder 
e, say, is less than /. 

Then, since f measures a, 4, it measures a — fd, or c. 

Since f measures 4, c, it measures $- ge, or d ; and, since f measures c, d, 
it measures c — zd, or e: which is impossible, since e « f. 

Euclid assumes as axiomatic that, if f measures a, 5, it measures ma + nd. 

In practice, of course, it is often unnecessary to carry the process far in 
order to see that it will never stop, and consequently that the magnitudes are 
incommensurable. A good instance is pointed out by Allman (Greek Geometry 
from Thales to Euclid, pp. 42, 137—8). Euclid proves in xu. 5 that, if 4B 
be cut in extreme and mean ratio at C, and if 
DA equal to AC be added, then DB is also cut D A c 8 
in extreme and mean ratio at Æ. This is indeed 
obvious from the proof of 11. r1. It follows conversely that, if BD is cut into 
extreme and mean ratio at 4, and 4C, equal to the lesser segment 4D, be 
subtracted from the greater 4B, AZ is similarly divided at C. We can then 
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mark off from 4 C a portion equal to CB, and AC will then be similarly divided, 
and so on. Now the greater segment in a line thus divided is greater than 
half the line, but it follows from xii. 3 that it is less than twice the lesser 
segment, i.e. the lesser segment can never be marked off more than once from 
the greater. Our process of marking off the lesser segment from the greater 
continually is thus exactly that of finding the greatest common measure. If, 
therefore, the segments were commensurable, the process would stop. But it 
clearly does not ; therefore the segments are incommensurable. 

Allman expresses the opinion that it was rather in connexion with the line 
cut in extreme and mean ratio than with reference to the diagonal and side 
of a square that Pythagoras discovered incommensurable magnitudes. But 
the evidence seems to put it beyond doubt that the Pythagoteans did discover 
the incommensurability of ,/2 and devoted much attention to this particular 
case. The view of Allman does not therefore commend itself to me, though 
it is likely enough that the Pythagoreans were aware of the incommensura- 
bility of the segments of a line cut in extreme and mean ratio. At all events 
the Pythagoreans could hardly have carried their investigations into the in- 
commensurability of the segments of this line very far, since Theaetetus 1s 
said to have made the first classification of irrationals, and to him is also, 
with reasonable probability, attributed the substance of the first part of Eucl. 
Xi., in the sixth proposition of which occurs the proof that the segments of a 
rational straight line cut into extreme and mean ratio are afofomes. 

Again, the incommensurability of ,/2 can be proved by a method 
practically equivalent to that of x. 2, and without carrying the process very 
far. This method is given in Chrystal’s 7ext- 
book of Algebra (1. p. 270). Let d, a be the B " A 
diagonal and side respectively of a square 
ABCD. Mark off AF along AC equal to a. 

Draw FE at right angles to 4C meeting BC 


in Æ. 
It is easily proved that E. 
BE = EF- FC, a d, 
CF-4C-AB-dc-a ........ (1). i 
CE- CB - CF -a - (d — a) b b 
—20-4......... (2) 


Suppose, if possible, that 4, a are commensurable. If 4, a are both 
commensurably expressible in terms of any finite unit, each must be an 
integral multiple of a certain finite unit. 

But from (1) it follows that CZ, and from (2) it follows that C£, is an 
integral multiple of the same unit. 

And CF, CE are the side and diagonal of a square CEG, the side of 
which is Zess than half the side of the original square. If a,, d, are the side and 
diagonal of this square, 

ai = d -aA | 
d, = 28 — d i 
Similarly we can form a square with side a, and diagonal Z, which are less 


than half a;, d, respectively, and a,, d must be integral multiples of the same 
unit, where 


d, — d, — 4, 
d, = 2a,— d, ; 
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and this process may be continued indefinitely until (x. 1) we have a square 
as small as we please, the side and diagonal of which are integral multiples of 
a finite unit: which is absurd. 

Therefore a, d are incommensurable. 

It will be observed that this method is the opposite of that shown in the 
Pythagorean series of side- and diagonal-numbers, the squares being 
successively smaller instead of larger. 


PROPOSITION 3. 


Given two commensurable magnitudes, to find their greatest 
common measure. 


Let the two given commensurable magnitudes be 4B, CD 
of which AB is the less ; 
thus it is required to find the greatest common measure of 
AB, CD. 

Now the magnitude 447 either measures CD or it does 


not. 

If then it measures it—and it measures itself also—.4 P is 
a common measure of AB, CD. 

And it is manifest that it is also the greatest ; 
for a greater magnitude than the magnitude 4B will not 
measure AB. 


G AGE 








C 





Next, let AB not measure CD. 

Then, if the less be continually subtracted in turn from 
the greater, that which is left over will sometime measure 
the one before it, because 482, CD are not incommensurable ; 


[cf. x. 2] 
let 4B, measuring E, leave EC less than itself, 


let EC, measuring ZÐ, leave AF less than itself, 
and let AF measure CE. 
Since, then, AF measures CZ, 
while CE measures FB, 
therefore AF will also measure FB. 
But it measures itself also ; 
therefore 4 F will also measure the whole 74 Z. 
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But 44 measures DE; 
therefore AF will also measure £D. 
But it measures CZ also; 
therefore it also measures the whole CD. 
Therefore AF is a common measure of 48, CD. 


I say next that it is also the greatest. 

For, if not, there will be some magnitude greater than 4F 
which will measure 42, CD. 

Let it be G. 

Since then G measures AB, 
while 44 P measures ED, 
therefore G will also measure ED. : 

But it measures the whole CD also; 
therefore G will also measure the remainder CZ. 

But C£ measures FB ; 
therefore G will also measure FB. 

But it measures the whole 74 Z2 also, 
and it will therefore measure the remainder 4/, the greater 
the less : 
which is impossible. 

Therefore no magnitude greater than 447 will measure 
AB, CD; 
therefore AF is the greatest common measure of 4B, CD. 

Therefore the greatest common measure of the two given 
commensurable magnitudes 42, CD has been found. 

Q. E. D. 


PorisM. From this it is manifest that, if a magnitude 
measure two magnitudes, it will also measure their greatest 
common measure. 


This proposition for two commensurable magnitudes is, mutatis mutandis, 
exactly the same as VII. 2 for numbers. We have the process 


b)a(p 
po 
c) ó (g 
ge 


dje(r 
ra 


where c is equal to 7d and therefore there is no remainder, 
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It is then proved that Z is a common measure of a, 4; and next, by a 
reductio ad absurdum, that it is the greatest common measure, since any 
common measure must measure d, and no magnitude greater than 4 can 
measure @ The reductio ad absurdum is of course one of form only. 

The Porism corresponds exactly to the Porism to VII. 2. 

The process of finding the greatest common measure is probably given in 
this Book, not only for the sake of completeness, but because in x. 5 a 
common measure of two magnitudes 4, B is assumed and used, and therefore 
it is important to show that such a measure can be found if not already 
known. 


PROPOSITION 4. 


Given three commensurable magnitudes, to find thetr greatest 
common measure. 


Let A, B, C be the three given commensurable magnitudes; 
thus it is required to find the greatest 
common measure of 4, B, C. A 

Let the greatest common measure B 
of the two magnitudes 4, B be taken,  c——— 
and let it be D; [x- 3] b 
then D either measures C, or does 
not measure it. 


First, let it measure it. 
Since then D measures C, 

while it also measures 4, B, 

therefore D is a common measure of 4, B, C. 
And it is manifest that it is also the greatest ; 


for a greater magnitude than the magnitude D does not 
measure A, P. 


E= F—— 





Next, let D not measure C. 
I say first that C, D are commensurable. 
For, since 4, B, C are commensurable, 


some magnitude will measure them, 
and this will of course measure 4, B also; 


so that it will also measure the greatest common measure of 
A, B, namely D. [x. 3, Por.] 


But it also measures C ; 
so that the said magnitude will measure C, D; 
therefore C, D are commensurable. 
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Now let their greatest common measure be taken, and let 
it be Æ. [x. 3] 
Since then Æ measures D, 


while D measures A, B, 
therefore E will also measure 4, B. 
But it measures C also; 
therefore £ measures 4, Ð, C ; 
therefore Æ is a common measure of 4, Ð, C. 


I say next that it is also the greatest. 

For, if possible, let there be some magnitude 7 greater than 
£, and let it measure 4, B, C. 

Now, since F measures 4, B, C, 


it will also measure 4, B, 


and will measure the greatest common measure of A, B. 
[x. 3, Por.] 
But the greatest common measure of 4, B is D; 


therefore / measures D. 
But it measures C also; 
therefore / measures C, D ; 
therefore P will also measure the greatest common measure 
of C, D. [x. 3, Por.] 
But that is Æ ; 
therefore F will measure Æ, the greater the less: 
which is impossible. 
Therefore no magnitude greater than the magnitude Æ 
will measure 4, Ð, C; 


therefore Æ is the greatest common measure of 4, B, C if D 
do not measure C, 


and, if it measure it, D is itself the greatest common measure. 


Therefore the greatest common measure of the three given 
commensurable magnitudes has been found. 


Porism. From this it is manifest that, if a magnitude 
measure three magnitudes, it will also measure their greatest 
common measure. 

Similarly too, with more magnitudes, the greatest common 
measure can be found, and the porism can be extended. 

Q. E. D. 


24 BOOK X [x. 4 5 


This proposition again corresponds exactly to vit. 3 for numbers. As 
there Euclid thinks it necessary to prove that, a, 4, c not being prime to one 
another, d and c are also not prime to one another, so here he thinks it 
necessary to prove that d, c are commensurable, as they must be since any 
common measure of a, 6 must be a measure of their greatest common 
measure d (x. 3, Por.). 

The argument in the proof that e, the greatest common measure of d, c, is 
the greatest common measure of a, 4, c, is the same as that in vir. 3 and x. 3. 

The Porism contains the extension of the process to the case of four 
or more magnitudes, corresponding to Heron's remark with regard to the 
similar extension of vil. 3 to the case of four or more numbers. 


PROPOSITION 5. 


Commensurable magnitudes have to one another the ratto 
which a number has to a number. 


Let 4, B be commensurable magnitudes ; 


I say that 4 has to B the ratio which a number has to a 
number. 
For, since 4, B are commensurable, some magnitude will 


measure them. 
Let it measure them, and let it be C. 


A B C 


-—  — nr ee m EPOR 


D 
E 





And, as many times as C measures 4, so many units let 
there be in D ; 


and, as many times as C measures Z, so many units let there 
be in Æ. | 


Since then C measures 4 according to the units in D, 
while the unit also measures D according to the units in it, 


therefore the unit measures the number D the same number 
of times as the magnitude C measures 4 ; 


therefore, as C is to A, so is the unit to D; [vrr. Def. 20] 
therefore, inversely, as 4 is to C, so is D to the unit. 
[cf. v. 7, Por.] 


Again, since C measures Z according to the units in Æ, 
while the unit also measures Æ according to the units in it, 
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therefore the unit measures Æ the same number of times as C 
measures 7; 


therefore, as C is to B, so is the unit to Æ. 
But it was also proved that, 
as A is to C, so is D to the unit ; 
therefore, ex aequalz, 
as A is to D, so is the number D to Æ. [v. 22] 


Therefore the commensurable magnitudes 4, B have to 
one another the ratio which the number 2 has to the number Æ. 
Q. E. D. 


The argument is as follows. If a, ? be commensurable magnitudes, they 
have some common measure c, and 


a =m, 
b — ne, 
where m, 5 are integers. 
It follows that at te ek, Serer rT E re Vsus E); 
or, inversely, a:c=m:1; 
and also that c:ó — 1:8, 
so that, ex aequat, a:b=m:n. 


It will be observed that, in stating the proportion (1), Euclid is merely 
expressing the fact that æ is the same multiple of ¢ that m is of 1. In other 
words, he rests the statement on the definition of proportion in vil. Def. 20. 
This, however, is applicable only to four numbers, and c, a are not numbers but 
magnitudes. Hence the statement of the proportion is not legitimate unless 
it is proved that it is true in the sense of v. Def. 5 with regard to magnitudes 
in general, the numbers 1, m being magnitudes. Similarly with regard to the 
other proportions in the proposition. 

There is, therefore, a hiatus. Euclid ought to have proved that magnitudes 
which are proportional in the sense of vu. Def. 20 are also proportional in the 
sense of v. Def. 5, or that the proportion of numbers is included in the 
proportion of magnitudes as a particular case. Simson has proved this in his 
Proposition C inserted in Book v. (see Vol. 11. pp. 126—8). The portion of 
that proposition which is required here is the proof that, 


if a = mò 
c= md | : 
then a :ó —c:d, in the sense of v. Def. 5. 
Take any equimultiples Ja, fc of a, c and any equimultiples gå, gd of b, d. 
Now pa=pmb 
pe=pmd | ' 


But, according as pmb > =< gb, pmd > =< qd. 
Therefore, according as fa > = < gb, pa > = < gd. 

And fa, pe are any equimultiples of a, c, and gd, gd any equimultiples 
of à, d. 

Therefore @:b=e:4. [v. Def. 5.] 
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PROPOSITION 6. 
Jf two magnitudes have to one another the ratio which a 
number has to a number, the magnitudes will be commensurable. 
For let the two magnitudes 4, B have to one another the 
ratio which the number 2 has to the number £ ; 
5 I say that the magnitudes 4, B are commensurable. 
A 8———— © 








D 
E E 
For let 4 be divided into as many equal parts as there 
are units in D, 
and let C be equal to one of them ; 
and let / be made up of as many magnitudes equal to C as 
io there are units in Æ. 
Since then there are in 4 as many magnitudes equal to C 
as there are units in 2, 
whatever part the unit is of D, the same part is C of A also; 
therefore, as C is to A, so is the unit to D. (vir. Def. 20] 
15 But the unit measures the number 2 ; 
therefore C also measures A. 
And since, as C is to A, so is the unit to D, 
therefore, inversely, as 4 is to C, so is the number 2 to the 
unit. [cf. v. 7, Por.] 
z:» . Again, since there are in F as many magnitudes equal 
to C as there are units in Æ, 
therefore, as C is to F, so is the unit to Æ. (vit. Def. 20] 
But it was also proved that, 
as 4 is to C, so is D to the unit ; 








25 therefore, ex aegualz, as A is to F, so is D to £. [v. 22] 
But, as D is to Æ, so is A to B; 
therefore also, as Æ is to B, so is it to F also. [v. 11] 


Therefore 4 has the same ratio to each of the magnitudes 
D, F; 
30 therefore B is equal to 7. [v. 9] 
But C measures Æ; 
therefore it measures Æ also. 
Further it measures 74 also ; 
therefore C measures 4, 2. 
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3S Therefore A is commensurable with Z. 
Therefore etc. 


PonRisM. From this it is manifest that, if there be two 
numbers, as D, Æ, and a straight line, as 4, it is possible to 
make a straight line [F] such that the given straight line is to 

- 40 it as the number D is to the number Æ. 

And, if a mean proportional be also taken between A, F, 
as 2, 

as A is to F, so will the square on 74 be to the square on B, 


that is, as the first is to the-third, so is the figure on the first 
45 to that which is similar and similarly described on the second. 
[vr. 19, Por.] 


But, as 4 is to F, so is the number D to the number Z ; 


therefore it has been contrived that, as the number 2 is to 
the number Æ, so also is the figure on the straight line 4 to 
the figure on the straight line Z. Q. E. D. 


15. But the unit measures the number D; therefore C also measures A. 
These words are redundant, though they are apparently found in all the Mss. 


The same link to connect the proportion of numbers with the proportion 
of magnitudes as was necessary in the last proposition is necessary here. This 
being premised, the argument is as follows. 


Suppose a:b—m:h, 
where m, n are (integral) numbers. 
Divide a into m parts, each equal to c, say, 


so that a= m. 
Now take d such that d= nc. 
Therefore we have G:C—PII, 

and c:id-r:nh, 

so that, ex aequali, a:d=m:n 


= a:b, by hypothesis. 
Therefore 5 = d = ne, 
so that c measures 2 z times, and a, 4 are commensurable. 
The Porism is often used in the later propositions. It follows (1) that, if 
a be a given straight line, and m, * any numbers, a straight line x can be 
found such that 
Q:X= M:N. 
(2) We can find a straight line y such that 
ay -m:m. 
For we have only to take y, a mean proportional between a and x, as 
reviously found, in which case a, y, x are in continued proportion and 
fy. Def. 9] 
a: yP =a: x 
= M:N. 
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PROPOSITION 7. 


Incommensurable magnitudes have not to one another the 
ratto which a number has toa number. 
Let 4, B be incommensurable magnitudes ; 


I say that 4 has not to Z the ratio which a number has to a 
number. 


For, if A has to Z2 the ratio which a number has to a 


number, 4 will be commensurable with 2. [x. 6] 
But it is not ; " 
therefore 4 has not to B the ratio which a E am 





number has to a number. 
Therefore etc. 


PROPOSITION 8. 


If two magnitudes have not to one another the ratio which 
a number has to a number, the magnitudes will be incom- 
mensurable. 


For let the two magnitudes 4, B not have to one another 
the ratio which a number has to a number ; 
I say that the magnitudes 4, B are incom- 
mensurable. 
For, if they are commensurable, 4 will have to B the 
ratio which a number has to a number. [x. 5] 
But it has not ; 
therefore the magnitudes 4, B are incommensurable. 
Therefore etc. 


A 
B 





PROPOSITION 9. 


The squares on straight lines commensurable 1n length have 
to one another the ratio which a square number has to a square 
number; and squares which have to one another the ratio 
which a square number has to a square number will also have 
their sides commensurable in length. But the squares on 
straight lines incommensurable in length have not to one 
another the ratio which a square number has to a square 
number ; and squares which have not to one another the ratio 
whith a square number has to a square number will not have 
their sides commensurable in length either. 
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For let 4, B be commensurable in length ; 


I say that the square on 4 
has to the square on Ø the 
ratio which a square number 
has to a square number. 

For, since 4 is commensurable in length with Z, 
therefore 4 has to Z the ratio which a number has to a 
number. [x. 5] 

Let it have to it the ratio which C has to D. 

Since then, as 4 is to B, so is C to D, 
while the ratio of the square on A to the square on 2 is 
duplicate of the ratio of 4 to B, 
for similar figures are in the duplicate ratio of their corre- 
sponding sides ; [vi. 20, Por.] 
and the ratio of the square on C to the square on D is duplicate 
of the ratio of C to D, 


for between two square numbers there is one mean proportional 
number, and the square number has to the square number the 
ratio duplicate of that which the side has to the side ; [vri 11] 


therefore also, as the square on 4 is to the square on B, so 
is the square on C to the square on D. 


A B 
Cc 
D 


— 





Next, as the square on 4 is to the square on 2, so let 
the square on C be to the square on D; 


I say that 4 is commensurable in length with Z. 

For since, as the square on 4 is to the square on Z, so is 
the square on C to the square on 2, 
while the ratio of the square on 4 to the square on B is 
duplicate of the ratio of 4 to B, 
and the ratio of the square on C to the square on D is duplicate 
of the ratio of C to D, 
therefore also, as 4 is to B, so is C to D. 

Therefore 4 has to B the ratio which the number C has 
to the number D ; 


therefore A is commensurable in length with Z. [x. 6] - 


Next, let 44 be incommensurable in length with 2; 


I say that the square on 4 has not to the square on B the 
ratio which a square number has to a square number. 


For, if the square on 4 has to the square on B the ratio 
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which a square number has to a square number, A will be 
commensurable with Z. 
But it is not ; 


therefore the square on 4 has not to the square on 7 the 
ratio which a square number has to a square number. 


Again, let the square on 4 not have to the square on B 
the ratio which a square number has to a square number ; 


I say that 4 is incommensurable in length with 2. 


For, if 44 is commensurable with Z, the square on 4 will 
have to the square on Z the ratio which a square number has 
to a square number. 

But it has not ; 


therefore A is not commensurable in length with Z. 
Therefore etc. 


PonisM. And it is manifest from what has been proved 
that straight lines commensurable in length are always com- 
mensurable in square also, but those commensurable in square 
are not always commensurable in length also. 


[LEMMa. It has been proved in the arithmetical books 
that similar plane numbers have to one another the ratio 
which a square number has to a square number, [vin 26] 


and that, if two numbers have to one another the ratio which 
a square number has to a square number, they are similar 
plane numbers. [Converse of vii. 26] 


And it is manifest from these propositions that numbers 
which are not similar plane numbers, that is, those which 
have not their sides proportional, have not to one another 
the ratio which a square number has to a square number. 

For, if they have, they will be similar plane numbers: 
which is contrary to the hypothesis. 

Therefore numbers which are not similar plane numbers 
have not to one another the ratio which a square number has 
to a square number. | 

A scholium to this proposition (Schol. x. No. 62) says categorically that 
the theorem proved in it was the discovery of Theaetetus. 

If a, 6 be straight lines, and 

a:b=m:n, 
where m, are numbers, 
then a: =m':n'; 
and conversely. 
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This inference, which looks so easy when thus symbolically expressed, was 
by no means so easy for Euclid owing to the fact that a, ^ are straight lines, 
and m, n numbers. He has to pass from a : 4 to à? : & by means of vi. 20, Por. 
through the duplicate ratio; the square on a is to the square on 2 in the 
duplicate ratio of the corresponding sides a, 6. On the other hand, m, n 
being zsumders, it is vill. 11 which has to be used to show that m’: »* is the 
ratio duplicate of s : n. 

Then, in order to establish his result, Euclid assumes that, tf two ratios are 
equal, the ratios which are their duplicates are also equal. This is nowhere 
proved in Euclid, but it is an easy inference from v. 22, as shown in my note 
on VI. 22. 

The converse has to be established in the same careful way, and Euclid 
assumes that ratios the duplicates of which are equal are themselves equal. 
This is much more troublesome to prove than the converse; for proofs I refer 
to the same note on VI. 22. 

The second part of the theorem, deduced by reductio ad absurdum from 
the first, requires no remark. 

In the Greek text there is an addition to the Porism which Heiberg 
brackets as superfluous and not in Euclid’s manner. It consists (1) of a sort 
of proof, or rather explanation, of the Porism and (2) of a statement and 
explanation to the effect that straight lines incommensurable in length are 
not necessarily incommensurable in square also, and that straight lines 
incommensurable in square are, on the other hand, always incommensurable 
in length also. 


The Lemma gives expressions for two numbers which have to one another 
the ratio of a square number to a square number. Similar plane numbers 
are of the form gm . pn and gm . qn, or maf? and mng’, the ratio of which is 
of course the ratio of 7! to g’. 

' The converse theorem that, if two numbers have to one another the ratio 
of a square number to a square number, the numbers are similar plane 
numbers is not, as a matter of fact, proved in the arithmetical Books. It is 
the converse of vill. 26 and is used in IX. 10. Heron gave it (see. note on 
vii. 27 above). 

Heiberg however gives strong reason for supposing the Lemma to be an 
interpolation. It has reference to the next proposition, x. 1o, and, as we shall 
see, there are so many objections to x. 1o that it can hardly be accepted as 
genuine. Moreover there is no reason why, in the Lemma itself, numbers 
which are 70/ similar plane numbers should be brought in as they are. 


[ PROPOSITION 10. 


To find two straight lines tncommensurable, the one in 
length only, and the other in square also, with an assigned 
straight lene. 


Let 4 be the assigned straight line; 


thus it is required to find two straight lines incommensurable, 
the one in length only, and the other in square also, with 4. 


Let two numbers Z, C be set out which have not to one 
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another the ratio which a square number has to a square 
number, that is, which are not similar plane 
numbers ; 





and let it be contrived that, D 
as B is to C, so is the square on 4 to : 
the square on D E 
—for we have learnt how to do this— 
[x. 6, Por.] 
therefore the square on 4 is commensurable with the square 
on D. [x. 6] 


And, since Z has not to C the ratio which a square number 
has to a square number, 


therefore neither has the square on 4 to the square on D the 
ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with 2. [x. 9] 
Let Æ be taken a mean proportional between A, D; 


therefore, as 4 is to D, so is the square on 4 to the square 
on Æ. [v. Def. 9] 


But A is incommensurable in length with D; 
therefore the square on 4 is also incommensurable with the 
square on Æ ; [x. 11] 
therefore 4 is incommensurable in square with Æ. 


Therefore two straight lines D, Æ have been found in- 
commensurable, D in length only, and Æ in square and of 
course in length also, with the assigned straight line 4. ] 


It would appear as though this proposition was intended to supply a 
justification for the statement in x. Def. 3 that ¿f zs proved that there are an 
infinite number of straight lines (a) incommensurable in length only, or 
commensurable in square only, and (4) incommensurable in square, with any 
given straight line. 

But in truth the proposition could well be dispensed with; and the 
positive objections to its genuineness are considerable. 

In the first place, it depends on the following proposition, x. 11; for the 
last step concludes that, since 

@:y=a:x, 
and a, x are incommensurable in length, therefore a°, y? are incommensurable. 
But Euclid never commits the irregularity of proving a theorem by means of 
a later one. Gregory sought to get over the difficulty by putting x. ro after 
X. 11; but of course, if the order were so inverted, the Lemma would still be 
in the wrong place. 

Further, the expression ¢ua9opnev yap, “for we have learnt (how to do this),” 
is not in Euclid's manner and betrays the hand of a learner (though the same 
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expression is found in the .Seczio Canonis of Euclid, where the reference is 
to the J/ernentis). 

Lastly the manuscript P has the number 10, in the first hand, at the top 
of x. 11, from which it may perhaps be concluded that x. 1o had at first no 
number. 

It seems best therefore to reject as spurious both the Lemma and x. ro. 

The argument of x. 10 is simple. If a be a given straight line and m, n 
iu arde which have not to one another the ratio of square to square, take x 
such that 


a!:x!-m:n, [x. 6, Por.] 
whence a, x are incommensurable in length. [x. 9] 
Then take y a mean proportional between a, x, whence 
a3:yi-arx [v. Def. 9] 

[= Jm : Jn], 


and x is incommensurable in length only, while y is incommensurable in 
square as well as in length, with a. 


PROPOSITION II. 


Jf four magnitudes be proportional, and the first be com- 
mensurable with the second, the third will also be commensurable 
with the fourth ; and, tf the first be incommensurable with the 
second, the third will also be incommensurable with the fourth. 


Let A, B, C, D be four magnitudes in proportion, so 
that, as 4 is to B, so is C 





to D, Peet, B 
and let 4A be commensurable c ————— D 
with Z ; 


I say that C will also be commensurable with 2. 
For, since 4 is commensurable with 2, 
therefore 4 has to Æ the ratio which a number has to a 
number. [x. 5] 
And, as 4 is to B, so is C to D; 
therefore C also has to J the ratio which a number has to a 
number ; 
therefore C is commensurable with 2. [x. 6] 


Next, let 4 be incommensurable with Z; 
I say that C will also be incommensurable with 2. 

For, since 4 is incommensurable with 2, 
therefore 4 has not to P the ratio which a number has to a 
number. [x- 7] 


H. E. 111. 3 
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And, as 4 is to Z, sois C to D; 


therefore neither has C to D the ratio which a number has to 
a number ; 


therefore C is incommensurable with 2. [x. 8] 
Therefore etc. 


I shall henceforth, for the sake of brevity, use symbols for the terms 
* commensurable (with)" and *incommensurable (with)" according to the 
varieties described in x. Deff. 1—4. The symbols are taken from Lorenz 
and seem convenient. | 

Commensurable and commensurable with, in relation to areas, and com- 
mensurable in length and commensurable in length with, in relation to straight 
lines, will be denoted by ^. 

Commensurable in square only or commensurable in square only with (terms 
applicable only to straight lines) will be denoted by ~. 

Incommensurable (with), of areas, and incommensurable (with), of straight 
lines will be denoted by v. 

Incommensurable in square (with) (a term applicable to straight lines only) 
will be denoted by —-. 

Suppose a, 2, c, d to be four magnitudes such that 


a:6-c:d. 
Then (1), if a ^ 4, | a:b=m:n, where m, n are integers, [x. 5] 

whence c:id-m:n, 
and therefore € ^ d. [x. 6] 
(2 If aud, a:b+m:n, [x. 7] 

so that C:a+m:n, 
whence cud. [x. 8] 


PROPOSITION I2. 


Magnitudes commensurable with the same magnitude are 
commensurable with one another also. 


For let each of the magnitudes 4, B be commensurable 
with C; 
I say that 4 is also commensurable with Z. 


A——_———- c——— B 








——F — ———K 
G ————L 





For, since 4 is commensurable with C, 


therefore 4 has to C the ratio which a number has to a 
number. [x. 5 
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Let it have the ratio which 2 has to Æ. 


Again, since C is commensurable with B, 


therefore C has to B the ratio which a number has to a 
number. Ex. 5] 


Let it have the ratio which Z has to G. 


And, given any number of ratios we please, namely the 
ratio which D has to Æ and that which £ has to G, 


let the numbers 77, K, Z be taken continuously in the given 
ratios ; [cf. vim. 4] 


so that, as D is to Æ, so is H to A, 
and, as F is to G, so is X to L. 
Since, then, as 4 is to C, so is D to £, 
while, as D is to Æ, so is H to K, 
therefore also, as 4 is to C, so is 77 to K. [v. 11] 
Again, since, as C is to B, so is F to G, 
while, as F is to G, so is X to L, 


therefore also, as C is to Z, so is K to Z. [v. 11] 
But also, as 4 is to C, so is 77 to K; 
therefore, ex aeguaZz, as A is to B, so is H to L. [v. 22] 


Therefore 4 has to Z the ratio which a number has to a 
number ; 


therefore 4 is commensurable with Z. [x. 6] 


Therefore etc. 
Q. E. D. 


We have merely to go through the process of compounding two ratios in 
numbers. 


Suppose a, beach ^ c. 
Therefore a:€—m:n, say, [x. 5] 
¢:b=p:4, say. 
Now m:n=mp. np, 
and P:7=Mp: nq. 
Therefore a:c=mp: np, 
Cc: b=np: ng, 
whence, ex aeguali, a:b=mp:ngq, 
so that a ^ 5. [x. 6] 
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PROPOSITION 13. 


Jf two magnitudes be commensurable, and the one of them 
be incommensurable with any magnitude, the remaining one 
will also be incommensurable with the same. 


. Let A, B be two commensurable magnitudes, and let one 
of them, 4, be incommensurable with 
any other magnitude C; A 


I say that the remaining one, B, will œ 
also be incommensurable with C. B 


For, if B is commensurable with C, 
while 4 is also commensurable with Z, 
A is also commensurable with C. [x. 12] 
But it is also incommensurable with it : 
which is impossible. 
Therefore Z is not commensurable with C; 
therefore it is incommensurable with it. 
Therefore etc. 


LEMMA. 
Given two unequal straight lines, to find by what square the 
square on the greater 1s greater than the square on the less. 


Let AB, C be the given two unequal straight lines, and 
let AZ be the greater of them ; 


thus it is required to find by what D 
square the square on AZ is greater f/ ^N 
than the square on C. 

Let the semicircle ADB be de- 


A 
scribed on AB, l : 
and let AD be fitted into it equal to C; [1v. 1] 
let DB be joined. 
It is then manifest that the angle 44D is right, — [ur. 31] 


and that the square on AZ is greater than the square on 
A D, that is, C, by the square on DB. [1. 47] 
Similarly also, if two straight lines be given, the straight 


line the square on which is equal to the sum of the squares 
on them is found in this manner. 
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Let AD, DB be the given two straight lines, and let it be 
required to find the straight line the square on which is equal 
to the sum of the squares on them. | 

Let them be placed so as to contain a right angle, that 
formed by AD, DB; 
and let 4B be joined. 


It is again manifest that the straight line the square on 
which is equal to the sum of the squares on AD, DB is AB. 


[1 47] 
Q. E. D. 


The lemma gives an obvious method of finding a straight line (c) equal to 
a/a? 5, where a, 4 are given straight lines of which a is the greater. 


PROPOSITION 14. 


Jf four straight lines be proportional, and the square on 
the first be greater than the square on the second by the square 
on a straight line commensurable with the first, the square on 
the third will also be greater than the square on the fourth by 

5 the square on a straight line commensurable with the third. 

And, tf the square on the first be greater than the square 
on the second by the square on a straight line incommensurable 
with the first, the square on the third will also be greater than 
the square on the fourth by the square on a straight line in- 

10 commensurable with the third. 


Let A, B, C, D be four straight lines in proportion, so 
that, as 4 is to B, sois C to D; 


and let the square on 4 be greater than 
the square on & by the square on Æ, and 

15 let the square on C be greater than the 
square on D by the square on Æ; 


I say that, if 4 is commensurable with Æ, 
C is also commensurable with 7, 


and, if Æ is incommensurable with Æ, C is 
20 also incommensurable with Z. | 


For since, as 4 is to D, so is C to D, 


therefore also, as the square on 7d is to the square on Z, so is 
the square on C to the square on D. [vi. 22] 


But the squares on Æ, Z are equal to the square on 4, 
25 and the squares on D, F are equal to the square on C. 


A 8B C D 
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Therefore, as the squares on Æ, B are to the square on 
B, so are the squares on D, F to the square on D; 


therefore, separando, as the square on Æ is to the square on 
B, so is the square on F to the square on D; [v. 17] 


30 therefore also, as Æ is to B, so is F to D; [vr. 22] 
therefore, inversely, as B is to Æ, so is D to F. 
But, as 4 is to Z, so also is C to D; 
therefore, ex aegualz, as A is to Æ, so is C to F. [v. 22] 


Therefore, if Æ is commensurable with Æ, C is also com- 
35 mensurable with /, 


and, if Æ is incommensurable with Æ, C is also incommen- 
surable with 7. (x. rr] 


Therefore etc. 


3, 5, 8, 10. Euclid speaks of the square on the first (third) being greater than the square 
on the second (fourth) by the square on a straight line commensurable (incommensurable) 
* with ¿self (éavrg)," and similarly in all like phrases throughout the Book. For clearness 
sake I substitute *'the first," “ the third," or whatever it may be, for “itself” in these cases. 


Suppose a, 4, ¢, d to be straight lines such that 
qi Ed uucicsuditisbsseus (1). 
It follows [vi. 22] that aui ee: Vossii dd (2). 
In order to prove that, convertendo, 
a! : (a —)=c?: (c?— d?) 


Euclid has to use a somewhat roundabout method owing to the absence of a 
convertendo proposition in his Book v. (which omission Simson supplied by 
his Prop. E). 

It follows from (2) that 


{(a? —8) + Bs P= {(P—a*) + a): a3, 


whence, separando, (a? - &) : #=(c*— d) : a, [v. 17] 
and, inversely, P: (at — B) =a? : (c? ~d’). 
From this and (2), ex aequalt, 
a’: (a?— B)=c?: (e-d?) [v. 22] 
Hence a:J@-Bac: Ned [vi. 22] 
According therefore as — a^ oro at — 2s, 
core - d. [x. 11] 


If a ^ Ja? — 2, we may put at - 9 = ka, where & is of the form m/z 
and m, n are integers. And if Ja? — 6 =ka, it follows in this case that 
Ve - d? = ke. | 
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.PROPOSITION 15. 


Jf two commensurable magnitudes be added together, the 
whole will also be commensurable with each of them ; and, if 
the whole be commensurable with one of them, the original 
magnitudes will also be commensurable. 


For let the two commensurable magnitudes 482, BC be 
added together ; 
I say that the whole AC is also ^ 


commensurable with each of the H 
magnitudes 4B, BC. 


For, since 48, BC are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be 2. 

Since then D measures AL, BC, it will also measure the 
whole AC. 

But it measures 48, BC also; 


therefore D measures AB, BC, AC ; 

therefore AC is commensurable with each of the magnitudes 
AB, BC. [x. Def. 1] 
Next, let AC be commensurable with 4B; 

I say that 442, BC are also commensurable. 


For, since AC, AB are commensurable, some magnitude 
will measure them. 

Let it measure them, and let it be D. 

Since then D measures CA, AB, it will also measure the 
remainder BC. 

But it measures 74 P also ; 


therefore D will measure A47, BC; 
therefore AB, BC are commensurable. [x. Def. 1] 
Therefore etc. 


- o 





(1) If a, b be any two commensurable magnitudes, they are of the form 
mc, nc, Where ¢ is a common measure of a, ò and m, ^ some integers. 


It follows that atb=(min)c; 
therefore (a + 4), being measured by vc, is commensurable with both a and 4. 


(2) If a+ is commensurable with either a or 2, say a, we may put 
a+b= me a- fc, where c is a common measure of (a +b), a, and m, n are 
integers. 

Subtracting, we have b= (m— n)«, 
whence 2 ^ a. 
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PROPOSITION 16. 


Jf two incommensurable magnitudes be added together, the 
whole will also be incommensurable with each of them ; and, of 
the whole be incommensurable with one of them, the original 
magnitudes will also be incommensurable. 

For let the two incommensurable magnitudes 4B, BC be 
added together ; 

I say that the whole AC is also incommensurable a 
with each of the magnitudes 4A, BC. 

For, if CA, AB are not incommensurable, some 
magnitude will measure them. 

Let it measure them, if possible, and let it be D. B 

Since then D measures CA, AB, 
therefore it will also measure the remainder AC. 

But it measures AZ also; | C 
therefore D measures AB, BC. 

Therefore 48, BC are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 

Therefore no magnitude will measure CA, AB; 
therefore CA, AB are incommensurable. [x. Def. 1] 

Similarly we can prove that AC, CB are also incom- 


mensurable. 
Therefore AC is incommensurable with each of the magni- 


tudes 4B, BC. 


Next, let 4C be incommensurable with one of the magni- 
tudes 4B, BC. 
First, let it be incommensurable with 4B; 


I say that 4B, BC are also incommensurable. 

For, if they are commensurable, some magnitude will 
measure them. 

Let it measure them, and let it be D. 

Since then D measures 4B, BC, 
therefore it will also measure the whole AC. 

But it measures 4B also ; 


therefore D measures CA, AB. 
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Therefore CA, AB are commensurable ; 
but they were also, by hypothesis, incommensurable : 
which is impossible. 
Therefore no magnitude will measure 4B, BC; 
therefore AB, BC are incommensurable. [x. Def. 1] 
Therefore etc. 
LEMMA. 


Jf to any straight line there be applied a parallelogram 
deficient by a square figure, the applied parallelogram is equal 
to the rectangle contained by the segments of the straight line 
resulting from the application. 


For let there be applied to the straight line 42 the 
parallelogram AD deficient by the " 


square figure DB; 
I say that 4D is equal to the rectangle 
contained by AC, CB. A 4 


This is indeed at once manifest ; 
for, since DZ is a square, 
DC is equal to CB; 


and 4D is the rectangle 4C, CD, that is, the rectangle 4C, 
CB. ; 


Therefore etc. 


If a be the given straight line, and x the side of the square by which the 
applied rectangle is to be deficient, the rectangle is equal to ax — x°, which is 
of course equal to x(a— x). The rectangle may be written xy, where 
x+y=a. Given the area x(a- x), or xy (where x+y=a), two different 
applications will give rectangles equal to this area, the sides of the defect 
being x or « — x (x or y) respectively; but the second mode of expression 
shows that the rectangles do not differ in form but only in position. 


PROPOSITION 17. 


Jf there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and if 
2t divide it into parts which are commensurable in length, then 

s the square on the greater will be greater than the square on 
the less by the square on a straight line commensurable with 
the greater. 

And, if the square on the greater be greater than the square 
on the less by the square on a straight line commensurable with 
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to the greater, and tf there be applicd to the greater a parallelogram 
equal to the fourth part of the square on the less and deficient 
by a square figure, it will divide it into parts which are com- 
mensurable in length. 
Let 4, BC be two — straight lines, of which BC is 
15 the greater, 
and let there be applied to BC a parallel- A 
ogram equal to the fourth part of the 
square on the less, 4, that is, equal to c 
the square on the half of 4, and deficient | 
20 by a square figure. Let this be the § + € 0 € 
rectangle BD, DC, [cf. Lemma] - 
and let BD be commensurable in length with DC; 
I say that the square on BC is greater than the square on 4 
by the square on a straight line commensurable with BC. 
25 For let BC be bisected at the point Æ, 
and let EF be made equal to DE. 
Therefore the remainder DC is equal to BEF. 
And, since the straight line BC has been cut into equal 
parts at Æ, and into unequal parts at D, 
30 therefore the rectangle contained by BD, DC, together with 
the square on E, is equal to the square on EC; (1. 5] 
And the same is true of their quadruples ; 
therefore four times the rectangle BD, DC, together with 
four times the square on DÆ, is equal to four times the square 
35 on EC. 
.. But the square on 4 is equal to four times the rectangle 
BD, DC; 
and the square on DF is equal to four times the square on 
DE, for DF is double of DE. : 
4o And the square on C is equal to four times the square 
on EC, for again BC is double of CE. 
Therefore the squares on 4, DF are equal to the square 
on AC, 
so that the square on BC is greater than the square on 4 by 
45 the square on DF. 
It is to be proved that BC is also commensurable with DF, 
Since £D is commensurable in length with DC, 
therefore BC is also commensurable in length with CD. [x. 15) 
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But CD is commensurable in length with CD, BF, for 
5o CD is equal to BF. [x. 6] 


Therefore BC is also commensurable in length with BF, 
CD, [x. 12] 


so that BC is also commensurable in length with the remainder 
FD; [x. 15] 

55 therefore the square on BC is greater than the square on 4 
by the square on a straight line commensurable with BC. 


Next, let the square on BC be greater than the square on 
A by the square on a straight line commensurable with BC, 


let a parallelogram be applied to BC equal to the fourth part 
6o of the square on 4 and deficient by a square figure, and let 
it be the rectangle BD, DC. 
It is to be proved that BD is commensurable in length 
with DC. 
With the same construction, we can prove similarly that 
65s the square on C is greater than the square on A by the 
square on FD. > 
But the square on C is greater than the square on 4 
by the square on a straight line commensurable with BC. 
Therefore BC is commensurable in length with FD, 


7» so that BC is also commensurable in length with the remainder, 
the sum of BF, DC. (x. 15] 


But the sum of BF, DC is commensurable with DC, [x. 6] 

so that BC is also commensurable in length with CD; [x. 12] 

and therefore, separando, BD is commensurable in length 

75 with. DC. [x 15] 
Therefore etc. 


45. After saying literally that “the square on AC is greater than the square on A by the 
square on DF,” Euclid adds the equivalent expression with óórara in its technical sense, 
$ BI dpa ris A metov Óórara. ry AZ. As this is untranslatable in English except by a 
paraphrase in practically the same words as have preceded, I have not attempted to 
reproduce it. 


This proposition gives the condition that the roots of the equation in x, 
ax—a*= B (= Z, say), 
are commensurable with a, or that x is expressible in terms of a and integral 
numbers, i.e. is of the form ~ a. No better proof can be found for the fact 


that Euchd and the Greeks used their solutions of quadratic equations for 
numerical problems. On no other assumption could an elaborate discussion 
of the conditions of incommensurability of the roots with given lengths or 
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with a given number of units of length be explained. In a purely geometrical 
solution the distinction between commensurable and incommensurable roots 
has no point, because each can equally easily be represented by straight lines. 
On the other hand, on the assumption that the zwmerica/ solution of quadratic 
equations was an important part of the system of the Greek geometers, 
the distinction between the cases where the roots are commensurable and 
incommensurable respectively with a given length or unit becomes of great 
importance. Since the Greeks had no means of expressing what we call an 
irrational number, the case of an equation with incommensurable roots could 
only be represented by them geometrically; and the geometrical representations 
had to serve instead of what we can express by formulae involving surds. 

Euclid proves in this proposition and the next that, x being determined 
from the equation 


x, (a ~ x) are commensurable in length when Va? — 4?, a are so, and incom- 
mensurable in length when Ja? — 2», a are incommensurable ; and conversely. 
Observe the similarity of his proof to our algebraical method of solving 
the equation. a being represented in the figure by BC, and x by CD, 
EF-ED-T-x 


2 





s 
and x (a—x)+ G — x) = : ; by Eucl. 11. 5. 


If we multiply throughout by 4, 
a 3 
4x (a— x) * 4 (2-2) =a’, 


whence, by (1), B+ (a— 2x) =a’, 
or a! — P = (a— 2x”, 
and Aa! — =a- 2x. 


We have to prove in this proposition 
(1) that, if x, (a — x) are commensurable in length, so are a, Ja? — 8, 
(2) that, if a, Va- @ are commensurable in length, so are x, (a — x). 


(1) To prove that a, a — 2x are commensurable in length Euclid employs 
several successive steps, thus. 


Since (a — x) ^ x, a^ x. [x. 15] 
But l x^ 2x. [x. 6] 
Therefore a^ 2x [x. 12] 
^ (a — ax). [x. 15] 
That is, a ^ Xa! 6. 
(2) Sincea ^ Ja? — P, a^a-—2ax, 
whence a ^ 2x. [x. 15] 
But 2x ^ Xj [x. 6] 
therefore | ann, [x. 12] 


and hence (a — x) ^ x. [x. 15] 
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. It is often more convenient to use the symmetrical form of equation in 
this and similar cases, viz. 


5 
ay = rae 
x+y=a 
The result with this mode of expression is that 
(1) if x ^ y, then a ^ Ja* — 7; and 
(2) if a ^ Jd — P, then x ^ y. 


The truth of the proposition is even easier to see in this case, since 
(x -yY - (e - 2 


PROPOSITION 18. 


Lf there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
tf wt divide it into parts which are incommensurable, the square 
on the greater will be greater than the square on the less by 
the square on a straight line incommensurable with the greater. 

And, zf the square on the greater be greater than the square 
on the less by the square on a straight line tncommensurable 
with the greater, and if there be applied to the greater a 
parallelogram equal to the fourth part of the square on the 


less and deficient by a square figure, it divides it into parts 
which are inconmensurable. 


Let A, BC be two unequal straight lines, of which BC is 
the greater, 
and to C let there be applied a parallelogram equal 
to the fourth part of the square on the less, 4, and 
deficient by a square figure. Let this be the rect- 
angle BD, DC, [cf. Lemma before x. 17] 
and let BD be incommensurable in length with DC; 


I say that the square on C is greater than the 
square on 4 by the square on a straight line incom- 
mensurable with ZC. 





For, with the same construction as before, we can prove 
similarly that the square on C is greater than the square on 
A by the square on FD. 


It is to be proved that BC is incommensurable in length 
with DF. 


46 BOOK X [x. 18 


Since ZD is incommensurable in length with DC, . 


therefore BC is also incommensurable in length with CD. 
[x. 16] 


But DC is commensurable with the sum of BF, DC ; [x. 6] 
therefore BC is also incommensurable with the sum of BF, 


C [x. 13] 
so that BC is also incommensurable in length with the remainder 
[x. 16] 


And the square on AC is greater than the square on 4 
by the square on FD; 
therefore the square on AC is greater than the square on 4 
by the square on a straight line incommensurable with BC. 


Again, let the square on BC be greater than the square on 
A by the square on a straight line incommensurable with AC, 
and let there be applied to BC a parallelogram equal to the 
fourth part of the square on 4 and deficient by a square figure. 
Let this be the rectangle BD, DC. 

It is to be proved that BD is incommensurable in length 
with DC. 

For, with the same construction, we can prove similarly 
that the square on ZC is greater than the square on 4 by 
the square on FD. 

But the square on AC is greater than the square on 4 by 
the square on a straight line incommensurable with BC; 


therefore BC is incommensurable in length with FD, 
so that BC is also commensurable with the remainder, the 


sum of BF, DC. [x. 16] 
But the sum of BF, DC is commensurable in length with 
DC; [x. 6] 


therefore BC is also incommensurable in length with DC, 

-> [x. 13] 
so that, separando, BD is also incommensurable in length with 
DC. [x. 16] 

Therefore etc. 


With the same notation as before, we have to prove in this proposition that 
(1) if (a — x), x are incommensurable in length, so are a, Ja? — *, and 
(2) if a, Ja — ^! are incommensurable in length, so are (a — x), x. 

Or, with the equations 
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(1) if x v y, then a v /a3 — 2, and 
(2) if av Ja? — P, then x » y. 

The steps are exactly the same as shown under (1) and (2) of the last 
note, with v instead of ^, except only in the lines “x ^ 2x" and “2x ^ x” 


which are unaltered, while, in the references, x. 13, 16 take the place of x. 
12, 15 respectively. 


[ LEMMA. 


Since it has been proved that straight lines commen- 
surable in length are always commensurable in square also, 
while those commensurable in square are not always com- 
mensurable in length also, but can of course be either 
commensurable or incommensurable in length, it is manifest 
that, if any straight line be commensurable in length with a 
given rational straight line, it is called rational and commen- 
surable with the other not only in length but in square also, 
since straight lines commensurable in length are always 
commensurable in square also. 

But, if any straight line be commensurable in square with 
a given rational straight line, then, if it is also commensurable 
in length with it, it is called in this case also rational and 
commensurable with it both in length and in square; but, if 
again any straight line, being commensurable in square with a 
given rational straight line, be incommensurable in length 
with it, it is called in this case also rational but commensurable 
in square only. | 


PROPOSITION 19. 


The rectangle contained by rational straight lines commen- 
surable in length ts rational. 


For let the rectangle AC be contained by the rational 
straight lines 438, BC commensurable in 


length ; D 
I say that AC is rational. 

For on AB let the square 4D be de- á 
scribed ; 
therefore 4D is rational. [x. Def. 4] 

And, since B is commensurable in A B 


length with BC, l 
while 4B is equal to BD, 
therefore BD is commensurable in length with BC. 
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And, as BD is to BC, so is DA to AC. [vr. 1] 
Therefore DA is commensurable with AC. (00 [x rr] 
But DA is rational ; 

therefore AC is also rational. [x. Def. 4] 


Therefore etc. 


There is a difficulty in the text of the enunciation of this proposition. 
The Greek runs tò vrò pgróv pire cupperpwv xard Twa TGV mpoepnpévwv 
vpóTov evewy Tepiexop.evov. opÜoyaviov. pyrov éorw, where the rectangle is 
said to be contained by “rational straight lines commensurable in length 7 
any of the aforesaid ways.” Now straight lines can only be commensurable 
in length in one way, the degrees of commensurability being commensurability 
in length and commensurability in square only. But a straight line may be 
rational in two ways in relation to a given rational straight line, since it may 
. be either commensurable i” Zeagth, or commensurable i” square only, with the 
latter. Hence Billingsley takes xara twa trav mpoepnpévwv rpomov with pyrav, 
translating “straight lines commensurable in length and rational in any of the 
aforesaid ways,” and this agrees with the expression in the next proposition 
“a straight line once more rational in any of the aforesaid ways”; but the 
order of words in the Greek seems to be fatal to this way of translating 
the passage. 

The best solution of the difficulty seems to be to reject the words “in 
any of the aforesaid ways” altogether. They have reference to the Lemma 
which immediately precedes and which is itself open to the gravest suspicion. 
It is very prolix, and cannot be called necessary; it appears moreover in 
connexion with an addition clearly spurious and therefore relegated by 
Heiberg to the Appendix. The addition does not even pretend to be Euclid's, 
for it begins with the words “for Ae calis rational straight lines those...." 
Hence we should no doubt relegate the Lemma itself to the Appendix. 
August does so and leaves out the suspected words in the enunciation, as I 
have done. 

Exactly the same arguments apply to the Lemma added (without the 
heading ** Lemma”) to x. 23 and the same words “in any of the aforesaid 
ways" used with “medial straight lines commensurable in length” in the 
enunciation of x. 24. The said Lemma must stand or fall with that now in 
question, since it refers to it in terms: “And in the same way as was explained 
in the case of rationals...." 

Hence I have bracketed the Lemma added to x. 23 and left out the 
objectionable words in the enunciation of x. 24. 


If p be one of the given rational straight lines (rational of course in the 
sense of x. Def. 3), the other can be denoted by Ap, where Å is, as usual, of 
the form m/n (where m, n are integers). Thus the rectangle is p°, which is 
obviously rational since it is commensurable with p*. (x. Def. 4.] 

A rational rectangle may have any of the forms ad, ka’, kA or A, where 
a, 6 are commensurable with the unit of length, and 4 with the unit of area. 

Since Euclid is not able to use &p as a symbol for a straight line 
commensurable in length with p, he has to put his proof in a form corre- 
sponding to 

p^: Kp! — p: kp, 
whence, p, p being commensurable,. p’, $p” are so also. [x. 11]. 
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PROPOSITION 20. 


Lf a rational area be applied to a rational straight line, it 
produces as breadth a straight line rational and commensurable 
zn length with the straight line to which it zs applied. 


For let the rational area AC be applied to 4B, a straight 
line once more rational in any of the aforesaid 
ways, producing BC as breadth ; 
I say that BC is rational and commensurable in 
length with BA. 
For on AB let the square AD be described ; B A 
therefore AD is rational. [x. Def. 4] 

But AC is also rational ; 
therefore DA is commensurable with AC. 

And, as DA is to AC, so is DP to BC. 9 

VI. I 
Therefore DB is also commensurable with BC ; [x. 11] 


and DB is equal to BA ; 
therefore AB is also commensurable with AC. 


But AB is rational ; 
therefore BC is also rational and commensurable in length 


with 42. 
Therefore etc. 


The converse of the last. If p is a rational straight line, any rational area 
is of the form 4p*. If this be “applied” to p, the breadth is £p commensurable 
in length with p and therefore rational. We should reach tbe same result if 
we applied the area to another rational straight line e. The breadth is then 
kp? hp? 


7^ , 
i o=—k.oor k's, say. 


go g 


PROPOSITION 21. 


The rectangle contained by rational strazght lines commen- 
surable in square only ts irrational, and the side of the square 
equal to it is irrational. Let the latter be called medial. 


For let the rectangle AC be contained by the rational 
straight lines 4B, BC commensurable in square only ; 


H. E. Ill. 4 
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I say that AC is irrational, and the side of the square equal 
to it is irrational ; 


and let the latter be called medial. D 
For on AB let the square AD be described ; 
therefore 44 D is rational. (x. Def. 4] B A 


And, since ABZ is incommensurable in length 
with AC, 
for by hypothesis they are commensurable in ¢ 
square only, 
while AB is equal to BD, 


therefore DB is also incommensurable in length with BC. 
And, as DB is to BC, so is AD to AC; [vi. 1] 

therefore DA is incommensurable with AC. [x. 11] 
But DA is rational ; 

therefore AC is irrational, 


so that the side of the square equal to AC is also irrational. 
[x. Def. 4] 
And let the latter be called medial. 
Q. E. D. 


A medial straight line, now defined for the first time, is so called because 
it is a mean proportional between two rational straight lines commensurable 
in square only. Such straight lines can be denoted by p, p /A&. A medial 


straight line is therefore of the form ./p*./é or tp. — Euclid's proof that this is - 
irrational is equivalent to the following. ‘Take p, p/k commensurable in 
square only, so that they are incommensurable in length. 


Now pip - i pha 
whence [x. 11] p?,/A is incommensurable with p? and therefore irrational 
[x. Def. 4], so that ,/p?,/2 is also irrational [zéd.]. 

A medial straight line may evidently take either of the forms Ja B or 
M AB, where of course Z is not of the form 44. 


LEMMA. . 


If there be two straight lines, then, as the first is to the 
second, so is the square on the first : i å 


to the rectangle contained by the 
two straight lines. Tooo 
Let FE, EG be two straight 


lines. ? 
I say that, as FE is to EG, so is the square-on FE to 
the rectangle FE, EG. 
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For on FE let the square DF be described, 
and let GD be completed. 

Since then, as FZ is to EG, so is FD to DG, [vi. 1] 
and FD is the square on FE, 
and DG the rectangle DE, EG, that is, the rectangle FZ, EG, 
therefore, as FE is to ÆG, so is the square on FE to the 
rectangle FE, EG. 

Similarly also, as the rectangle GZ, E is to the square 
on EF, that is, as GD is to FD, so is GE to EF. 

Q. E. D. 


If a, 6 be two straight lines, 
a:b=a':ab. 


PROPOSITION 22. 


The square on a medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which tt 
zs applied. 

Let 4 be medial and C7 rational, 


and let a rectangular area BD equal to the square on 4 be 
applied to BC, producing CD as 
breadth ; | 4 
I say that CØ is rational and incom- 
mensurable in length with CB. s 

For, since 4 is medial, the square 
on it is equal to a rectangular area 
contained by rational straight lines 
commensurable in square only. 

[x. 21] 

Let the square on it be equal to GF. 

But the square on it is also equal to BD; 
therefore BD is equal to GF. 

But it is also equiangular with it ; 


and in equal and equiangular parallelograms the sides about 
the equal angles are reciprocally proportional ; [vr. 14] 
therefore, proportionally, as BC is to EG, so is EF to CD. 
Therefore also, as the square on BC is to the square on 
EG, so is the square on E to the square on CD. [v1. 22] 


4—2 
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But the square on CZ is commensurable with the square 
on EG, for each of these straight lines is rational ; 


' therefore the square on EF is also commensurable with the 


square on CD. [s r1] 
But the square on £F is rational ; 
therefore the square on CP is also rational ; [x. Def. 4] 


therefore C is rational. 

And, since £F is incommensurable in length with ZG, 
for they are commensurable in square only, 
and, as &F is to EG, so is the square on E to the rectangle 


FE, EG, [Lemma] 
therefore the square on EF is incommensurable with the 
rectangle FE, EG. [x. 11] 


But the square on CD is commensurable with the square 
on E, for the straight lines are rational in square ; 


and the rectangle DC, CB is commensurable with the rect- 
angle FZ, EG, for they are equal to the square on 4 ; 


therefore the square on CZ is also incommensurable with the 


rectangle DC, CB. [x. 13] 
But, as the square on CD is to the rectangle DC, CB, so 
is DC to CB; [Lemma] 


therefore DC is incommensurable in length with CB. — [x. 11] 
Therefore CD is rational and incommensurable in length 


with CZ. 
Q. E. D. 


Our algebraical notation makes the result of this proposition almost self- 
evident. We have seen that the square of a medial straight line is of the form 
Jk.p*. If we “apply” this area to another rational straight line ce, the 


breadth is MSE 
g 


2 
This is equal to iP p 


straight line, which we may express, if we please, in the form ,/#’. c, is clearly 
commensurable with o in square only, and therefore rational but incom- 
mensurable in length with c. 

Euclid's proof, necessarily longer, is in two parts. 

Suppose that the rectangle /2. p?=o. x. 

Then (1) e :p-JE.p:x, [vi. 14] 
whence o°: p! = Ap? : x7. [vi. 22] 

But o° ^ p°, and therefore 4p? ^ xè. [x. 11] 


m e 
.9 = ,/k.— a, where m, n are integers. The latter 
n 
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And Ap? is rational ; 


therefore x*, and therefore x, is rational. [x. Def. 4] 
(2) Since JŽ. p ~p, Jk. pvp. 
But [Lemma] Jk. p: p Ep! : Jk . p^ 

whence Ap! o Jk. p. [x. 11] 
But JA. p! = ox, and 4p! ^ x! (from above) ; 

therefore Box; [x. 13] 

and, since x*: 0% = x:o, [Lemma] 

X vg. 


PROPOSITION 23. 


A straight line commensurable with a medial straight line 
2s medial. 

Let 4 be medial, and let B be commensurable with 4 ; 
I say that Z is also medial. 

For let a rational straight line CD 








be set out, A : 
and to CD let the rectangular area CE T 
equal to the square on 4 be LL 
producing £2 as breadth ; 
therefore ED is rational and incommen- 
surable in length with CD. [x. 22] 

And let the rectangular area CF E DF 


equal to the square on & be applied to 
CD, producing DF as breadth. 
Since then 4 is commensurable with Z, 
the square on 4 is also commensurable with the square on 2. 
But ÆC is equal to the square on A, 
and CF is equal to the square on B; 
therefore EC is commensurable with CF. 
And, as EC is to CF, so is ED to DF; [vi. 1] 
therefore ED is commensurable in length with DF. [x. 11] 
But £2 is rational and incommensurable in length with 
therefore DF is also rational [x. Def. 3] and incommensurable 
in length with 2C. [x. 13] 


Therefore CD, DF are rational and commensurable in 
square only. 
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But the straight line the square on which is equal to the 
rectangle contained by rational straight lines commensurable 
in square only is medial ; » [x. 21] 


therefore the side of the square equal to the rectangle CD, 
DF is medial. 


And 2 is the side of the square equal to me rectangle 
CD, DF; 


therefore B is medial. 


Porism. From this it is manifest that an area commen- 
surable with a medial area is medial. 


[And in the same way as was explained in the case of 
rationals [Lemma following x. 18] it follows, as regards medials, 
that a straight line commensurable in length with a medial 
straight line is called medial and commensurable with it not 
only in length but in square also, since, in general, straight 
lines commensurable in length are always commensurable in 
square also. 

But, if any straight line be commensurable in square with 
a medial straight line, then, if it is also commensurable in 
length with it, the straight lines are called, in this case too, 
medial and commensurable in length and in square, but, if in 
square only, they are called medial straight lines commen- 
surable in square only. | 


As explained in the bracketed passage following this proposition, a straight 
line commensurable with a medial straight line in square only, as well as a 
straight line commensurable with it in length, is medial. 

Algebraical notation shows this easily. 

If Rp be the given straight line, kp is a straight line commensurable 
in length with it and /A. Bp a straight line commensurable with it in square 
only. 

But Ap and ,/A.p are both rational [x. Def. 3] and therefore can be 
expressed by p, and we thus arrive at £p, which is clearly medial. 

Euclid's proof amounts to the following. 


Apply both the areas ~+. p and A*J&.p* (or A &.p?) to a rational 
straight line c. 


The breadths J4.* E and JJ. e (or ASR . E a are in the ratio of the 


areas JA. p* and A*J&. p? (or A J£. p) themselves and are therefore com- 
mensurable. 


Now [x. 22] Jk. £ P is rational but incommensurable with a. 


3 
Therefore MSR. e (or ASR. e) is so also; 
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whence the area A*,/£ . p° (or -À JÀ. p") is contained by two rational straight 


lines commensurable in square only, so that Ap (or JA. Rp) is a medial 
straight line. 


It is in the Porism that we have the first mention of a medial aree. It is 
the area which is equal to the square on a medial straight line, an area, there- 


fore, of the form Ay, which is, as a matter of fact, arrived at, though not 
named, before the medial straight line itself (x. 21). 


The Porism states that kip? is a medial area, which is indeed obvious. 


PROPOSITION 24. 


The rectangle contained by medial straight lines commen- 
surable in length is medial. 


For let the rectangle AC be contained by the medial 
straight lines 4.2, BC which are commensurable 
in length; o 
I say that AC is medial. 

For on AB let the square AD be described ; 
therefore 44 D is medial. 


And, since ÆB is commensurable in length 
with BC, 


while 42 is equal to BD, D 
therefore DB is also commensurable in length 


with BC; 


so that DA is also commensurable with AC. [vi. 1, x. r1] 
But DA is medial ; 
therefore 4C is also medial. (x. 23, Por.] 
Q. E. D. 


There is the same difficulty in the text of this enunciation as in that of 
x. 19. The Greek says “medial straight lines commensurable in length in 
any of the aforesaid ways”; but straight lines can only be commensurable tn 
length in one way, though they can be medial in two ways, as explained in the 
addition to the preceding proposition, i.e. they can be either commensurable 
in length or commensurable in square only with a grven medial straight line. 
For the same reason as that explained in the note on x. 19 I have omitted 
* jn any of the aforesaid ways” in the enunciation and bracketed the addition 
to X. 23 to which it refers. 

kp and ep are medial straight lines commensurable in length. The 
rectangle contained by them is Akp, which may be written kip" and is there- 
fore clearly medial. 

Euclid’s proof proceeds thus. Let x, Ax be the two medial straight lines 
commensurable in length. 

Therefore x:x.Àx-x:AÀx. 
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But x ^ Ax, so that x? ^ x. Àx. [x. 11] 
Now x is medial [x. 21]; 
therefore x . Ax is also medial. [x. 23, Por.] 


We may of course write two medial straight lines commensurable in length 
in the forms mp, nk*p ; and these may either be ma. / 2, nda. B, or 
mA AB, nM AB. 


PROPOSITION 25. 


The rectangle contained by medial straight lines commen- 
surable in square only is either rational or medial. 


For let the rectangle 4C be contained by the medial 
straight lines 4B, BC which are 


commensurable in square only ; A E a 
I say that AC is either rational 
or medial. 
For on AB, BC let the LH 
squares 4D, BE be described ; 
therefore each of the squares o E - 


AD, BE is medial. 
Let a rational straight line 
FG be set out, 
to FG let there be applied the rectangular parallelogram GH 
equal to AD, producing FH as breadth, . 


to (7M let there be applied the rectangular parallelogram MK 
equal to AC, producing /7€ as breadth, 


and further to ÆA let there be similarly applied AZ equal to 
BE, producing KZ as breadth ; 


therefore FH, HK, KL are in a straight line. 
Since then each of the squares 4D, BE is medial, 
and AD is equal to GĦ, and BE to NL, 
therefore each of the rectangles GÆ, NZ is also medial. 
And they are applied to the rational straight line FG ; 


therefore each of the straight lines FH, KZ is rational and 
incommensurable in length with FG. [x. 22] 


And, since 4 D is commensurable with BE, 
therefore GA is also commensurable with AZ. 

And, as GH is to NL, so is FH to KL; (vr. 1] 
therefore FH is commensurable in length with AZ. — (x. 11] 
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Therefore 777, KZ are rational straight lines commen- 
surable in length ; 


therefore the rectangle FH, KZ is rational. [x. 19] 

And, since DB is equal to BA, and OB to BC, 
therefore, as DB is to BC, so is AB to BO. 

But, as DB is to BC, so is DA to AC, [vi. 1] 
and, as AB is to BO, so is AC to CO; [id. | 
therefore, as DA is to AC, so is AC to CO. 

But AD is equal to GH, AC to MK and CO to NL; 
therefore, as GH is to WK, so is WK to NL ; 
therefore also, as FH is to HK, so is HK to KL ; [vi. 1, v. 11] 
therefore the rectangle FH, KZ is equal to the square on 77K. 

VI. I. 

But the rectangle FH, AZ is rational ; nd 
therefore the square on 77K is also rational. 

Therefore 77K is rational. 

And, if it is commensurable in length with FG, 

FIN is rational ; [x. 19] 
but, if it is incommensurable in length with FG, 


KH, HM are rational straight lines commensurable in square 
only, and therefore ÆN is medial. [x. 21] 


Therefore ÆN is either rational or medial. 
But ÆN is equal to AC; 

therefore AC is either rational or medial. 
Therefore etc. ^. 


Two medial straight lines commensurable in square only are of the form 
z P, Ni À. a p 

The rectangle contained by them is JA. Ap? Now this is in general 
medial; but, if /A =k JA, the rectangle is &£'p', which is rational. 


Euclid's argument is as follows. Let us, for convenience, put x for Ao, SO 
that the medial straight lines are x, ,/A. x. 
Form the areas x?, x. JA. x, Ax’, 


and let these be respectively equal to ou, ov, ow, where o is a rational 
straight line. 


Since x°, Ax? are medial areas, 
SO are ou, OW, 
whence z, w are respectively rational and ~ ø. 
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But x^ Ax 

so that cu ^ at, 

Or s rr pr (1). 
Therefore, u, w being both rational, sv is rational .. ..................(2). 
Now Ae Hada IAS 

or CH : CU = OV : CW, 

so that u: V=0: W, 

and . uw =v". 

Hence, by (2), v’, and therefore v, is rational ........................... (3). 


Now (a) ifv ^ oe, ov or JA. x? is rational; 
(B) if v v e, so that v ~ e, ov or JA. x? is medial. 


` PROPOSITION 26. 


A medial area does not exceed a medial area by a rational 
area. 


For, if possible, let the medial area 4B exceed the medial 
area AC by the rational area 
DB, A F E 
and let a rational straight line 
EF be set out ; 


to £7 let there be applied the K G 
rectangular parallelogram FH e 

equal to 4B, producing £77 as H 
breadth, 


and let the rectangle FG equal to AC be subtracted ; 
therefore the remainder BD is equal to the remainder KZ. 
But DZ is:rational ; 
therefore XÆ is also rational. 
Since, then, each of the rectangles 4B, AC is medial, 
and AB is equal to FH, and AC to FG, 
therefore each of the rectangles 777, FG is also medial. 
And they are applied to the rational straight line EZ; 


therefore each of the straight lines HZ, ÆG is rational and 
incommensurable in length with E. [x. 22] 


And, since [DZ is rational and is equal to KH, 
therefore | A is [also] rational ; 
and it is applied to the rational straight line ZF’; 
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therefore GH is rational and commensurable in length with 
EF. [x. 20] 


But ÆG is also rational, and is incommensurable in length 
with EZ; 
therefore ÆG is incommensurable in length with GÆ.  [x. 13] 


- And, as ÆG is to GH, so is the square on EG to the 
rectangle EG, GH; 


therefore the square on ÆG is incommensurable with the 
rectangle EG, GH. [x. 11] 


But the squares on £G, GH are commensurable with the 
square on ZG, for both are rational ; 


and twice the rectangle EG, GH is commensurable with the 


rectangle EG, GA, for it is double of it ; [x. 6] 
therefore the squares on EG, GH are incommensurable with 
twice the rectangle EG, GH ; [x. 13] 


therefore also the sum of the squares on EG, GH and twice 
the rectangle EG, GH, that is, the square on ZÆ [u. 4], is 


incommensurable with the squares on £G, GH. [x. 16] 
But the squares on EG, GH are rational ; 
therefore the square on £7 is irrational. [x. Def. 4] 


Therefore ZH is irrational. 
But it is also rational : 
which is impossible. 


Therefore etc. 
Q. E. D. 


“ Apply ” the two given medial areas to one and the same rational straight 


line p. They can then be written in the form p. Bp, p- Ap. 

The difference is then (,/4 — JA) p?; and the proposition asserts that this 
cannot be rational, i.e. (,/4 — JA) cannot be equal to Z. Cf. the proposition 
corresponding to this in algebraical text-books. 


To make Euclid's proof clear we will put x for hip and y for A. 
Suppose p(x —y) = ps, 

and, if possible, let pz be rational, so that z must be rational and ^ p ...(1). 
Since px, py are medial, 


x and y are respectively rational and v p ............... (2). 
From (1) and (2), yz. 
Now y:g-y':ys, 


so that pu yz. 
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But Pt sian yxy, 
and 2y8 ^ yZ. 
Therefore P+ o 2yz, 
whence (y-z) o (y? 87), 
Or x* o (y! + 27), 


And ( »? + 2°) is rational ; 

therefore x*, and consequently x, is irrational. 
But, by (2), x is rational : 

which is impossible. 
Therefore pz is not rational. 


PROPOSITION 27. 


Jo find medial straight lines commensurable in square only 
which contain a rational rectangle. 

Let. two rational straight lines 4, B commensurable in 
square only be set out ; 
let C be taken a mean proportional between 
A, B, [v. 13] i 
and let it be contrived that, » 

as A is to B, sois C to D.  [vi. 12] 8 


Then, since A, B are rational and com- 
mensurable in square only, 


the rectangle 4, Ð, that is, the square on C 
[vt. 17], is medial. [x. 21] 


Therefore C is medial. [x. 21] 
And since, as 4 is to B, so is C to D, 


and A, B are commensurable in square only, 

therefore C, D are also commensurable in square only. [x. 11] 
And C is medial ; 

therefore D is also medial. (x. 23, addition] 
Therefore C, D are medial and commensurable in square 

only. 
I say that they also contain a rational rectangle. 
For since, as 4 is to P, so is C to D, 

therefore, alternately, as 4 is to C, so is P to D. [v. 16] 
But, as 4 is to C, so is C to P; 

therefore also, as C is to B, sois B to D; 

therefore the rectangle C, D is equal to the square on Z. 
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But the square on Z is rational ; 
therefore the rectangle C, D is also rational. 
Therefore medial straight lines commensurable in square 
only have been found which contain a rational rectangle. 
Q. E. D. 


Euclid takes two rational straight lines commensurable in square only, say 
P £p. 

Find the mean proportional, i.e. Bp. 

Take x such that pipe pix sess (1). 

This gives x — kip, 
and the lines required are Bo, Fo. 

For (a) kp is medial. 

And (B), by (1), since p ~ Rip, 

Fp me D p 

whence [addition to x. 23], since kp is medial, 


Rp is also medial. 
The medial straight lines thus found may take either of the forms 


a) vaJ, »/ 2X? or (2) VA, J 525. 


PROPOSITION 28. 


To find medial straight lines commensurable in square only 
which contain a medial rectangle. 


Let the rational straight lines 4, B, C commensurable in 
square only be set out ; 


let D be taken a mean proportional between 4, B, [vi. 13] 
and let it be contrived that, 
. as D is to C, so is D to &. [vi. 12] 
A 
ae D 
a EES E 


Since A, B are rational straight lines commensurable in 
square only, 
therefore the rectangle 4, B, that is, the square on D [vıi. 17], 
is medial. [x. 21] 
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Therefore D is medial. [x. 21] 
And since B, C are commensurable in square only, 

and, as B is to C, so is D to &, 

therefore D, E are also commensurable in square only. [x. 11] 
But D is medial ; 

therefore Æ is also medial. [x. 23, addition] 


Therefore D, £ are medial straight lines commensurable 
in square only. 


I say next that they also contain a medial rectangle. 
For since, as Æ is to C, so is D to £, 
therefore, alternately, as B is to D, so is C to Æ. [v. 16] 
But, as Z is to D, so is D to A; 
therefore also, as D is to A, so is C to £; 
therefore the rectangle 4, C is equal to the rectangle D, £. 
VI. 16 
But the rectangle 4, C is medial ; n i. 
therefore the rectangle D, Æ is also medial. 
Therefore medial straight lines commensurable in square 
only have been found which contain a medial rectangle. 
Q. E. D. 


Euclid takes three straight lines commensurable in square only, i.e. of the 
form p, hip, Ai , and proceeds as follows. 


Take the mean proportional to p, za , Le. Bp. 
Then take x such that 


Bip: Mp = Ep ix ies (1), 
so that x = AdipjAt. 
Ro, Mip| i are the required medial straight lines. 
For Ep is medial. 
Now, by (1), since hip ~ Alp, 
P~ x, 


whence x is also medial [x. 23, addition], while ~— Bp. 


Next, by (1), . Alp = Rip Rp 
= a P:P 
whence DON Rp = rip? which is medial. 


The straight lines Rp, Mpjzt of course take different forms according as 
the original straight lines are of the forms (1) a, YB, JC, (2) JA, JB, JC, 
(3) J4, b, JC, and (4) JA, /B, c. 
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; | — JaC 
E.g. in case (1) they are Ja B, JS: 


i - CJA 
in case (2) they are V AZ, t , 
and so on. 
LEMMA I. 


To find two square numbers such that their sum is also 
square. 


Let two numbers 4B, BC be set out, and let them be 
either both even or both odd. 

Then since, whether an even A7 b  —.6 B 
number is subtracted from an : 
even number, or an odd number from an odd number, the 
remainder is even, [1x. 24, 26] 
therefore the remainder 74 C is even. 


Let AC be bisected at D. 

Let AB, BC also be either similar plane numbers, or 
square numbers, which are themselves also similar plane 
numbers. 


Now the product of 48, BC together with the square on 
CD is equal to the square on BD. [11. 6] 

And the product of 4B, BC is square, inasmuch as it 
was proved that, if two similar plane numbers by multiplying 
one another make some number, the product is square. [ix. 1] 

Therefore two square numbers, the product of 42, AC, 
and the square on C, have been found which, when added 
together, make the square on BD. 


And it is manifest that two square numbers, the square 
on D and the square on CD, have again been found such 
that their difference, the product of AB, BC, is a square, 
whenever 48, BC are similar plane numbers. 

But when they are not similar plane numbers, two square: 
numbers, the square on BD and the square on DC, have been 
found such that their difference, the product of AB, BC, is 
not square. 

Q. E. D. 

Euclid's method of forming right-angled triangles in integral numbers, 
already alluded to in the note on I. 47, is as follows. 


Take two similar plane numbers, e.g. mnp’, mng’, which are either both even 
or both odd, so that their difference is divisible by 2. 
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Now the product of the two numbers, or #7#*f’g*, is square, [1x. 1] 
and, by r1. 6, , 
= 2 
mnp. mag + (P Dy = (Zr 


so that the numbers npg, } (mnp? — mng’) satisfy the condition that the sum 
of their squares is also a square number. 

It is also clear that } (mnp? + mng’), mnpg are numbers such that the 
difference of their squares is also square. 


LEMMA 2. 


To find two square numbers such that ther sum is not 
square. 


For let the product of 42, BC, as we said, be square, 
and CA even, 
and let CA be bisected by D. 
E 


AG HD PF é B 


It is then manifest that the square product of AB, BC 


together with the square on CD is equal to the square on BD. 
| [See Lemma 1] 


Let the unit DE be subtracted ; 
therefore the product of 48, BC together with the square on 
CE is less than the square on BD. 

I say then that the square product of 4B, BC together 
with the square on CZ will not be square. 

For, if it is square, it is either equal to the square on BE, 
or less than the square on BE, but cannot any more be 
greater, lest the unit be divided. 

First, if possible, let the product of 48, BC together 
with the square on CZ be equal to the square on BA, 
and let GA be double of the unit DE. 

Since then the whole AC is double of the whole C2, 
and in them 4G is double of DE, 
therefore the remainder GC is also double of the remainder EC; 
therefore GC is bisected by Æ. 

Therefore the product of GB, BC together with the square 
on CZ is equal to the square on BE. [u. 6] 

But the product of 48, BC together with the square on 
CE is also, by hypothesis, equal to the square on BE ; 
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therefore the product of GB, BC together with the square on 
CE is equal to the product of AB, BC together with the 
square on CZ. 

And, if the common square on CZ be subtracted, 
it follows that 44 P is equal to GA: 
which is absurd. 

Therefore the product of 4B, BC together with the square 
on CE is not equal to the square on BE. 


I say next that neither is it less than the square on BE. 

For, if possible, let it be equal to the square on BF, 
and let 7A be double of DF. 

Now it will again follow that ÆC is double of CF; 
so that CH has also been bisected at Z7, 
and for this reason the product of ÆB, BC together with the 
square on FC is equal to the square on BF. [u. 6] 

But, by hypothesis, the product of AB, BC together with 
. the square on CZ is also equal to the square on BF. 

Thus the product of 775, BC together with the square 
on CF will also be equal to the product of 48, BC together 
with the square on CZ: 
which is absurd. 

Therefore the product of AB, BC together with the square 
on CZ is not less than the square on BE. 

And it was proved that neither is it equal to the square 
on BE. 

Therefore the product of 4B, BC together with the square 
on CZ is not square. 

Q. E. D. 


We can, of course, write the identity in the note on Lemma 1 above (p. 64) 
in the simpler form 


npe + (EFE) - t) 
where, as before, s;?*, mg? are both odd or both even. 
Now, says Euclid, 
mp. mg + (npe - r) is not a square number. 
This is proved by reductio ad absurdum. 
H. E. IIl 5 
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mp — mN? . 
The number is clearly less than 5$»?! . mq? + (Be e) , ke. less than 
(c? + mgs? 
mc 
If then the number is square, its side must be greater than, equal to, or 
2 
less than (Fri. 3! the number next less than Pin, 


But (1) the side cannot be > (r — r) without being equal to 


mp aem . 
a a since they are consecutive numbers. 


(2) (mp? — 2) mg! + (ep. 1) = (epe — j. fir. 6] 


ES 2 2 2 2 
If then mg’. mg? + (epe — r) is a/so equal to (ree -— r) ; 


we must have (mf? — 2) mg? = mp . mg, 
or mp —2= mp": 
which is impossible. 
mp — mg’ 2 [mË + mg 3 
| (3) If mp. mg + (TETE 1) < (PET Ly, 


2 


. suppose it equal to ("Ame — r). 
But [u. 6] (mg? — 2r) mg* + (er - r) = (erue r). 


Therefore 
(mp? — 2r) mg + (Et, = mp". img? + (npe - r): 
which is impossible. Í 
Hence all three hypotheses are false, and the sum of the squares 
mf’. mg and (npe - r) Is #oź square. 


2 


PROPOSITION 29. 


To find two rational straight lines commensurable in square 
only and such that the square on the greater is greater than 
the square on the less by the square on a straight line commen- 
surable in length with the greater. 


For let there be set out any rational straight line 4B, 
and two square numbers CD, DE such that their difference 
CE is not square ; [Lemma 1] 


let there be described on AVF the semicircle 4 FB, 
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and let it be contrived that, 
as DC is to CE, so is the square on BA to the square 
on AF, [x. 6, Por.] 
Let FB be joined. F 
Since, as the square on BA is to 
the square on AF, so is DC to CE, 


therefore the square on BA has to 
the square on 4F the ratio which the 4 


number DC has to the number CE; SSS 

therefore the square on BA is com- 

mensurable with the square on AF. [x. 6] 
But the square on AB is rational ; [x. Def. 4] 

therefore the square on 4 F is also rational ; [i2.] 


therefore AF is also rational. 

And, since DC has not to CE the ratio which a square 
number has to a square number, 
neither has the square on BA to the square on AF the ratio 
which a square number has to a square number ; 
therefore 44 is incommensurable in length with AF. — (x. 9] 

Therefore BA, AF are rational straight lines commen- 
surable in square only. 

And since, as DC is to C£, so is the square on BA to 
the square on Z F, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on £F. [V. 19, Por., 111. 31, 1. 47] 

But CD has to DE the ratio which a square number has 
to a square number ; | 
therefore also the square on ABZ has to the square on BF 
the ratio which a square number has to a square number ; 
therefore AB is commensurable in length with BF. [x. 9] 

And the square on 4 Z is equal to the squares on AF, FB; 
therefore the square on AZ is greater than the square on 44 F 
by the square on BF commensurable with 4B. 

Therefore there have been found two rational straight 
lines B.A, AF commensurable in square only and such that 
the square on the greater AB is greater than the square on 
the less AF by the square on BF commensurable in length 
with AZ. 

Q. E. D. 


5—2 
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Take a rational straight line p and two numbers m?, 5? such that (7? — n?) 
is not a square. 
Take a straight line x such that 





n pit epe e yas (1), 
p? — mP 

whence xf = 7 P^, 
and x=pv1—-R, where &=—. 

Then p, pV 1 — # are the straight lines required. 

It follows from (1) that x* ^ p, 
and x is rational, but X p. 

By (1), convertendo, m:n =P: P-a, 


so that 4/p! — x? ^ p, and in fact = Åp. 
According as p is of the form a or ,/A, the straight lines are (1) a, Ja? — 2 
or (2) J4, VA — £A. 


PROPOSITION 30. 


To find two rational straight [ines commensurable in square 
only and such that the square on the greater is greater than 
the square on the less by the square on a straight line incom- 
mensurable in length with the greater. 


Let there be set out a rational straight line 4B, 
and two square numbers CE, £D 
such that their sum CZ is not 


square ; [Lemma 2] : 

let there be described on 447 the 

semicircle AFB, 

let it be contrived that, 

as DC is to C£, so is the square B 
on BA to the square on AF, 6- É D 


[x. 6, Por.] 
and let FB be joined. 

Then, in a similar manner to the preceding, we can prove 
that BA, AF are rational straight lines commensurable in 
square only. 

And since, as DC is to CZ, so is the square on BA to 
the square on AF, 
therefore, convertendo, as CD is to DE, so is the square on 
AB to the square on BF. [V. 19, Por., 11. 31, 1. 47] 

But CD has not to DE the ratio which a square number 
has to a square number ; 
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therefore neither has the square on 4B to the square on BF 
the ratio which a square number has to a square number ; 


therefore 44 P is incommensurable in length with BF. [x. 9] 


And the square on AZ is greater than the square on AF 
by the square on FB incommensurable with 4 Z. 

Therefore 48, AF are rational straight lines commen- 
surable in square only, and the square on AZ is greater than 
the square on AF by the square on FB incommensurable in 
length with AZ. 





Q. E. D. 
In this case we take m’, n? such that m? + 5»? is not square. 
Find x such that m? + mimi = p?: x7, 
me 
whence = pra 
or s=, where £ = ^. 
J/1 +2 m 





Then p, TF satisfy the condition. 


The proof is after the manner of the proof of the preceding proposition 
and need not be repeated. 
According as p is of the form a or ,/A, the straight lines take the 
a? 


form (1) a, FE that is, a, Væ — B, or (2) J4, VA — B and 
JA, JA - 5. 
PROPOSITION 31. 


To find two medial straight lines commensurable in square 
only, containing a rational rectangle, and such that the square 
on the greater ts greater than the square on the less by the 
square on a straight line commensurable in length with the 
greater. 


Let there be set out two rational straight lines 4, B 
commensurable in square only and such that the 
square on A, being the greater, is greater than 
the square on Z the less by the square on a 
straight line commensurable in length with 4. 

X. 2 

And let the square on C be equal i he 
rectangle 4, P. 

Now the rectangle 4, B is medial; [x. 21] 
therefore the square on C is also medial ; 


therefore C is also medial. [x- 21] 


A B O D 
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Let the rectangle C, D be equal to the square on Z. 

Now the square on Z is rational ; 
therefore the rectangle C, D is also rational. 

And since, as 4 is to Z, so is the rectangle 4, B to the 
square on Z2, 
while the square on C is equal to the rectangle 4, B, 
and the rectangle C, D is equal to the square on Ø, 
therefore, as 4 is to B, so is the square on C to the rectangle 
C, D. 

But, as the square on C is to the rectangle C, D, so is C 
to D; 
therefore also, as 4 is to B, so is C to D. 

But 4 is commensurable with Z in square only ; 
therefore C is also commensurable with D in square only. [x 11] 

And C is medial ; 
therefore D is also medial. (x. 23, addition] 

And since, as 4 is to B, so is C to D, 
and the square on 4 is greater than the square on J by the 
square on a straight line commensurable with 4, 
therefore also the square on C is greater than the square on 
D by the square on a straight line commensurable with C. 

[x. 14] 

Therefore two medial straight lines C, D, commensurable 
in square only and containing a rational rectangle, have been 
found, and the square on C is greater than the square on D 
by the square on a straight line commensurable in length 


with C. 


Similarly also it can be proved that the square on C 
exceeds the square on D by the square on a straight line 
incommensurable with C, when the square on 4 is greater 
than the square on Z by the square on a straight line incom- 
mensurable with 4. [x. 30] 


I. Take the rational straight lines commensurable in square only found 
in X. 29, i.e. p, p V 1 — 4. 
Take the mean proportional p (1 — p and x such that 
p(x - PB ip/i1- Psp Vr- Pix. ` 


Then p (1 - py, x, or p(1— ey, p(1- py are straight lines satisfying the 
given conditions. 
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For (a) p~ 1 — £ is a medial area, and therefore p(1 - pi is a medial 
straight: Dine. e seo pora er eor d beata du isa em hoo vx rea (1); 


and x.p(1- py = p! (1 — Å) and is therefore a rational area. 


(B) p, p(1 - py, pN 1 — P^, x are straight lines in continued proportion, by 
construction. 


Therefore p:pV1-PB-p(1— P}: x — M— STT (2). 
(This Euclid has to prove in a somewhat roundabout way by means of the 
lemma after x. 21 to the effect that a :  — ad: &.) 

From (2) it follows [x. 11] that x ^— p (1 — PY ; whence, since p (1 — p is 
medial, x or p (1 — py is medial also. 

(y) From (2), since p, p 1 — Å satisfy the remaining condition of the 
problem, p(1 — P, p(1 — #)* do so also [x. 14]. 

According as p is of the form a or ,/A, the straight lines take the forms 

—— — 2 . 
(1) dade P t ce 

Vi a Jai — 

A -RA 
MA(A-— BA) 

II. To find medial straight lines commensurable in square only contain- 
ing a rational rectangle, and such that the square on one exceeds the square 


on the other by the square on a straight line incommensurable with the former, 
we simply begin with the rational straight lines having the corresponding 








or (2) MA (A — FA), 


property [x. 30], viz. p, JT , and we arrive at the straight lines 


P Po 
(+ (ree 
According as p is of the form a or ,/A, these (if we use the same 
transformation as at the end of the note on x. 30) may take any of the forms 











W MaELR, VE. 
ozo A-B 

or (2) VA (4 - B), UA -By 

or VA(A-P), HOT 


PROPOSITION 32. 


To find two medial straight lines commensurable in square 
only, containing a medial rectangle, and such that the square 
on the greater is greater than the square on the less by the 
square on a straight line commensurable with the greater. 
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Let there be set out three rational straight lines 4, B, C 
commensurable in square only, and such that the square on 4 
is greater than the square on C by the square on a straight 
line commensurable with 4, [x. 29] 


and let the square on D be equal to the rectangle 4, B. 


A 


D 
B 


Q——— 


Therefore the square on D is medial ; 
therefore D is also medial. [x. 21] 
Let the rectangle D, E be equal to the rectangle B, C. 
Then since, as the rectangle 4, B is to the rectangle Ø, C, 
so is A to C, 
while the square on Ø is equal to the rectangle A, Ð, 
and the rectangle D, £ is equal to the rectangle B, C, 
therefore, as 4 is to C, so is the square on 2 to the rectangle 
But, as the square on D is to the rectangle D, Æ, so is D 
to E; 
therefore also, as 4 is to C, so is D to £. 
But 4 is commensurable with C in square only ; 
therefore D is also commensurable with Æ in square only. [x.11] 
But 2 is medial ; | 
therefore Æ is also medial. [x. 23, addition] 
And, since, as 4 is to C, so is D to £, 
while the square on 4 is greater than the square on C by 
the square on a straight line commensurable with A, 
therefore also the square on 2 will be greater than the square 
on Æ by the square on a straight line commensurable with D. 
X. I 
I say next that the rectangle D, £ is also medial. " 
For, since the rectangle Z, C is equal to the rectangle D, £, 
while the rectangle B, C is medial, [x 21] 
therefore the rectangle D, Æ is also medial. 


l Therefore two medial straight lines D, Æ, commensurable 
in square only, and containing a medial rectangle, have been 
found such that the square on the greater is greater than the 
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square on the less by the square on a straight line commen- 
surable with the greater. 


Similarly again it can be proved that the square on D 
is greater than the square on Æ by the square on a straight 
line incommensurable «with D, when the square on 4 is 
greater than the square on C by the square on a straight line 


incommensurable with 4. [x. 30] 
I. Euclid takes three straight lines of the form p, p JA, p 1r — à, 
takes the mean proportional pat between the first two |..................... (1), 
and then finds x such that 
prt: pd p 1 Bx ——— ata (2), 


whence x = pat J1-F, 
and the straight lines pat, pat 4 1 — # satisfy the given conditions. 
Now (a) pA? is medial. 
(B) We have, from (1) and (2), 
pip NIT Pep im eese (3), 





whence x ~- pi ; and x is therefore medial and ~- p. 

(y) «.pt=p Jd. pw. 

But the latter is medial ; [x. 21] - 
therefore x. pM, Or p prt /1— #, is medial. 

Lastly (8) p, p A1 — # have the remaining property in the enunciation ; 
therefore p, pat J/1 —# have it also. (x. 14] 


(Euclid has not the assistance of symbols to prove the proportion (3) above. 
He therefore uses the lemmas a4: 6¢=a:c¢ and 4*:de- d :e to deduce from 
the relations 


ab = d’ } 
and d:b=c¢:e 
that a:c=d:e.) 


The straight lines p, M J1— £ may take any of the following forms 
according as the straight lines first taken are 


(1) a, JB, J-e, (2) JA, JB, J 4-4, (3) JA, b, JA- PA. 
| —g *B($-2. 
(1) Ja JB, MEE 
— NB(A-#A 
(2) 4 AB, E D 


—— à&4A-—RA 
(3) NOJ4, JA ` 
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II. If the other conditions are the same, but the square on the first 
medial straight line is to exceed the square on the second by the square on a 
straight line :ncommensurable with the first, we begin with the three straight 


lines p, p A/A, EV. , and the medial straight lines are 


pM, pé 


Jr 


The possible forms are even more various in this case owing to the more 
various forms that the original lines may take, e.g. 


(1) a, JB, Je- C ; 
(2) J4, à NVA-e; 
(3) J4, 4, N 4 — C; 
(4) 44 JB, 44-6; 
(5) J4, JB, VA-C; 
the medial straight lines corresponding to these being 





(1) Va JB, UP 
(2) 5 JA, Es 
(3) W5 JA, Lu 
(4) YAB, P475 
(s) YAB, TO. 
LEMMA. 


. Let ABC be a right-angled triangle having the angle 4 
right, and let the perpendicular 4D be 

drawn; | A 

I say that the rectangle CZ, BD is 

equal to the square on BA, 

the rectangle BC, CD equal to the $—7D 6 
square on C4, 

the rectangle 8D, DC equal to the square on 4D, 


and, further, the rectangle BC, AD equal to the rectangle 
BA, AC. 
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And first that the rectangle CZ, BD is equal to the square 
on BA. 

For, since in a right-angled triangle 4D has been drawn 
from the right angle perpendicular to the base, 


therefore the triangles 4BD, ADC are similar both to the 


whole AAC and to one another. [vr. 8] 
And since the triangle BC is similar to the triangle 4 BD, 
therefore, as CZ is to BA, so is BA to BD;* [vt. 4] 


therefore the rectangle CZ, BD is equal to the square on 4B. 
[vi. 17] 
For the same reason the rectangle BC, CD is also equal 

to the square on AC. 


And since, if in a right-angled triangle a perpendicular 
be drawn from the right angle to the base, the perpendicular 
so drawn is a mean proportional between the segments of the 
base, [vr. 8, Por.] 
therefore, as BD is to DA, sois AD to DC; 


therefore the rectangle BD, DC is equal to the square on 74 D. 


[vr. 17] 
I say that the rectangle BC, AD is also equal to the rect- 
angle BA, AC. 
For since, as we said, BC is similar to ABD, 
therefore, as BC is to CA, so is BA to AD. — (vi. 4] 
Therefore the rectangle BC, AD is equal to the rectangle 
BA, AC. [vi. 16] 
Q. E. D. 


PROPOSITION 33. 


To find two straight lines incommensurable in square which 
make the sum of the squares on them rational but the rectangle 
contained by them medial. 


Let there be set out two rational straight lines 4B, BC 
commensurable in square only 
and such that the square on the 
greater 4 B is greater than the F 
square on the less BC by the 
square on a straight line in- 
commensurable with 4B, A EB oO C 
[x. 30] 
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let BC be bisected at 2, 


let there be applied to 42 a parallelogram equal to the square 
on either of the straight lines BD, DC and deficient by a 
square figure, and let it be the rectangle AZ, EB; [v1. 28] 


let the semicircle AFB be described on AB, 
let EF be drawn at right angles to 4B, 
and let AF, FB be joined. 
Then, since 48, BC are unequal straight lines, 


and the square on AZ is greater than the square on BC by 
the square on a straight line incommensurable with 4B, 


while there has been applied to 42 a parallelogram equal to 
the fourth part of the square on PC, that is, to the square on 
half of it, and deficient by a square figure, making the rect- 
angle AL, EB, 


therefore AZ is incommensurable with ZZ. [x. 18] 


And, as AZ is to ÆÐ, so is the rectangle BA, AE to the 
rectangle 4B, BE, 


while the rectangle 3.4, AE is equal to the square on AF, 
and the rectangle 4B, BE to the square on BE; 


therefore the square on AF is incommensurable with the 
square on FB; 


therefore AF, FB are incommensurable in square. 
And, since AZ is rational, 
therefore the square on 42 is also rational ; 


so that the sum of the squares on AF, FB is also rational. 
[t. 47] 
And since, again, the rectangle 44 £, EP is equal to the 
square on EF, 


and, by hypothesis, the rectangle 4, ÆB is also equal to the 
square on BD, 


therefore FE is equal to BD; 
therefore BC is double of FE, 


so that the rectangle 4B, BC is also commensurable with the 
rectangle 44 B, EF. 


But the rectangle 44 Z, BC is medial ; [X. 21] 
therefore the rectangle 442, EF is also medial. [x. 23, Por.] 
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But the rectangle AB, EF is equal to the rectangle AF, 
FB; [Lemma] 


therefore the rectangle 4/, FB is also medial. 


But it was also proved that the sum of the squares on these 
straight lines is rational. 

Therefore two straight lines 44F, FB incommensurable 
in square have been found which make the sum of the 
squares on them rational, but the rectangle contained by them 
medial. 

Q. E. D. 


Euclid takes the straight lines found in x. 30, viz. p, NY: 
I 


He then solves geometrically the equations 
x+y=p 
"EE 
97a P) | 
If x, y are the values found, he takes v, v such that 


= a age ease es (2), 


and s, v are straight lines satisfying the conditions of the problem. 
Solving algebraically, we get (if x > y) 











i6 7 zd A^ 
whence dare JS TO (3). 


Euclid's proof that these straight lines fulfil the requirements is as follows. 


(a) The constants in the equations (1) satisfy the conditions of x. 18; 


therefore X y. 
But x:y-cuiiv) sc 
Therefore wW v vi, 


and u, v are thus zncommensurable in square. 


(B) += p which is rational. 


Ju ut cH s 
By (2), MU — p. X Xy 
. p? 


aN te 





78 BOOK X [x. 33, 34 





2 
But — L. is a medial area, 


A/ 1 4- £* 


therefore uv is medial. 
p 
A1 4. 2 
(1) a, Jà—B, (2) JA, VA-B, (3) JA, VA-B, 
u, v may have any of the forms 


Since p, may have any of the three forms 








A+NAB A-NAB 
(2) EXEC NN. US xu 
A+b, JA A-bJ/A 
(3) soe d OA 


PROPOSITION 34. 


To find two straight lines encommensurable in square which 
make the sum of the squares on them medial but the rectangle 
contazned by them ratzonal. 

Let there be set out two medial straight lines 4B, BC, 
commensurable in square only, such that the rectangle which 
they contain is rational, and the square on 4B is greater than 
the square on C by the square on a straight line incom- 
mensurable with 4B; [x. 31, ad fin.] 


A F B E C 


let the semicircle ADB be described on AB, 

let BC be bisected at £, 

let there be applied to 42 a parallelogram equal to the square 

on BE and deficient by a square figure, namely the rectangle 

AF, FB; [vi. 28] 

therefore 4 is incommensurable in length with FB.  [x. 18] 
Let FD be drawn from F at right angles to AB, 


and let 4D, DP be joined. 
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Since AF is incommensurable in length with ÆÐ, 
therefore the rectangle BA, AF is also incommensurable with 
the rectangle 4B, BF. [x. 11] 

But the rectangle BA, AF is equal to the square on AD, 
and the rectangle 4B, BF to the square on DB; 
therefore the square on 4D is also incommensurable with the 
square on DB. 

And, since the square on 4B is medial, 
therefore the sum of the squares on AD, DB is also medial. 


[ur. 31, 1. 47] 
And, since BC is double of DF, 
therefore the rectangle 4B, BC is also double of the rectangle 
AB, FD. 
But the rectangle 4B, BC is rational ; 


therefore the rectangle 4B, FD is also rational. [x. 6] 
But the rectangle 4B, FD is equal to the rectangle 4D, 
DB; [Lemma] 


so that the rectangle 4D, DB is also rational. 

Therefore two straight lines 44D, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial, but the rectangle contained by them rational. 

Q. E. D. 
In this case we take [x. 31, 2nd part] the medial straight lines 
p p 
(r4 8y (ref 
Solve the equations 


p 
TIIE 
(1 es M E (1). 


PTT. 
Take z, v such that, if x, y be the result of the solution, 








pc. 

Gs" | 

and y, v are straight lines satisfying the given conditions. 
Euclid's proof is similar to the preceding. 

(a) From (1) it follows [x. 18] that 

X, 
whence u* o v, 
and x, v are thus incommensurable in square. 


80 BOOK X [X. 34, 35 





3 
(B) w+ tai, which is a medial area. 
I 





= P : Xy 

o) w= ch 
p* 

"rA! 





= - which is a rational area. 


Therefore sv is rational. 
To find the actual form of x, v, we have, by solving the equations (1) 
(if x y), 


enm Nt +h +h), 


g (Vi+#- k); 


“al A 
NANI t +h, 


M14 e-k. 


and hence 





-TETA 





EE 


Bearing in mind the forms which 





may take (see note 
(1+ 9" (1 p 
on X. 31), we shall find that x, v may have any of the forms 


o JODIE, NIE vr 


(2) EE aa, 
o JUDDE, f a-nda-y 





PROPOSITION 35. 


To find two straight lines incommensurable in square which 
make the sum of the squares on them medial and the rectangle 
contained by them medial and moreover incommensurable with 
the sum of the squares on them. 


Let there be set out two medial straight lines 48, BC 
commensurable in square only, containing a medial rectangle, 
and such that the square on 4B is greater than the square on 
BC by the square on a straight line incommensurable with 


B; [x. 32, ad fin.| 


^ 
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let the semicircle ADB be described on 4B, : 
and let the rest of the construction be as above. 





A a ee É 6 

Then, since 4F is incommensurable i in length with FB, 
[x. 18] 
AD is also incommenne ls in square with DB. [x. 11] 
And, since the square on 7447 is medial, ZEE" 

therefore the sum of the squares on AD, DB is also medial. 
l [11. 31, 1. 47] 
And, since the rectangle AF, FB is equal to the X usd 

on each of the straight lines BZ, pad 


therefore BE is equal to DF; 
therefore BC is double of EB. 


so that the rectangle AB, BC is also double of the rectangle 
AB, FD. 


But the rectangle 4B, BC is. medial; 
therefore the rectangle 4B, FD is also medial. [x. 32, Por.] 
And it is equal to the ne AD, DB; 
[Lemma after x. 32] 
therefore the rectangle 74 D, DB is also medial. 
And, since 4B is incommensurable in length with BC, 
while CZ is commensurable with BE, 
therefore AB is also incommensurable in length with BE, 
[x xg] 
so that the square on AB is also incommensurable with the 
rectangle AB, BE. [x. 11] 
But the squares on 44D, DB are equal to the square on 
AB, [1. 47] 
and the rectangle 4B, FP, that is, the rectangle 4D, DB, is 
equal to the rectangle AB, BE;: 
therefore the sum of the squares on AD, DB is incommen- 
surable with the rectangle AD, DB. 


H. E. III. 6 
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Therefore two straight lines 4D, DB incommensurable 
in square have been found which make the sum of the squares 
on them medial and the rectangle contained by them medial 
and moreover incommensurable with the sum of the squares 
on them. 

Q. E. D. 


Take the medial straight lines found in x. 32 (2nd part), viz. 


pM, prt jal 1 + A. 


Solve the equations 











x+y= pat 
u p. J^ In (1), 
^ A4(14 £) 
and then put i! - pA ox (2) 
pU TTE ; 
-pM.y 
where x, y are the ascertained values of x, y. 
Then v, v are straight lines satisfying the given conditions. 
Euclid proves this as follows. 
(a) From (1) it follows [x. 18] that x v y. 
Therefore su oy, 
and 4 v vU. 
(B) u?’ + v! = p° JA, which is a medial area .................. (3). 
(y) wo = pr*, Vay 
a JA EP à 
- fs which is a medial area ...... et (4); 
therefore vv is medial. 
X 
à M VL P 
i ub ur 
. 3 JA 
he 2 yt Pik 
whence p v m p TB 
That is, by (3) and (4), 
u? + v’) wv BY. 
The actual values are found thus. Solving the equations (1), we have 
i k 
=— (1+ ———}, 
“a - I+ z) 
pg- Jp 
JIE 
whence “= —- -NE 
TF 


EVA AP 
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According as p is of the form a or ,/A, we have a variety of forms for 
4, v, arrived at by using the same transformations as in the notes on X. 30 
and x. 32 (second part), e.g. 


(1) Jf erode V TOR 
(2) yf SAO, jae, 


(JA +0) J.B (44-9 4B. 
gy fA, ae, 
and the expressions in (2), (3) with 4 in place of ,/B. 


PROPOSITION 36. 
Jf two rational straight lines commensurable in square 


only be added together, the whole ts irrational; and let it be 
called binomial. 


For let two rational straight lines 4B, BC commen- 
ssurable in square only be added 
together ; 
I say that the whole AC is ir- ^ E 9 
rational. 
For, since 4B is incommensurable in length with BC— 
io for they are commensurable in square only— 
and, as AB is to BC, so is the rectangle 4B, BC to the 
square on BC, 
therefore the rectangle 42, BC is incommensurable with the 
square on BC. [x. 11] 
15 But twice the rectangle AB, BC is commensurable with 
the rectangle 4B, BC [x. 6], and the squares on AB, BC are 
commensurable with the square on ZC—for AZ, BC are 
rational straight lines commensurable in square only—  [x. 15] 
therefore twice the rectangle AB, BC i is incommensurable 
20 with the squares on AB, BC. (x. 13] 
And, componendo, twice the rectangle AB, BC together 
with the squares on AB, BC, that is, the square on AC [u 4], 
is incommensurable with the sum of the squares on 4B, BC. 





X. 16 
But the sum of the squares on AB, BC is rational ; m 
25 therefore the square on AC is irrational, 
so that AC is also irrational. [x. Def. 4] 
And let it be called binomial. Q. E. D. 


6—2 
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Here begins the first hexad of propositions relating to compound irrational 
straight lines. The six compound irrational straight lines are formed by 
adding two parts, as the corresponding six in Props. 73—78 are formed by 
subtraction. The relation between the six irrational straight lines in this and 
the next five propositions with those described in Definitions 11. and the 
Props. 48—53 following thereon (the frst, second, third, fourth, fifth and 
sixth binomials) will be. seen when we come to Props. 54—59 ; but it may be 
stated here that the six compound irrationals in Props. 36—41 can be found 
by means of the equivalent of extracting the square root of the compound 
irrationals in x. 48— $3 (the process being, strictly speaking, the finding of the 
sides of the squares equal to the rectangles contained by the latter irrationals 
respectively and a rational straight line as the other side), and it is therefore 
the further removed compound irrational, so to speak, which is treated first. 

In reproducing the proofs of the propositions, I shall for the sake of 
simplicity call the two parts of the compound irrational straight line x, y, 
explaining at the outset the forms which x, y really have in each case ; x will 
always be supposed to be the greater segment. 

In this proposition x, y are of the form p, /&. p, and (x +y) is proved to 
be irrational thus. 

x ~ y, So that x v y. 


Now x :y=x: xy, 
so that x* o xy. 
But x! ^ (x? +°), and xy ^ 2xy; 
therefore (x + y?) » 2xy, 
and hence  . (x? +I + 2xy) v (x? +7’). 


` But (x? + 5?) is rational ; 
therefore (x +y)’, and therefore (x + y), is irrational. 


This irrational straight line, p + ,/&. p, is called a dinomial straight line. 
This and the corresponding agotome (p— ./k.p) found in x. 73 are the 
positive roots of the equation 


x—2(1-4)pl'.x! + (1 —k)} p =o. 


PROPOSITION 37. 


Jf two medial straight lines commensurable in square only 
and containing a rational rectangle be added together, the 
whole zs irrational; and let it be called a first bimedial. 
straight line. 


For let two medial straight lines 4.8, BC commensurable 
in square only and containing 
a rational rectangle be added y; á © 
together ; 
I say that the whole AC is irrational. 

For, since AB is incommensurable in length with BC, 


therefore the squares on ABZ, BC are also incommensurable 
with twice the rectangle 4B, BC; [cf x. 36, Il. 9—20] 
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and, componendo, the squares on AB, BC together. with twice 
the rectangle 4B, BC, that is, the square on AC. [n. 4], is 
incommensurable with the rectangle 4B, BC. [x. 16] 

But the rectangle 4B, BC is tational, for, by hypothesis, 
AB, BC are straight lines containing a rational rectangle ; 
therefore the square on AC is irrational ; 


therefore AC is irrational. [x. Def. 4] 
And let it be called a first bimedial straight line. 
Q. E. D. 


Here x, y have the forms Bp, Rip respectively, as found in x. 27. 
Exactly as in the last case we prove that 
x! y! o 2xy, 
whence (x+y)? » 2xy. 
But xy is rational ; 
therefore (x + »)', and consequently (x + y), is irrational. 


The irrational straight line Bp + Rp is called a first dimedia/ straight line. 


This and the corresponding first agofome of a medial (Rp - Rip) found in 
X. 74 are the positive roots of the equation 


3^ — 2 Jk (1 +) o E (1 — & p - o. 


PROPOSITION 38. 


Jf two medial straight lines commensurable in square only 
and containing a medial rectangle be added together, the whole 
zs irrational; and let it be called a second bimedial strazght 
line. 


s For let two medial straight lines 4.4, BC commensurable 
in square only and containing 


a medial rectangle be added A B Oo | 
together ; B " a 


I say that AC is irrational. 


w For let a rational straight 
line DE be set out, and let the 


parallelogram DF equal to the € F 

square on AC be applied to DE, 

producing DG as breadth. (1. 44] 
15 Then, since the square on AC is equal to the squares on 

AB, BC and twice the rectangle 4B, BC, (11. 4] 


let £77, equal to the squares on AB, BC, be applied to DE; 
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therefore the remainder A/F is equal to twice the rectangle 
AB, BC. 


20 And, since each of the straight lines 4B, BC is medial, 
therefore the squares on 4B, BC are also medial. 


But, by hypothesis, twice the rectangle 4B, BC is also 
medial. 


And ZZ is equal to the squares on AB, BC, 
25 while FH is equal to twice the rectangle 4B, BC; 
therefore each of the rectangles EZ, HF is medial. 
And they are applied to the rational straight line DE ; 


therefore each of the straight lines DH, HG is rational and 
incommensurable in length with DZ. [x. 22] 


30 — Since then 4B is incommensurable in length with BC, 


and, as AB is to BC, so is the square on 4B to the rectangle 
AB, BC, 


therefore the square on 4B is incommensurable with the rect- 


angle AB, BC. [x. 11] 
35 But the sum of the squares on 4B, BC is commensurable 
with the square on 4B, [x. 15] 
and twice the rectangle 4B, BC is commensurable with the 
rectangle 4B, BC. [x. 6] 
Therefore the sum of the squares on 4B, BC is incom- 

4o mensurable with twice the rectangle 4B, BC. [x. 13] 


But ÆA is equal to the squares on AB, BC, 
and ZZF is equal to twice the rectangle 4B, BC. 
Therefore £7 is incommensurable with AF, 


so that DÆ is also incommensurable in length with ÆG. 
[vi. 1, x. 11] 


45 Therefore DH, HG are rational straight lines commen- 
surable in square only ; 


so that DG is irrational. [x. 36] 
But DZ is rational ; 


and the rectangle contained by an irrational and a rational 
so straight line is irrational ; [cf. x. 20] 


therefore the area DÆ is irrational, 
and the side of the square equal to it is irrational. ^ [x. Def. 4] 


aa F™ a. 
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But 4C is the side of the square equal to DF; 
therefore AC is irrational. 


55 And let it be called a second bimedial straight line. 
Q. E. D. 


After proving (l. 21) that each of the squares on AB, BC is medial, Euclid 
states (IL 24, 26) that EH, which is equal to the sw» of the squares, is a 
medial area, but does not explain why. It is because, by hypothesis, the 
squares on AS, BC are commensurable, so that the sum of the squares is 
commensurable with either [x. 15] and is therefore a medial area [x. 23, Por.]. 


In this case [x. 28, note] x, y are of the forms Hp, Alp] ee respectively. 
Apply each of the areas (x*4 5?) and 2xy to a rational straight line ø, i.e. 
suppose 
x! 5 -ou, 
axy = ov. 
Now it follows from the hypothesis, x. 15 and x. 23, Por. that (x? + 4°) is 
a medial area ; and so is 2xy, by hypothesis ; 
therefore ou, ov are medial areas. 


Therefore each of the straight lines y, v is rational and v e  ........ (1). 
Again BUY; 

therefore x* xy. 
But wa x4! and xy ^ 2xy; 

therefore x! y! o axy, 

or Cu v OV, 

whence WG! prane NECAD (2). 


Therefore, by (1), (2), u, v are rational and ~. 

It follows, by x. 36, that (« + v) is irrational. 

Therefore (u +) « is an irrational area [this can be deduced from x. 20 
by reductio ad absurdum], 


whence (x + y), and consequently (x +y), is irrational. 


i 
The irrational straight line 2#p + “f is called a second bimedsal straight 


line. 


À 
This and the corresponding second apotome of a medial (&» -— A p) 


found in x. 75 are the positive roots of the equation 


k+rd, , (k-A) 
aia ae) i xi À 





p - o. 


PROPOSITION 39. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them rational, but the rectangle 
contained by them medial, be added together, the whole straight 
line is irrational : and let tt be called major. 
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For let two straight lines 447, BC incommensurable in 

square, and fulfilling the given con- : a | 

ditions. {x. 33], be added together ; À ^ $8 6 

I say that AC is irrational. | 

. For; since the rectangle 42, BC is medial, 

twice the rectangle 4B, BC is also medial. ^ ([x. 6 and 23, Por.] 
. But the sum of the squares on 4B, BC is rational ; 

therefore twice the rectangle 447, BC is incommensurable 

with the sum of the squares on AB, BC, 

so that the squares on 4B, BC together with twice the rect- 

angle 4B, BC, that is, the square on AC, is also incommen- 


surable with the sum of the squares on AB, BC; [x. 16] 
therefore the square on AC is irrational, 
so that AC is also irrational. EET -. [x Def. 4] 


And let it be called major. 
| mE Q. E. D. 


Here x, y are of the form found in x. 33, viz. 


5 1 epe Sf t= E 


By hypothesis, the rectangle xy is medial ; 
therefore 2xy is medial. 

Also (x? + »?) is a rational area. 

Therefore x! 4 y! o axy, 
whence | ` (x yy o (xt) 
so that (x +_y)*, and therefore (x + y), is irrational. 


icd : k & 

The irrational straight line -5- J pcc p. m I — -= i 
F g EE D Jre Ja T7 Je 
called a major (irrational) straight line. 

This and the corresponding minor irrational found in x. 76 are the 
positive roots of the equation 














p= O. 


Æ 
I+$ 


PROPOSITION 40. 


Jf two straight lines incommensurable in square which 
make the sum of the squares on them medial, but the rectangle 
contained by them rational, be added together, the whole straight 
line ts ¢rvratronal, and let it- be called the side of a rational 
plus a medial area.. . | De gre 2 


am P 79 
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For let two straight lines 4B, BC incommensurable in 
square, and fulfilling the given con- 
ditions [x. 34], be added together ; A B oO 
I say that AC is irrational. 
For, since the sum of the squares on 4B, BC is medial, 
while twice the rectangle 4B, BC is rational, 
therefore the sum of the squares on AB, BC is incommen- 
surable with twice the rectangle 4B, BC; 
so that the square on AC is also incommensurable with twice 
the rectangle 4B, BC. [x. 16] 
But twice the rectangle 4B, BC is rational ; 
therefore the square on AC is irrational. 
Therefore AC is irrational. [x. Def. 4] 


And let it be called the side of a rational plus a 
medial area. 





Q. E. D. 
Here x, y have [x. 34] the forms 


Arp 3 B a 


In this case (x° + °) is a medial, and a a uA area; thus 
x? y! v 2Xy. 
Therefore (x+y)? o 2xy, 
whence, since 2%y is rational, 
(x + y», and consequently (x + y), is irrational. 
The irrational on line 


eI TR tht 1+ ab 
Fr VANEY: eh iz Cezanne J14+8 
is called (for an obvious reason) the “ side” of a ud plus a medial (area). 
This and the corresponding irrational with a minus sign found in x. 77 
are the positive roots of the equation 


2 EU dc 
OTe gp 








Jr+B-& 








PROPOSITION 41. 


If two straight lines tncommensurable in square which 
make the sum of the squares on them medial, and the rectangle 
contained by them medial and also incommensurable with the 
sum of the squares on them, be added together, the whole straight 
line ts irrational ; and let rt be called the side of the sum 
of two medial areas. 
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For let two straight lines 48, BC incommensurable in 
square and satisfying the given conditions 
[x. 35] be added together ; 

I say that AC is irrational. 

Let a rational straight line DZ be set out, 
and let there be applied to DE the rectangle 
DF equal to the squares on 4B, BC, and G F 
the rectangle GH equal to twice the rectangle 
AB, BC; 
therefore the whole DÆ is equal to the square 
on AC, [1. 4] 

Now, since the sum of the squares on 
AB, BC is medial, 

. and is equal to DF, 
therefore DF is also medial. 

And it is applied to the rational straight line DZ ; 
therefore DG is rational and incommensurable in length with 


[x. 22] 


For the same reason GX is also rational and incommen- 
surable in length with GF, that is, DE. 
And, since the squares on AB, BC are incommensurable 
with twice the rectangle 4B, BC, 
DF is incommensurable with GAH; 
so that DG is also incommensurable with GX. [vi. 1, x. 11] 
And they are rational ; 
therefore DG, GX are rational straight lines commensurable 
in square only ; 
therefore DK is irrational and what is called binomial. [x. 36] 
But DE is rational ; 
therefore DH is irrational, and the side of the square which 
is equal to it is irrational. [x. Def. 4] 
But AC is the side of the square equal to 772 ; 
therefore ÆC is irrational. 
And let it be called the side of the sum of two medial 
areas. 


K H 


D E 


A Bb CG 


Q. E. D. 
In this case x, y are of the form 
pat. sale k pat s/t k 
J2 JreB' 2 Ji+e 


— 
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By hypothesis, (x? +_y*) and 2xy are medial areas, and 


SRP GAY nugcouadbUtextóyses usu adost (1). 
‘Apply’ these areas respectively to a rational straight line e, and suppose 
ee E (2). 
2xy = gU 
Since then oz and ev are both medial areas, v, v are rational and both 
AIG SU uuoessedse s e y ca ees ees PENEETUEN E Lee E RI EU Rd UN. ORE e OR m ace MAR RR (3). 
Now, by (1) and (2), 
Ou v OV, 
so that “u v V. 


By this and (3), #, v are rational and ~. 

Therefore [x. 36] (x +v) is irrational. 

Hence ø (u + v) is irrational [deduction from x. 20]. 
Thus (x + y, and therefore (x + y), is irrational. 
The irrational straight line 


pat & pra / p 

—- I+ ——— +— p — 

»/2 Ji P a A1 4 e 
is called (again for an obvious reason) the “ side" of the sum of two medtals 
(medial areas). 


This and the corresponding irrational with a minus sign found in x. 78 
are the positive roots of the equation 


x*— 2 JA. 8p? +2 





k? 4 — 
14 8^ 79 
LEMMA. 

And that the aforesaid irrational straight lines are divided 
only in one way into the straight lines of which they are the 
sum and which produce the types in question, we will now 
prove after premising the following lémma. 

Let the straight line 4B be set out, let the whole be cut 
into unequal parts at each o 
the points C, D, 
and let 4 C be supposed greater 
than DB; 


I say that the squares on AC, CZ are greater than the squares 
on AD, DB. 


For let ABZ be bisected at Æ. 
Then, since AC is greater than DB, 
let DC be subtracted from each ; 


therefore the remainder 4D is greater than the remainder CB. 
But AE is equal to EZ; 


therefore DZ is less than EC; 





A DE C B 
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therefore the points C, D are not equidistant from the point 
of bisection. 


And, since the rectangle AC, CB together with the square 


on ÆC is equal to the square on ZB, [1. 5] 
and, further, the rectangle 4D, DB together with the square 
on DE is equal to the square on ZB, [éd.] 


therefore the rectangle 4C, CB together with the square on 
EC is equal to the rectangle 4D, DB together with the 
square on DE. 


And of these the square on DÆ is less than the square 
on EC; 


therefore the remainder, the rectangle AC, CB, is also less 
than the rectangle 4D, DB, 
so that twice the rectangle ÆC, CB is also less than twice 
the rectangle AD, DB. 
Therefore also the remainder, the sum of the squares on 
AC, CB, is greater than the sum of the squares on 4D, DB. 
Q. E. D. 
3. and which produce the types in question. The Greek is rocovody rà wpokelueva 


dôn, and I have taken elóy to mean “types (of irrational straight lines)," though the expression 
might perhaps mean “ satisfying the conditions in question." 


This proves that, if x + y=«+ v, and if x, v are more nearly equal than 
x, y (i.e. if the straight line is divided in the second case nearer to the point 


of bisection), then 
(x + y!) > (s? + v*). 
It is first proved by means of 11. 5 that 
2xy < 2Uuv, 
whence, since (x +y) = (u +v}, the required result follows. 


PROPOSITION 42. 


A binomial straight line ts divided into sis terms at one 
point only. 
.  LerrtRhbhe a binomial straight line divided into its terms 
at C; 
therefore AC, CB are rational  4—— - —5 6 — 
straight lines commensurable in * 
square only. Ex. 36] 
I say that 4B is not divided at another point into two 
rational straight lines commensurable in square only. 
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For, if possible, let it be divided at D also, so that 4D, 
DB are also rational straight lines commensurable in square 
only. 

It is then manifest that 4C is not the same with DB. 

For, if possible, let it be so. 

Then AD will also be the same as CB, 


and, as AC is to CB, so will BD be to DA; 


thus 4B will be divided at D also in the same may as by the 
division at C: 


which is contrary to the hypothesis. 


Therefore AC is not the same with DB. 

For this reason also the points C, D are not equidistant 
from the point of bisection. 

Therefore that by which the squares on AC, CB differ 
from the squares on AD, DB is also that by which twice 
the rectangle 4D, DB differs from twice the rectangle 
AC, CB, 
because both the squares on AC, CB together with twice the 
rectangle AC, CB, and the squares on AD, DB together 
with twice the rectangle AD, DB, are equal to the square 
on AB. ir. 4] 


But the squares on AC, CB differ from the squares on 
AD, DB by a rational area, | 


for both are rational ; 


therefore twice the rectangle 44D, DB also differs from twice 
the rectangle 4C, CB by a rational area, though they are 
medial [x. 21]: 


which is absurd, for a medial area does not exceed a medial 

by a rational area. [x. 26] 
Therefore a binomial straight line is not divided at different 

points ; 

therefore it is divided at one point only. 


Q. E. D. 
This proposition proves the equivalent of the well-known theorem in 
surds that, 
if a+ Jb - x4 y, 
then a =X, b= J^ 
and if Jat Jo= x * y, 


then a=x, b=y (ora=y, b=x). 
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The proposition states that a 2/ormia straight line cannot be split up into 
terms (óvópara) in two ways. For, if possible, let 
xty=x'ty’, 
where x, y, and also x’, y’, are the ferms of a binomial straight line, x’, y’ 
being different from x, y (or y, x). 


One pair is necessarily more nearly equal than the other. Let x’, y’ be 
more nearly equal than x, y. 


Then (x? + 9?) - (x? + y") = ax'y' — 2xy. 
: ow by hypothesis (x? + 3°), (x° + y?) are rational areas, being of the form 
p° + &p! ; 
but 2x'y’, 2xy are medial areas, being of the form JA. p°; 
therefore the difference of two medial areas is rational : 
which is impossible. [x. 26] 
Therefore x’, ' cannot be different from x, y (or y, x). 


PROPOSITION. 43. 


A first bamedial straight line is divided at one potnt only. 


Let AB be a first bimedial straight line divided at C, so 
that AC, CB are medial straight 
lines commensurable in square EC 77.B S— 8 
only and containing a rational 
rectangle ; [x. 37] 
I say that 42 is not so divided at another point. 

For, if possible, let it be divided at D also, so that 4D, 
DB are also medial straight lines commensurable in square 
only and containing a rational rectangle. 

Since, then, that by which twice the rectangle 4D, DB 
differs from twice the rectangle 4C, CB is that by which the 
squares on AC, CP differ from the squares on AD, DB, 
while twice the rectangle AD, DP differs from twice the 
rectangle AC, C2 by a rational area—for both are rational— 
therefore the squares on AC, CP also differ from the squares 
on AD, DB by a rational area, though they are medial : 


which is absurd. [x. 26] 


Therefore a first bimedial straight line is not divided into 
its terms at different points ; 
therefore it is so divided at one point only. 
Q. E. D. 


a4 am) om me 
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In this case, with the same hypothesis, viz. that 
Xty-x ty, 

and x’, y' are more nearly equal than x, y, 
we have as before (43 + y?) (x° + y’) = 2x'y' — 2xy. 

But, from the given properties of x, y, and x’, y’, it follows that 2xy, 2x 
are rational, and (x*- y?), (x° + y°) medial, areas. 

Therefore the difference between two medial areas is rational : 
which is impossible. [x. 26] 


PROPOSITION 44. 


A second bimedial straight line is divided at one point only. 


Let AB be a second bimedial straight line divided at C, 
so that 4C, CB are medial straight lines commensurable in 
square only and containing a medial rectangle ; [x. 38] 
it is then manifest that C is not at the point of bisection, 
because the segments are not commensurablé in length. 


I say that AZ is not so divided at another point. 


A D O B 
fe 
E M H N 
F L G K 


For, if possible, let it be divided at D also, so that AC is 
not the same with DB, but AC is supposed greater ; 


it is then clear that the squares on AD, DB are also, as we 
proved above [Lemma], less than the squares on AC, CB; 
and suppose that 4D, DB are medial straight lines commen- 
surable in square only and containing a medial rectangle. 
Now let a rational straight line EF be set out, 
let there be applied to £F the rectangular parallelogram EA 
equal to the square on 42, 
and let ÆG equal to the squares on AC, CB be subtracted ; 
therefore the remainder /ZK is equal to twice the rectangle 
AC, CB. °” [u. 4] 
Again, let there be subtracted EZ, equal to the squares 
on 44D, DB, which were proved less than the squares on 


AC, CB [Lemma]; 
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therefore the remainder MK is also equal to twice the rect- 
angle AD, DB. 
Now, since the squares on AC, CB are medial, 
therefore ÆG is medial. 
And it is applied to the rational straight line EZ; 
therefore ZZ is rational and incommensurable in length with 
[X. 22] 
For the same reason | 
FIN is also rational and incommensurable in length with ZF. 
And, since 4C, CB are medial straight lines commen- 
surable in square only, 
therefore AC is incommensurable in length with CB. 
But, as AC is to CB, so is the square on AC to the rect- 
angle AC, CB; 
therefore the square on AC is incommensurable with the rect- 
angle AC, CB. (x. ar] 
But the squares on 4C, CZ are commensurable with the 
square on AC; for AC, CB are commensurable in aco Àj 
| Pn X. 15 
And twice the rectangle 4C, CB is commensurable with 


the rectangle 4C, CB. [x. 6] 
Therefore the squares on AC, CB are also:incommen- 
surable with twice the rectangle AC, CB. [x. 13] 


But ÆG is equal to the squares on AC, CB, 
and 77K is equal to twice the rectangle AC, CB; 
therefore EG is incommensurable with 77K, 
so that E77 is also incommensurable in length with ÆA. 

VI. I, X. II 

And they are rational ; 
therefore EH, HN are rational straight lines commensurable 
in square only. 

But, if two rational straight lines commensurable in square 
only be added together, the whole is the irrational which is 
called binomial. [x. 36] 

Therefore E is a binomial straight line divided at Æ. 

In the same way £47, MN will also be proved to be 
rational straight lines commensurable in square only ; 
and EN will be a binomial straight line divided at different 
points, Æ and M. 
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And ZH is not the same with MN. 

For the squares on AC, CP are greater than the squares 
on AD, DB. 

But the squares on 4D, DB are greater than twice the 
rectangle 4D, DB; | 


therefore also the squares on AC, CB, that is, EG, are much 
greater than twice the rectangle 4D, DÐ, that is, MK, 


so that E/7 is also greater than MN. 


Therefore ZH is not the same with MN. dios 
As the irrationality of the second bimedial straight line [x. 38] is proved by 


means of the irrationality of the binomial straight line [x. 36], so the present 
theorem is reduced to that of x. 42. 


Suppose, if possible, that the second bimedial straight line can be divided 
into its terms as such in two ways, i.e. that 


Xty-x y, 

where x’, y’ are nearer equality than x, y. 

Apply x*+ 5*, 2xy to a rational straight line ø, i.e. let 

| X +y? = Tu, 
2xy = ov. 

Then, as in x. 38, the areas x*-- y*, 2xy are medial, so that ou, ov are 
medial ; 
therefore u, v are both rational and v oe. .................c eee eene nennt (1). 


Again, by hypothesis, x, y are medial straight lines commensurable in 
square only ; 


therefore Xy 
Hence x! xy. 
And x*!^(x!-5?, while xy ^ 2xy ; 
therefore (x? + y*) » 2xy, 
or OH o TV, 
and hence Ww. iTA i dedero (2). 


Therefore, by (1) and (2), s, v are rational straight lines commensurable 
in square only ; 


therefore «+ v is a d:nomial straight line. 
Similarly, if x° +y” -ov' and 2x'y' = ov, 
u’ +v will be proved to be a binomial straight line. 
And, since (x + y` = (x' +y”, and therefore (s + v) = (v +’), it follows that 
a binomial straight line is divided as such in two ways: 
which is impossible. [x. 42] 
Therefore x+y, the given second bimedial straight line, can only be so 
divided in one way. 
In order to prove that s +v, »' +v represent a different division of the 
same straight line, Euclid assumes that x° + y*^ 2xy. This is of course an 


easy inference from 11. 7; but the assumption of it here renders it probable 
. that the Lemma after x. 59 is interpolated. 


H. E. HL 7 
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PROPOSITION 45. 


A major straight line ts divided at one and the same point 
only. 


Let AZ be a major straight line divided at C, so that 
AC, CB are incommensurable in B. 28 
square and make the sum of the — , ——————————$ 
squares ofi AC, CP rational, but the 

rectangle AC, CB medial ; [x. 39] 


I say that AZ is not so divided at another point. 


For, if possible, let it be divided at D also, so that 4D, 
DB are also incommensurable in square and make the sum 
of the squares on 4D, DP rational, but the rectangle con- 
tained by them medial. 

Then, since that by which the squares on AC, CB differ 
from the squares on 44D, DP is also that by which twice the 
rectangle 4D, DB differs from twice the rectangle AC, CB, 


while the squares on AC, CB exceed the squares on 4D, 
DB by a rational area—for both are rational— 


therefore twice the rectangle 4D, DB also exceeds twice the 
rectangle AC, CP by a rational area, though they are medial : 


which is impossible. [x. 26] 
Therefore a major straight line is not divided at different 

points ; 

therefore it is only divided at one and the same point. 


Q. E. D. 


If possible, let the mayor irrational straight line be divided into terms in 
two ways, viz. as (x +y) and (x' + y), where x’, y are supposed to be nearer 
equality than x, y. 

We have then, as in X. 42, 43, 

(x? + y*) — (x^ +y”) = ax'y' — 2xy. 

But, by hypothesis, (x*--5?), (x? +y”) are both rational, so that their 

difference is rational. 


Also, by hypothesis, 2x'y’, 2xy are both medial areas ; 

therefore the difference of two medial areas is a rational area : 

which is impossible. [x. 26] 
Therefore etc. 
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PROPOSITION 46. 


The side of a rational plus a medial area 1s divided at one 
point only. 
_ Let AB be the side of a rational plus .a medial area 
divided at C, so that AC, CB are. 


incommensurable in square and make A b6 8 
the sum of the squares on AC, CB 
medial, but twice the rectangle 4C, CB rational ; [x. 40] 


I say that 4 is not so divided at another point. 

For, if possible, let it be divided at D also, so that 4D, 
DB are also incommensurable in square and make the sum 
of the squares on 4D, DB medial, but twice the rectangle 
AD, DB rational. 

Since then that by which twice the rectangle 4C, CB 
differs from twice the rectangle 4D, DB is also that by 
which the squares on AD, DB differ from the squares on 
AC, CB, 
while twice the rectangle 4C, CB exceeds twice the rectangle 
AD, DB by a rational area, 
therefore the squares on AD, DP also exceed the squares 
on AC, CB by a rational area, though they are medial : 
which is impossible. [x- 26] 

Therefore the side of a rational plus a medial area is not 
divided at different points ; 
therefore it is divided at one point only. 


Here, as before, if we use the same notation, 
(x? + y) — (x? Y y?) = ax y — axy, 
and the areas on the left side are, by hypothesis, both medial, while the areas 
on the right side are both rational. 
Thus the result of x. 26 is contradicted, as before. 
Therefore etc. 


PROPOSITION 47. 
The side of the sum of two medial areas zs divided at one. 
pornt only. 
Let ABZ be divided at C, so that AC, CB are incommen- 
surable in square and make the sum of the squares on AC, 


7—2 
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CB medial, and the rectangle 4C, CB medial and also in- 
commensurable with the sum of the squares on them; 

I say that AZ is not divided at another point so as to fulfil 
the given conditions. 


M H 


A E N 
D 
o 

F L G 5 
B 


For, if possible, let it be divided at D, so that again AC 
is of course not the same as BD, but AC is supposed greater; 
let a rational straight line E be set out, 
and let there be applied to EF the rectangle EG equal to the 
squares on AC, CB, 
and the rectangle /7K equal to twice the rectangle AC, CB; 
therefore the whole ÆĶ is equal to the square on AB. (n. 4] 

3 let EL, equal to the squares on AD, DB, be applied 
to EF; 


therefore the remainder, twice the rectangle 4D, DÐ, is equal 
to the remainder MØ. 


And since, by hypothesis, the sum of the squares on AC, 
CB is medial, 


therefore ZG is also medial. 
And it is applied to the rational straight line EZ; 
therefore YZ is rational and incommensurable in length with 


EF. [x. 22] 


For the same reason 
FIN is also rational and incommensurable in length with E. 


And, since the sum of the squares on AC, CB is incom- 
mensurable with twice the rectangle 4C, CB, 


therefore ZG is also incommensurable with GN, 
so that £77 is also incommensurable with HN. — [vi 1, x. 11] 
And they are rational ; 


-Üü ". 
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therefore EH, HN are rational straight lines commensurable 
in square only ; 
therefore EN is a binomial straight line divided at Æ. [x. 36] 


Similarly we can prove that it is also divided at M. 
And ZZ is not the same with MN ; 


therefore a binomial has been divided at different points : 
which is absurd. [X- 42] 


Therefore a side of the sum of two medial areas is not 
divided at different points ; 


therefore it is divided at one point only. 


Using the same notation as in the note on X. 44, we suppose that, if 
possible, 
xtyaxr+y’, 


omn and e) l 
2xy = OV 2x'y = ov 
Then, since x* +_y*, 2xy are medial areas, and ø rational, 
u, v are both rational and v e. ..................... (1). 
Also, by hypothesis, e+ yu oxy, 
whence WOO ico —— € (2). 
Therefore, by (1) and (2), #, v are rational and ~. 
Hence u +v is a binomial straight line. [x. 36] 
Similarly x’ +v is a binomial straight line. 
But U+VEK +v; 
therefore a binomial straight line is divided into terms in two ways: 
which is impossible. [x. 42] 
Therefore etc. 


and we put 


DEFINITIONS II. 


I. Given a rational straight line and a binomial, divided 
into its terms, such that the square on the greater term is 
greater than the square on the lesser by the square on a 
straight line commensurable in length with the greater, then, 
if the greater term be commensurable in length with the 
rational straight line set out, let the whole be called a first 
binomial straight line; 


2. but if the lesser term be commensurable in pn 
with the rational straight line set out, let the whole be called 
a second binomial; 
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3. and if neither of the terms be commensurable in length 
with the rational straight line set out, let the whole be called 
a third binomial. 


4. Again, if the square on the greater term be greater 
than the square on the lesser by the square on a straight line 
incommensurable in length with the greater, then, if the 
greater term be commensurable in length with the rational 
straight line set out, let the whole be called a fourth 
binomial ; i 


S. if the lesser, a fifth binomial ; 
6. and if neither, a sixth binomial. 


PROPOSITION 48. 


To find the first binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them 747 has to BC the ratio 
which a square number has to a P 
square number, but has not to C4 —— —À———À 
the ratio which a square number $ " 
has to a square number ; À C B 

[Lemma 1 after x. 28] 
let any rational straight line D be set out, and let EF be 
commensurable in length with 2. 

Therefore E is also rational. 

Let it be contrived that, 
as the number B4A is to AC, so is the square on EF to the 
square on FG. | [x. 6, Por.] 

But AB has to AC the ratio which a number has to a 
number ; 
therefore the square on ÆF also has to the square on FG 
the ratio which a number has to a number, 
so that the square on ÆF is commensurable with the square 
on FG. [x. 6] 

And £F is rational ; 
therefore FG is also rational. 

And, since BA has not to AC the ratio which a square 
number has to a square number, 











cul 2 feet. 


æ 


-— 
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neither, therefore, has the square on EF to the square on FG 

the ratio which a square number has to a square number ; 

therefore ZF is incommensurable in length with FG. (x. 9] 
Therefore EF, FG are rational straight lines commen- 

surable in square only ; 

therefore EG is binomial. [x- 36] 


I say that it is also a first binomial straight line. 
For since, as the number BA is to AC, so is the square 
on EF to the square on FG, 
while BA is greater than AC, 
therefore the square on EZ is also greater than the square 
on FG. ! 
m" ais then the squares on FG, 77 be equal to the square on 
Now since, as BA is to AC, so is the square on EF to the 
square on ZG, 
therefore, convertendo, 
as AB is to BC, so is the square on E to the square on 77. 
[v. 19, Por.] 
But 48 has to BC the ratio which a square number has 
to a square number ; 
therefore the square on E also has to the square on Æ the 
ratio which a square number has to a square number. 
Therefore £F is commensurable in length with 77; (x. 9] 
therefore the square on E is greater than the square on FG 
by the square on a straight line commensurable with ZF. 
And EF, FG are rational, and EF is commensurable in 
length with 2. 
Therefore E is a first binomial straight line. 








Q. E. D. 

Let &p be a straight line commensurable in length with p, a given rational 
straight line. 

The two numbers taken may be written 2 (m! — n’), 5n*, where (s? — n?) is 
not a square. 

Take x such that 

M? P (N' —P)Ep:X* uoo wetivssase (1), 

whence x= p Vm- : 

Then 4p + x, or kp + kp -- , 15 a frst binomial straight line ...... (2). 


m 
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To prove this we have, from (1), 
x? Ep, 

and x is rational, but x v $p; 
that is, x is rational and ~ Ap, 
so that 4p + x is a binomial straight line. 

Also, 4p? being greater than x’, suppose £p! — x? = y*. 

Then, from (r), pm: fn! - Pp y. 
whence y is rational and ^ Ap. 

Therefore 4p + x is a first binomial straight line [x. Deff. rr. 1]. 

This binomial straight line may be written thus, 

kp + kp V1 - X. 

When we come to x. 85, we shall find that the corresponding straight line 

with a negative sign is the firs? apotome, 
ko — kp V1 — X. 

Consider now the equation of which these two expressions are the roots. 

The equation is i 
x? — 2kp. x + NRP — o. 

In other words, the first binomial and the first apotome correspond to the 

roots of the equation 
x? — 2ax + Ala? = o, 

where a = 4p. 


PROPOSITION 49. 
To find the second binomial straight line. 


Let two numbers AC, CB be set out such that the sum 
of them ABZ has to AC the ratio which 
a square number has to a square number, 








but has not to AC the ratio which a ^ S 
square number has to a square number ; D H 
let a rational straight line D be set out, F 

and let EF be commensurable in length 

with D ; ü 

therefore E is rational. a 


Let it be contrived then that, 
as the number CA is to ABZ, so also is the square on EF to 


the square on FG ; [x. 6, Por.] 
therefore the square on E is commensurable with the square 
on FG. [x 6] 


Therefore FG is also rational. 
Now, since the number CA has not to AZ the ratio which 
a square number has to a square number, neither has the 


— r 
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square on E to the square on FG the ratio which a square 
number has to a square number. 
Therefore EF is incommensurable in length with FG ; 
[x- 9] 
therefore EF, FG are rational straight lines commensurable 
in square only ; 


therefore EG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
straight line. 


For since, inversely, as the number BA is to AC, so is 
the square on GF to the square on FZ, 
while BA is greater than AC, 
therefore the square on GF is greater than the square on FE. 
Let the squares on EZ, H be equal to the square on GF; 
therefore, convertendo, as AB is to BC, so is the square on 
FG to the square on H. [v. 19, Por.] 
But AB has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on 77 the 
ratio which a square number has to a square number. 
Therefore FG is commensurable in length with 77; [x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line commensurable with FG. 


And FG, FE are rational straight lines commensurable 
in square only, and E, the lesser term, is commensurable in 
length with the rational straight line D set out. 

Therefore ÆG is a second binomial straight line. 


Q. E. D. 


Taking a rational straight line p commensurable in length with p, and 
selecting numbers of the same form as before, viz. 2 (m? — n°), pn’, we put 








P (m! — n): Pott = Ep ix uus (1), 
"m 
= ————_——E 
so that x= kp -= 
= Ap F——, say e»so0poosecevevGeoseetb0oee (2). 


Just as before, x is rational and ~ Ap, 
whence Ap + x is a binomial straight line. 


By (1), x > kp. 
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Let L- fp? -y, 
whence, from (1), pm: prr=x* iy 
and y is therefore rational and ^ x. 
The greater term of the binomial straight line is x and the lesser &p, and 
Ř 
ud = i +p 
satisfies the definition of the second binomial straight line. 
The corresponding second apotome (x. 86] is 
NE. PNE 
J1-X dá 
The equation of which the two expressions are the roots is 
3 
x - Tt -a= o, 
or x? — 2ax + Xa’ = o, 
kp 


J1-\ 











where a= 


PROPOSITION 50. 


To find the third binomial straight line. 


Let two numbers 4C, CB be set out such that the sum 
of them 42 has to BC the ratio which a square number has 
to a square number, but has not to AC the ratio which a square 
number has to a square number. 


K A o B 








: G 


H 





Let any other number J, not square, be set out also, and 
let it not have to either of the numbers BA, AC the ratio 
which a square number has to a square number. 

Let any rational straight line Æ be set out, 


and let it be contrived that, as D is to AB, so is the square 


on £ to the square on FG ; [x. 6, Por.] 
therefore the square on Æ is commensurable with the square 
on FG. [x. 6] 


And Z is rational ; 
therefore FG is also rational. 


a ae 
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And, since D has not to AF the ratio which a square 
number has to a square number, 
neither has the square on Æ to the square on FG the ratio 
which a square number has to a square number ; 
therefore Æ is incommensurable in length with FG. [x. 9] 


Next let it be contrived that, as the number BA is to AC, 


so is the square on FG to the square on GĦ ; [x. 6, Por.] 
therefore the square on FG is commensurable with the square 
on GH. [x. 6] 


But FG is rational ; 
therefore GĦ is also rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on 77G the ratio 
which a square number has to a square number ; 
therefore FG is incommensurable in length with GH.  [x. 9] 
Therefore FG, G/7 are rational straight lines commen- 
surable in square only ; 
therefore FH is binomial. [x. 36] 


I say next that it is also a third binomial straight line. 
For since, as D is to AB, so is the square on Æ to the 
square on ZG, 
and, as BA is to AC, so is the square on FG to the square 
on GH, 
therefore, ex aequali, as D is to AC, so is the square on Z to 
the square on GA. [v. 22] 
But D has not to AC the ratio which a square number 
has to a square number; 
therefore neither has the square on Æ to the square on GH 
the ratio which a square number has to a square number ; 
therefore Æ is incommensurable in length with GZ. [x. 9] 
And since, as BA is to AC, so is the square on FG to 
the square on GH, 
therefore the square on FG is greater than the square on GZ. 
Let then the squares on GĦ, K be equal to the square 
on ZG; 
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therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.] 


But AB has to BC the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on K the 
ratio which a square number has to a square number ; 


therefore FG is commensurable in length with Æ. [x. 9] 


Therefore the square on FG is greater than the square on 
GH by the square on a straight line commensurable with FG. 

And FG, GH are rational straight lines commensurable 
in square only, and neither of them is commensurable in length 
with Æ. 

Therefore FH is a third binomial straight line. 

l Q. E. D. 
Let p be a rational straight line. 
Take the numbers g (m? — n’), ga, 


and let ? be a third number which is not a square and which has not to gm? 
or g (m? — n?) the ratio of square to square. 


Take x such that PEGI SPV Xt ouiiesstesstetedexna eiie (1). 
Thus x is rational and v p ........................... (2). 
Next suppose that — qm*:g(m' — WP) HY esses vee (3). 
It follows that y is rational and ^— x .......ccsscceeseeseesee ee eese (4). 


Thus (x + y) is a binomial straight line. 
Again, from (1) and (3), ex aequatt, 


Dig (m —n)mpgliyt..... eese (5), 
whence POP n (6). 
Suppose that x*— yis. 


Then, from (3), convertendo, 
gm. gn xis, 
whence $ ^x. 
Thus Mas — y! o x, 
and x, y are both v p; 
therefore x + y is a third binomial straight line. 





Now, from (1), x-p. "A. 
and, by (5), J =P- Vein, 


Thus the /Aird binomial is 


VERT Am — n3), 


which we may write in the form 


m/k.p+m Jk. NN 


se 
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The corresponding third apofome [x. 87] is 
m Jk. p—m Jk. pJ1—-M. 
The two expressions are accordingly the roots of the equation 
x? — 2m Jk. px + Aim! Ep! = o, 
or x* — 2ax + Ma! = o, 
where a — m Jk. p. 
See also note on X. 53 (ad fín.). 


PROPOSITION 51. 


To find the fourth binomial straight line. 


Let two numbers AC, CB be set out such that 4B 
neither has to ABC, nor yet to AC, the ratio 
which a square number has to a square number. 

Let a rational straight line D be set out, A E 
and let EF be commensurable in length with D; ss 
therefore ZF is also rational. 


Let it be contrived that, as the number BA © 


is to 4C, so is the square on EF to the square j 
on FG; [x. 6, Por.] B onu 
therefore the square on EF is commensurable 

with the square on FG ; [x. 6] a 


therefore FG is also rational. 


Now, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on E to the square on FG the ratio 
which a square number has to a square number ; 
therefore EF is incommensurable in length with FG.  [x. 9] 


Therefore EF, FG are rational straight lines commen- 
surable in square only ; 


so that ÆG is binomial. 


I say next that it is also a fourth binomial straight line. 
For since, as BA is to AC, so is the square on E to the 
square on FG, 
therefore the square on E is greater than the square on FG. 


Let then the squares on FG, H be equal to the square 
on EF; | 
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therefore, convertendo, as the number 4B is to BC, so is the 
square on EF to the square on 77. [v. 19, Por.] 
But ÆB has not to BC the ratio which a square number 
has to a square number ; 
therefore neither has the square on EF to the square on 77 
the ratio which a square number has to a square number. 
Therefore EZ is incommensurable in length with 77 ; [x. 9] 
therefore the square on EZ is greater than the square on GF 
by the square on a straight line incommensurable with E. 
And £F, FG are rational straight lines commensurable in 
square only, and EF is commensurable in length with 2. 
Therefore ÆG is a fourth binomial straight line. 
Q. E. D. 


Take numbers m, * such that (m + 7) has not to either m or z the ratio of 
square to square. 





Take x such that (m t n): m - £p : 23, 
whence x = kp Bian 
m+n 
kp s 
Jian e 


Then kp t x, or Åp + = , 1s a fourth binomial straight line. 


For /#p'- x? is incommensurable in length with 4p, and &p is com- 
mensurable in length with p. 
The corresponding fourth apotome [x. 88] is 











kp 
i NI +À 
The equation of which the two expressions are the roots is 
x? — 2Řp. x + = i^P =o, 
e E 
Or | DERE Yo =0, 
where a= Rp. 


PROPOSITION 52. 


To find the fifth binomial straight line. 


Let two numbers 4C, CB be set out such that 42 has 
not to either of them the ratio which a square number has 
to a square number ; 


let any rational straight line D be set out, 


wien . 
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and let EF be commensurable with D ; 
therefore ZF is rational. 
Let it be contrived that, as C4 is to AB, so is the 
square on E to the square on FG.  [x. 6, Por.] 
But CA has not to AB the ratio which a 4 
square number has to a square number ; 
therefore neither has the square on £7 to the 
square on FG the ratio which a square number . F 
has to a square number. 
Therefore EZ, FG are rational straight œ 
lines commensurable in square only ; [x. 9] 
therefore ÆG is binomial. [x. 36] 





H Q 





I say next that it is also a fifth binomial straight line. 
For since, as CA is to AB, so is the square on EF to 
the square on FG, 


inversely, as BA is to AC, so is the square on FG to the 
square on FE ; 
therefore the square on GF is greater than the square on FZ. 
Let then the squares on £F, H be equal to the square 
on GF; 
therefore, convertendo, as the number AB is to PDC, so is the 
square on GZ to the square on /7. [v. 19, Por.] 
But AZ has not to BC the ratio which a square number 
has to a square number ; 
therefore neither has the square on FG to the squaré on 77 
the ratio which a square number has to a square number, 
Therefore FG is incommensurable in length with Æ ; [x. 9] 
so that the square on FG is greater than the square on FE 
by the square on a straight line incommensurable with FG. 
And GF, FE are rational straight lines commensurable 
in square only, and the lesser term EF is commensurable in 
length with the rational straight line D set out. 
Therefore EG is a fifth binomial straight line. 


Q. E. D. 
If m, n be numbers of the kind taken in the last proposition, take x such 


that 
m:(m+n)=Fp?: x. | 
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In this case x=hp, / T 


— Ap Jt +A, say, 





and x > Ap. 
Then 4p V1 +A + 4p is a fifth binomial straight line. 
For vx — £pl, or JA. kp, is incommensurable in length with 4p V1 +A, 
or x; 
and 4p, but not 4p 4/1 + A, is commensurable in length with p. 
The Eieofresponding fifth apotome (x. 89] is 
kp NI +À — Ap. 


The equation of which the fifth binomial and the fifth apotome are the 
roots is 


x*— 2p Ni +À. x 4 Mp! — o, 


a? = o, 





or x* — 2ax + A 
: I+A 


where a=kpnv1+A. 


PROPOSITION 53. 4 


To find the sixth binomial straight line. : 


Let two numbers 4C, CB be set out such that 4B has 
not to either of them the ratio which a 
square number has to a square number ; A F 
and let there also be another number D o) |e 
which is not square and which has not to 
either of the numbers BA, AC the ratio œ 
which a square number has to a square 


number. B K 
Let any rational straight line Æ be set 
out, H 
and let it be contrived that, as D is to 4B, 
so is the square on Æ to the square on FG ; [x. 6, Por.] 
therefore the square on Æ is commensurable with the square 
on FG. [x. 6] 
And Z is rational ; 
therefore FG is also rational. i 
Now, since D has not to AZ the ratio which a square , 


number has to a square number, 
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neither has the square on £ to the square on FG the ratio 
which a square number has to a square number ; 
therefore Æ is incommensurable in length with FG. [x. 9] 
Again, let it be contrived that, as BA is to AC, so is the 
square on FG to the square on GH. [x. 6, Por.] 
Therefore the square on FG is commensurable with the 
square on //G. [x. 6] 
Therefore the square on HG i is rational ; 
therefore HG is rational. 
And, since BA has not to AC the ratio which a square 
number has to a square number, 
neither has the square on FG to the square on GH the ratio 
which a square number has to a square number ; 
therefore FG is incommensurable in length with GH. — (x. 9] 
Therefore FG, G/7 are rational straight lines commen- 
surable in square only ; 
therefore FH is binomial. [x. 36] 


It is next to be proved that it is also a sixth binomial 
straight line. 
For since, as D is to AB, so is the square on Æ to the 
square on FG, 
and also, as BA is to AC, so is the square on FG to the 
square on GA, 
therefore, ex aeguatz, as D is to AC, so is the square on E 
to the square on GA. [V. 22] 
But D has not to AC the ratio which a square number 
has to a square number ; 
therefore neither has the square on Æ to the square on GĦ — 
the ratio which a square number has to a square number ; 
therefore Æ is incommensurable in length with GĦ. [x. 9] 
But it was also proved incommensurable with FG ; 
therefore each of the straight lines FG, GH is incommen- 
surable in length with Æ. 
And, since, as BA is to AC, so is the square on FG to 
the square on G//, 
therefore the square on FG is greater hai the square on GA. 
Let then the squares on GĦ, K be equal to the square 
on FG; 


H. E. III. 8 
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therefore, convertendo, as AB is to BC, so is the square on FG 
to the square on K. [v. 19, Por.] 


But 4B has not to BC the ratio which a square number 
has to a square number ; 


so that neither has the square on FG to the square on X the 
ratio which a square number has to a square number. 


Therefore FG is incommensurable in length with A; [x. 9] 


therefore the square on FG is greater than the square on GĦ 
by the square on a straight line incommensurable with FG. 


And FG, GH are rational straight lines commensurable in 
square only, and neither of them is commensurable in length 
with the rational straight line Æ set out. 

Therefore FH is a sixth binomial straight line. 


Q. E. D. 


Take numbers m, # such that (m+) has not to either of the numbers 
m, n the ratio of square to square; take also a third number 2, which is not 
square, and which has not to either of the numbers (m+), m the ratio of 
square to square. 


Let DS EN) Sp CS eos reet i tede RR EE (1) 
and (mp) inem t OP anene Eea (2). 


Then shall (x + y) be a sixth binomial straight line. 
For, by (1), x is rational and v p. 
By (2), since x is rational, 
y is rational and v «x. 
Hence x, y are rational and commensurable in square only, so that (x +y) 
is a binomial straight line. 
Again, ex aequali, from (1) and (2), 


whence y v» p. 


Thus x, y are both incommensurable in length with p. 
Lastly, from (2), convertendo, 


(m+n): n=: (x? — »*, 
so that /x*— y! v x. 


Therefore (x + y) is a sixth binomial straight line. 
Now, from (1) and (3), 





mm + 
2 
Jp. 5 Ps say, 


and the sixth binomial straight line may be written 


Jk. p+ JA. p. 
The corresponding sixth apotome is |X. 9o] 


Jk. p—JA.p; 


* = pA/À, say, 





X-—p. 
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and the equation of which the two expressions are the roots is 
x*—2,4/À.px t (&—X)p' zo, j 


a? = o, 





Or x!—2ax + i 


where a= J£. p. 

Tannery remarks (“De la solution géométrique des problèmes du second 
degré avant Euclide” in Mémoires de la Société des sciences physiques et naturelles 
de Bordeaux, 2* Série, T. 1v.) that Euclid admits as binomials and apotomes 
the “herd and sixth binomials and apotomes which are the square roots of first 
binomials and apotomes respectively. Hence the third and sixth binomials 
and apotomes are the positive roots of &igwadratic equations of the same form 
as the quadratics which give as roots the first and fourth binomials and 
apotomes. But this remark seems to be of no value because (as was pointed 
out a hundred years ago by Cossali, 11. p. 260) the squares of aX the six 
binomials and apotomes (including the first and fourth) give frst binomials 
and apotomes respectively. Hence we may equally well regard them all as 
roots of biquadratics reducible to quadratics, or generally as roots of equations 


of the form 
aT t2a. x"  x9-0j 
and nothing is gained by raising the degree of the equations in this way. 
It is, of course, easy to see that the most general form of binomial and 
apotome, viz. 
| p. E x p. Jd, 
give first binomials and apotomes when squared. 


For the square is p{(4+A)p+2 AA. p] ; and the expression within the 
bracket is a first binomial or apotome, because 


(1) &*XA»2 JA, 
(2 V(&+A)?- 44A — & — À, which is ^ (+À), 
(3 (A+A)p~p. 


LEMMA. 


Let there be two squares AB, BC, and let them be placed 
so that DB is in a straight line with BE ; 
therefore FÐ is also in a straight line with — G o 
BG. 

Let the parallelogram AC be completed; © | |. 
I say that AC is a square, that DG is a 
mean proportional between 442, BC, and 
further that DC is a mean proportional A 
between AC, CB. 

For, since DB is equal to BF, and BE to BG, 
therefore the whole DZ is equal to the whole FG. 

But DZ is equal to each of the straight lines 4477, KC, 
and FG is equal to each of the straight lines AX, HC ; [r. 34] 

8—2 
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therefore each of the straight lines 4477, KC is also equal to 
each of the straight lines 44 K, HC. 


Therefore the parallelogram AC is equilateral. 
And it is also rectangular ; 


therefore AC is a square. 
And since, as FB is to BG, so is DB to BE, 
while, as FB is to BG, so is AB to DG, 
and, as DP is to BE, so is DG to BC, (vi. 1] 
therefore also, as 4B is to DG, so is DG to BC. [v. 11] 
Therefore DG is a mean proportional between 4B, BC. 


I say next that DC is also a mean proportional between 
AC, CB. 

For since, as 44D is to DK, so is KG to GC— 
for they are equal respectively— 
and, componendo, as AK is to KD, sois KC to CG, [v. 18] 
while, as 4K is to KD, so is AC to CD, 
and, as AC is to CG, so is DC to CB, (vi. 1] 
therefore also, as AC is to DC, so is DC to BC. (v. 11] 

Therefore DC is a mean proportional between AC, CB. 

Being what it was proposed to prove. 
It is here proved that 
say = xy 27, 

and (x+y): (x+y)y= (ety) ys 7. 

The first of the two results is proved in the course of x. 25 (lines 6—8 on 


p. 57 above). This fact may, I think, suggest doubt as to the genuineness 
of this Lemma. 


PROPOSITION 54. 


If an area be contained by a rational straight line and the 
first binomial, the “side” of the area is the irrational straight 
line which ts called binomial. 

For let the area AC be contained by the rational straight 
line AB and the first binomial 4D; 

I say that the “side” of the area AC is the irrational straight 
line which is called binomial. 

For, since 4D is a first binomial straight line, let it be 
divided into its terms at Æ, 
and let AZ be the greater term. 


X. 54] PROPOSITION 54 117 


It is then manifest that 4Z, ZD are rational straight lines 
commensurable in square only, 


the square on AZ is greater than the square on E by the 
Square.on a straight line commensurable with 4 £, 
and 44 £ is commensurable in length with the rational straight 


line AB set out. | [x. Deff. 11. 1] 
Let £2 be bisected at the point F. 
A GE F D 





Then, since the square on AF is greater than the square 
on ED by the square on a straight line commensurable with 
AE, 


therefore, if there be applied to the greater A a parallelogram 
equal to the fourth part of the square on the less, that is, to 
the square on E, and deficient by a square figure, it divides 
it into commensurable parts. [x. 17] 


Let then the rectangle 4G, GE equal to the square on 
EF be applied to AZ ; 


therefore 4G is commensurable in length with EG. 


Let GH, EK, FL be drawn from G, £, F parallel to 
either of the straight lines 4B, CD; 


let the square SV be constructed equal to the parallelogram 
AA, and the square VQ equal to GK, (11. 14] 
and let them be placed so that MAN is in a straight line with 
NO; 
therefore AW is also in a straight line with VP. 

And let the parallelogram SQ be completed ; 
therefore SQ is a square. [Lemma] 


Now, since the rectangle 4G, GE is equal to the square 
on EF, 


therefore, as 4G is to EZ, so is FE to EG; (vi. 17] 
therefore also, as AH is to EL, so is EL to KG; [vi. 1] 
therefore EZ is a mean proportional between 4H, GK. 

But AF is equal to SN, and GK to NQ; 
therefore EZ is a mean proportional between SW, VQ. 
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But MR is also a mean proportional between the same 
SN, NQ; [Lemma] 
therefore EZ is equal to, MR, 
so that it is also equal to PO. 

But 4477, GK are also equal to SN, NQ; 


therefore the whole AC is equal to the whole SQ, that is, to 
the square on YO; | 


therefore MO is the "side" of AC. 


I say next that MO is binomial. 
For, since AG is commensurable with GE, 


therefore 4 £ is also commensurable with each of the straight 
lines 4G, GE. [x. 15] 
But 4 £ is also, by hypothesis, commensurable with 42 ; 
therefore AG, GE are also commensurable with 447. [x. 12] 
And AB is rational ; 
therefore each of the straight lines 4G, G is also rational ; 
therefore each of the rectangles 4/7, GK is rational, [x. 19] 
and 74 77 is commensurable with GØ. : 
But AH is equal to SN, and GK to NQ; 
therefore SW, WỌ, that is. the squares on MN, NO, are 


rational and commensurable. 

And, since 44 E is incommensurable in length with FD, 
while AF is commensurable with AG, and DE is commen- 
surable with EF, 
therefore 4G is also incommensurable with EF, [x- 13] 
so that AH is also incommensurable with EZ. (vi. x, x. 11] 

But AH is equal to SN, and EZ to MR; 
therefore S is also incommensurable with MR. 

But, as SV is to WR, so is PN to NR; [vi. 1] 
therefore PN is incommensurable with VR. [x. 11] 

But PN is equal to MN, and VR to NO 1 
therefore MN is incommensurable with VO. 


And the square on MN is commensurable with the square 
on VO, 


and each is rational ; 


therefore MN, NO are rational straight lines commensurable 
in square only. 
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Therefore MO is binomial [x. 36] and the “side” of AC. 
Q. E. D. 


2. *''side." I use the word “side” in the sense explained in the note on x. Def. 4 
(p. 13 above), i.e. as short for ‘side of a square equal to.” The Greek is 4 7d xwplor 
WALEN. . 


A first binomial straight line being, as we have seen in x. 48, of the form 
kp + kpv 1 — X, 
the problem solved in this proposition is the equivalent of finding the square 
root of this expression multiplied by p, or of 
| p (Ap + kp M1 — X3), 
and of proving that the said square root represents a binomial straight line 
as defined in x. 36. 


The geometrical method corresponds sufficiently closely to the algebraical 
one which we should use. 
First solve the equations 


u+uv=kp 
uv = M (1 — M) | E heu id D eod, (1). 
Then, if x, v represent the straight lines so found, put 
x? = pu } 
TONERS "arva as 
J =p0 e) 


and the straight line (x + y) is the square root required. 
The actual algebraical solution of (1) gives 


u—v=p.A, 
so that %w=tkp(1 +A), 
v=tkp(r — A), 


and therefore x=py/ *ü +A), 
o 
»- ou A(x) 

and x*y-pA/ (1X) +p * (1-2). 


This is clearly a binomial straight line as defined in x. 36. 

Since Euclid has to express his results by straight lines in his figure, and 
has no symbols to make the result obvious by inspection, he is obliged to 
prove (1) that (x+ y) is the square root of p(£p * 4p ^1 — X*), and (2) that 
(x + y) is a binomial straight line, in the following manner. 

First, he proves, by means of the preceding Lemma, that 


Á Jaian 
= ay =~ p i-M ss ae aie Ee aW s RN e d wie BER MER (3); 


therefore (HU aia 
—p(u-v)42xy 
= Ap! + kp? 1—1, by (1) and (3), 


so that x+ y= p(kp+ kp 1 — X). 








5 
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Secondly, it results from (1), [by x. 17], that 
u ^U, 
so that #, v are both ^ (u + v), and therefore ^ p ..................... e (4); 
thus #, v are rational, 
whence ps, pv are both rational, and 
pu ^ pv. 
Therefore x’, 5* are rational and commensurable ...... E E (5). 
Next, 4p v kpv 1 — M, 
and kp ^ u, while £p /1—X ^ bhp VI-A; 


therefore u v Lhp Ji- X, 
whence pu v 4ko Ni — M, 
or xu xy, 
so that Xv y. 
By this and (5), x, y are rational and ^-, so that (x+y) is a binomial 
straight line. x. 36] 


X. gr will prove in like manner that a like theorem holds for apotomes, 


viz. that 
ON ETT +A)—-p, /* ( - 3) = Volp — hp A1 — A). 


Since the first binomial straight line and the first apfotome are the roots of 
the equation - 

x! — 2Àp. x + Ep! — o, 
this proposition and x. 91 give us the solution of the biquadratic equation 

x* — 2&p! , x* + A3£fp* = o. 


PROPOSITION 55. 


Jf an area be contained by a rational straight line and the 
second binomial, the “side” of the area is the irrational straight 
line which ts called a first bimedzal. 

For let the area ABCD be contained by the rational 
straight line 48 and the second binomial 4D ; 

I say that the ‘‘side” of the area 4C is a first bimedial straight 
line. 


For, since 4D is a second binomial straight line, let it be 
divided into its terms at Æ, so that AE is the greater term ; 


to therefore AZ, £D are rational straight lines commensurable 


I5 


in square only, 


the square on AF is greater than the square on £2 by the 
square on a straight line commensurable with 44 Æ, 


and the lesser term £D is commensurable in length with 4B. 


[x. Deff. 11. 2] 
Let ED be bisected at Æ 
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and let there be applied to AE the rectangle 4G, GE equal 

to the square on ÆF and deficient by a square figure ; 

therefore 4G is commensurable in length with GE. [x 17] 

Through G, Æ, F let GH, EK, FL be drawn parallel to 

20 4 B, CD, 

let the square SN be constructed equal to the parallelogram 

A H, and the square VQ equal to G&A, 

p) let them be placed so that MAN is in a straight line with 
25 therefore RN is also in a straight line with VP. 


R Q 
A GE F D m 
B HK L C 

P 


Let the square SQ be mv 
It is then manifest from what was proved before that MR 
is a mean proportional between SW, VQ and is equal to EZ, 
and that MO is the “side” of the area AC. 
30  ltisnowto be proved that MO is a first bimedial straight line. 
Since A E is incommensurable in length with £D, 
while ED is commensurable with 74 2, 
therefore AE is incommensurable with AB. [x. 13] 
And, since 4G is commensurable with ZG, 
35 AE is also commensurable with each of the straight lines 


AG, GE. [x. 15] 
But A is incommensurable in length with 4B ; 

therefore 4G, GE are also incommensurable with AZ. [x. 13] 
Therefore BA, AG and BA, GE are pairs of rational 


4o Straight lines commensurable in square only ; 
so that each of the rectangles 74 77, GK is medial. [x. 21] 
Hence each of the squares SV, VQ is medial. 
Therefore MN, NO are also medial. 
And, since AG is commensurable in length with GZ, 
45 AH is also commensurable with GK, (vi. z, x. 11] 
that is, SW is commensurable with VQ, 
that is, the square on MN with the square on VO. 
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And, since AZ is incommensurable in length with E, 
while AF is commensurable with AG, 
so and ÆD is commensurable with EF, 
therefore 4G is incommensurable with ZZ; [x. 13] 
so that 44 77 is also incommensurable with ZZ, 
that is, SV is incommensurable with MR, 
that is, PN with VR, (vi. 1, X. 11] 
55 that is, MN is incommensurable in length with AO. 
But MN, NO were proved to be both medial and com- 


mensurable in square ; 


therefore MN, NO are medial straight lines commensurable 
in square only. 


6 I say next that they also contain a rational rectangle. 
For, since DZ is, by hypothesis, commensurable with each 
of the straight lines 4B, EF, 


therefore E is also commensurable with EX. [x. 12] 
And each of them is rational ; 
65 therefore EZ, that is, MR is rational, [x. 19] 


and MR is the rectangle MN, NO. 


But, if two medial straight lines commensurable in square 
only and containing a rational rectangle be added together, the 
whole is irrational and is called a first bimedial straight line. 

[x. 37] 
70 Therefore MO is a first bimedial straight line. 
Q. E. D. 


39. Therefore BA, AG and BA, GE are pairs of rational straight lines com- 
mensurable in square only. The text has ** Therefore BA, AG, GE are rational straight 
lines commensurable in square only," which I have altered because it would naturally convey 
the impression that any fwo of the three straight lines are commensurable in square only, 
whereas 4G, GE are commensurable in length (l. 18), and it is only the other two pairs 
which are commensurable in square only. 


A second binomial straight line being [x. 49] of the form 





the present proposition is equivalent to finding the square root of the expression 


Ct) 
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As in the last proposition, Euclid finds #, v from the equations 





Ap 
u+ y= 
v1 — AÀ | E E E TTT (1), 
uv = } kp 
then finds x, y from the equations 
x*- pu 
c - | mT———— rere (2), 


and then proves (a) that 


i xy V» (eta + AS) 


and (B) that (x + y) is a first bimedial bes line [x. 37]. 


The steps in the proof are as follows. 
For (a) reference to the corresponding part of the previous proposition 
suffices. 


(8) By (1) and x. 17, 
“unv; 


therefore s, v are both rational and ^ (u +v), and therefore v p [by (1)]...(3). 
Hence pz, pv, or x’, y*, are medial areas, 





so that x, y are also medial iiis dev thu o ap eO RE AERE c epe; (4). 

But, since « ^ v, 
P Atv yt sauce quisi im beds (5) 

Again (s +v), or Tp v Šp, 

so that uU ip, 

whence pu v ip, 

Or x. Xy, 

and POJ qusc davidson (6). 


Thus [(4), (5), (6)] x, » are medial and ^—. 

tly, xy = gp, which is rational. 
Therefore (x + y) is a first bimedial straight line. 
The actual straight lines obtained from (1) are 


I+A is 





u-i 
= I-A? 
=; 





y= 
ELM 


zi 
so that Xty-p *5( Ge oe 


The corresponding first apotome ) a medial n line found in x. 92 
being the same thing with a minus sign between the terms, the two expressions 
are the roots of the biquadratic 


2kp* À? 
x*— Sy xi PPS = o, 
Ji-X in: 


being the equation in x° corresponding to that in x in x. 49. 
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PROPOSITION 56. 


Lf an area be contained by a rational straight line and the 
third binomial, the "side" of the area is the trrational straight 
line called a second bimedtal. 


For let the area ABCD be contained by the rational 
straight line 42 and the third binomial 4D divided into its 
terms at Æ, of which terms 4 Æ is the greater ; 


I say that the “side” of the area AC is the irrational straight 


line called a second bimedial. 
For let the same construction be made as before. 


R Q 
A GE F D 
Ir PB 
B HK L © 
S P 
Now, since 4D is a third binomial straight line, 
therefore 4Z, ED are rational straight lines commensurable 
in square only, : 
the square on 4 Z is greater than the square on E by the 


square on a straight line commensurable with 4 Æ, 


and neither of the terms 4 E, ED is commensurable in length 
with 4B. (x. Def. 1. 3] 


Then, in manner similar to the foregoing, we shall prove 
that MO is the “side” of the area AC, 
and MN, NO are medial straight lines commensurable in 
square only ; 
so that MO is bimedial. 


It is next to be proved that it is also a second bimedial 
straight line. 


Since DE is incommensurable in length with 747, that is, 
with EK, 


and DE is commensurable with E, 
therefore EF is incommensurable in length with EA.  [x. 13] 
And they are rational ; 


V 


Fx 
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therefore FE, EK are rational straight lines commensurable 
in square only. 


Therefore EZ, that is, MR, is medial. (x. 21] 
And it is contained by MN, NO; 
therefore the rectangle MN, NO is medial. 
Therefore MO is a second bimedial straight line. — [x. 38] 
Q. E. D. 


This proposition in like manner is the equivalent of finding the square 
root of the product of p and the third binomial (x. 50], i.e. of the expression 


p( JE. p Jk. pt —d?), 


u+v=/k.p 
uv = 4 kp? (1 — A?) | Ra E Lu ee REUS NE (1). 


As before, put 


Next, #, v being found, let 


x* = pu, 
J = pv; 
then (x +y) is the square root required and is a second bimedial straight line. 


X. 38 
For, as in the last proposition, it is proved that (x +y) is the "m oe 
and x, y are medial and ~. 

Again, xy = } Jk. p Si —A3, which is medial. 
Hence (x + y) is a second bimedial straight line. 
By solving equations (1), we find 

u=} (k. p+ AA. p) 

v= F(J/k.p-A Jk. p) 


and sey f 3 Qa) eo [S (a) 


The corresponding second apotome of a medial found in x. 93 is the same 
thing with a minus sign between the terms, and the two are the roots (cf. note 
on X. 50) of the biquadratic equation 


x* — 2 Jk. pix? + A Ep* =o. 


PROPOSITION 57. 


Jf an area be contained by a rational straight line and the 
fourth binomial, the “side” of the area ts the irrational straight 
line called major. 


For let the area 4C be contained by the rational straight 
line 48 and the fourth binomial 4D divided into its terms 
at Æ, of which terms let 4Z be the greater ; 


I say that the "side" of the area AC is the irrational straight 
line called major. 
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For, since 74 D is a fourth binomial straight line, 
therefore AE, ED are rational straight lines commensurable 
in square only, 
the square on AZ is greater than the square on ED by the 
square on a straight line incommensurable with 74 £, 
and 74 £ is commensurable in length with AB. — ([x.Deff. 1. 4] 

Let DE be bisected at F, 
and let there be applied to AZ a parallelogram, the rectangle 
AG, GE, equal to the square on ZF’; 
therefore AG is incommensurable in length with GE. [x. 18] 

Let GĦ, EK, FL be drawn parallel to 4B, 
and let the rest of the construction be as before ; 
it is then manifest that MO is the “side” of the area AC. 


R Q 
A GE F D 
M o 
S P 
It is next to be proved that MO is the irrational straight 


line called major. 
Since AG is incommensurable with EG, 


AH is also incommensurable with GA, that is, SN with VQ; 


(vi. 1, x. 11] 
therefore MN, NO are incommensurable in square. 
And, since AF is commensurable with 74 Z, 
AK is rational ; [x. 19] 
and it is equal to the squares on MN, NO; 
therefore the sum of the squares on MN, NO is also rational. 
And, since DÆ is incommensurable in length with 445, 
that is, with EK, 
while DE is commensurable with E, 
therefore ZF is incommensurable in length with EA. — (x. 13] 
Therefore EX, EF are rational straight lines commen- 
surable in square only ; 
therefore LÆ, that is, MR, is medial. [x. 21] 
And it is contained by MN, NO; 
therefore the rectangle MN, NO is medial. 
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And the [sum] of the squares on MN, NO is rational, 
and MN, NO are incommensurable in square. 


But, if two straight lines incommensurable in square and 
making the sum of the squares on them rational, but the 
rectangle contained by them medial, be added together, the 


whole is irrational and is called major. [x- 39] 
Therefore MO is the irrational straight line called major 
and is the “side” of the area 4C. Q. E. D. 


The problem here is to find the square root of the expression (cf. x. 51] 








kp 
Rp + 4e) j 
í ( p VJI+AÀ 
The procedure is the same. 
Find v, v from the equations 
u+v=kp 
Pe ae T (1), 
KEEPA | 
and, if x* = pu } 
gis op] PRODUIRE OIN (2), 


(x +y) is the required square root. 


" To prove that (x+y) is the major irrational straight line Euclid argues 
us. 





By x. 18, M v D, 

therefore pu o pv, 

or xu y 

so that ves Mecv c te iaen (3). 
Now, since (# + v) ^ p, 

(u +v)p, or (x° + y*), is a rational area.................. (4). 

Lastly, xy=} aaa Y which is a medial area  ........................ (5). 
Thus [(3), (4), (5)] (x +y) is a major irrational straight line. [x. 39] 


Actual solution gives 


w= dap (14 VE 
and sgae Had eN a Oey. 


The corresponding square root found in X. 94 is the minor irrational 
straight line, the terms being separated by a minus sign, and the two straight 
lines are the roots (cf. note on X. 51) of the biquadratic equation 


À 
= 2 des t- 
x* 2kp a ri) Ep O. 
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PROPOSITION 58. 


Jf an area be contained by a rational straight line and the 
fifth binomial, the “side” of the area ts the irrational straight 
line called the side of a rational plus a medial area. 


For let the area AC be contained by the rational straight 
line AZ and the fifth binomial 4D divided into its terms at 
£,.so that AF is the greater term ; 

I say that the "side" of the area AC is the irrational straight 
line called the side of a rational plus a medial area. 

For let the same construction be made as before shown ; 
it is then manifest that MO is the “side” of the area 4C. 


A GE F D R Q 
Ft | e 
8 HK L © 

S P 


It is then to be proved that MO is the side of a rational 
plus a medial area. 

For, since AG is incommensurable with GE, [x. 18] 
therefore A 77 is also commensurable with ZZ, — (vr 1, x. 11] 
that is, the square on MN with the square on VO; 
therefore MN, NO are incommensurable in square. 

And, since 4D is a fifth binomial straight line, and ED 
the lesser segment, 


therefore ED is commensurable in length with 42. 
[x. Deff. 11. 5] 


But AZ is incommensurable with E ; 
therefore AB is also incommensurable in length with 74 Z. 
[x. 13] 
Therefore 4X, that is, the sum of the squares on MN, 


NO, is medial. [x. 21] 
And, since DE is commensurable in length with 74, that 


is, with EK, 
while DE is commensurable with £F, 
therefore EF is also commensurable with EK. [x. 12] 


aA x 


A C- a — —~ — — P - - 
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And ZK is rational ; 


therefore EZ, that is, MR, that is, the rectangle MN, NO, is 
also rational. [x. 19] 

Therefore MN, NO are straight lines incommensurable 
in square which make the sum of the squares on them medial, 
but the rectangle contained by them rational. 

Therefore MO is the side of a rational plus a medial area 
[x. 4o] and is the ‘‘side” of the area AC. 

Q. E. D. 


We have here to find the square root of the expression [cf. x. 52] 


p (ÈP 1 +A + kp). 


As usual, we put 


utv=hp Ii +A 
uv = 4 Apt } Pe tenons: (1). 
Then, », v being found, we take 
x!-pu 
pu } E E TE (2), 
and (x +y), so found, is our required square root. 
Euclid's proof of the class of (x + y) is as follows: 
By x. 18, “OV; 
therefore p v pu, 
so that xo, 
and S ue y oe clie e nT et oen. (3). 
Next M Vp 
v p 
whence p (u * v), or (x! + y*), isa medial area .................. (4). 
Lastly, xy = $4p', which is a rational area ........... ...... (5). 
Hence [(3), (4), (5)] (x +y) is the side of a rational plus a a ye 
X. 40 


If we solve algebraically, we obtain 


u= P Jin JA), 
v= 8 Si +A— AA), 


and xX+Y=p V 5 (iex Ja) eoa È (iex JA) 


The corresponding “side” found in x. 95 is a straight line which produces 
with a rational area a medial whole, being of the form (x — y), where x, y 
have the same values as above. 

The two square roots are (cf. note on x. 52) the roots of the biquadratic 
equation 

x* — akp! /1 +A. x2 + Akt = o. 


H. E. III. 9 
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PROPOSITION 59. 


Jf an area be contained by a rational straight line and the 
sexth binomial, the "side" of the area ts the irrational straight 
line called the side of the sum of two medtal areas. 

For let the area ABCD be contained by the rational 
straight line 42 and the sixth binomial 4D, divided into its 
terms at Æ, so that 4Z£ is the greater term ; 

I say that the "side" of AC is the side of the sum of two 
medial areas. 

Let the same construction be made as before shown. 


A GE F D R Q 
8 HK Lo 
| : - | 


It is then manifest that MO is the “side” of AC, and 
that MN is incommensurable in square with AO. 

Now, since £4 is incommensurable in length with 42, 
therefore £4, AB are rational straight lines commensurable 
in square only ; 
therefore 44 K, that is, the sum of the squares on MN, NO, 


is medial. [x- 21] 
Again, since ED is incommensurable in length with 42, 
therefore FE is also incommensurable with EX; [x. 13] 


therefore FE, EK are rational straight lines commensurable 
in square only ; 
therefore ZZ, that is, MAR, that is, the rectangle MN, NO, is 


medial. [x. 21] 
And, since 744 E is incommensurable with EF, 
AK is also incommensurable with EZ. (vi. 1, x. 11] 


But 4X is the sum of the squares on MN, NO, 
and ZZ is the rectangle MN, NO; 


therefore the sum of the squares on MN, NO is incommen- 
surable with the rectangle MN, NO. 


And each of them is medial, and MN, NO are incom- 


mensurable in square. 


--— 


war 


. fe 
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Therefore MO is the side of the sum of two medial areas 
[x. 41], and is the “side” of AC. 
Q. E. D. 


Euclid here finds the square root of the expression [cf. x. 53] 


p(J&.p+ JA. p). 


As usual, we solve the equations 


“u+ v= Jk -P , 
xb } —— (1); 
then, x, v being found, we put 
x* = ptu 
2o Jost totes (2), 


and (x + y) is the square root required. 

Euclid proves that (x + y) is the side of (the sum of) two medial areas, as 
follows. 
_ As in the last two propositions, x, y are proved to be incommensurable 
in square. 

Now ,/&. p, p are commensurable in square only ; 


therefore p (u + v), or (x? + 99), is a medial area .................. (3). 
Next, xy = à X. p, which is again a medial area ............... (4). 
Lastly, JE. p v E AA. p, 

so that Jk. pPob JA.ph; 

that is, amb atr Mec m (5). 


Hence [(3), (4), (5)] (x +y) is the side of the sum of two medial areas. 
Solving the equations algebraically, we have 


uc (Jk + & — X), 


iam 2 (Jk -Jk — X), 
and x+y =pi1(Jk+ VE—À) + p A(J& — JE — À). 


The corresponding square root found in x. 96 is x — y, where x, y are the 


same as here. l 
The two square roots are (cf. note on X. 53) the roots of the biquadratic 


equation 
x*- 2 JR. px? + (& — A) p* =o. 


[LEÉMMA. 


If a straight line be cut into unequal parts, the squares 
on the unequal parts are greater 
than twice the rectangle con- ——Á— € Ó 
tained by the unequal parts. 

Let AZ be a straight line, and let it be cut into unequal 
parts at C, and let AC be the greater ; 
I say that the squares on AC, CB are greater than twice the 
rectangle 4C, CZ. 


90—2 
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For let AB be bisected at D. 

Since then a straight line has been cut into equal parts 
at D,.and into unequal parts at C, 
therefore the rectangle 4C, CB together with the square on 
CD is equal to the square on AD, (11. 5] 
so that the rectangle 4C, CZ is less than the square on 4D; 
therefore twice the rectangle 4C, CB is less than double of 
the square on 4D. 

But the squares on 4C, CB are double of the squares on 
AD, DC; . [u. 9] 
therefore the squares on 4C, CB are greater than twice the 
rectangle 4C, CB. 

Q. E. D.] 


We have already remarked (note on x. 44) that the Lemma here proving 


that 
x+y > 2xy 
can hardly be genuine, since the result is used in x. 44. 


PROPOSITION 60. 


The square on the binomial straight line applied to a 
rational straight line produces as breadth the first binomial. 


Let AB be a binomial straight line divided into its terms 
at C, so that AC is the greater term; 
let a rational straight line DÆ be 
set Out, 
and let DEZFG equal to the square 
on AB be applied to DE producing 
DG as its breadth ; 

I say that DG is a first binomial 
straight line. 

For let there be applied to DE the rectangle DH equal 
to the square on AC, and KZ equal to the square on BC; 
therefore the remainder, twice the rectangle 4C, C, is equal 
to MF. 

Let MG be bisected at X, and let VO be drawn parallel 
[to ML or GF |. 

Therefore each of the rectangles MO, WF is equal to 
once the rectangle AC, CB. 

Now, since 744 Z is a binomial divided into its terms at C, 





an 
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therefore AC, CB are rational straight lines commensurable 
in square only ; [x. 36] 
therefore the squares on AC, CB are rational and commen- 
surable with one another, 


so that the sum of the squares on AC, CP is also rational. 


a [x. 15] 

And it is equal to DZ ; 
therefore DZ is rational. 

And it is applied to the rational straight line DZ; 
therefore DM is rational and commensurable in length with 
DE. [x. 20] 

Again, since AC, CB are rational straight lines commen- 
surable in square only, 
therefore twice the rectangle 4C, CB, that is MF, is medial. 


X. 21 
And it is applied to the rational straight line MZ ; P" 


therefore MG is also rational and incommensurable in length 

with ML, that is, DE. (x. 22] 
But MD is also rational and is commensurable in length 

with DE ; 

therefore DM is incommensurable in length with MG. [x. 13] 
And they are rational ; 

therefore DM, MG are rational straight lines commensurable 

in square only ; 

therefore DG is binomial. [x. 36] 


It is next to be proved that it is also a first binomial 
straight line. 

Since the rectangle 4C, CZ is a mean proportional between 
the squares on 4 C, CB, [cf. Lemma after x. 53] 
therefore MO is also a mean proportional between DH, KZ. 

Therefore, as DH is to MO, so is MO to KL, 


that is, as DK is to MN, so is MN to MK; [vr. 1] 
therefore the rectangle DX, KM is equal to the square 
on MN. [vi. 17] 


And, since the square on 4C is commensurable with the 
square on CZ, 


DH is also commensurable with KZ, 
so that DK is also commensurable with KM. [vi. 1, x. 11] 
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And, since the squares on AC, CZ are greater than twice 


the rectangle AC, CB, [Lemma] 
therefore DZ is also greater than MF, 
so that DM is also greater than MG. (vi. 1] 


And the rectangle DK, KM is equal to the square on 
MN, that is, to the fourth part of the square on MG, 


and DK is commensurable with KM. 


But, if there be two unequal straight lines, and to the greater 
there be applied a parallelogram equal to the fourth part of 
the square on the less and deficient by a square figure, and 
if it divide it into commensurable parts, the square on the 
greater is greater than the square on the less by the square 
on a straight line commensurable with the greater ; [x. 17] 


therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with DM. 


And DM, MG are rational, 


and DM, which is the greater term, is commensurable in length 
with the rational straight line DÆ set out. 


Therefore DG is a first binomial straight line. [x. Deff. 1. 1] 
Q. E. D. 


In the hexad of propositions beginning with this we have the solution of 
the converse problem to that of X. 54—59. We find the sguares of the 
irrational straight lines of x. 36—41 and prove that they are respectively equal 
to the rectangles contained by a rational straight line and the frst, second, 
third, fourth, fifth and sixth binomials. 

In x. 60 we prove that, p + /&.p being a binomial straight line [x. 36], 

(p+ J&. py 
g 
is a first binomial straight line, and we find it geometrically. 
The procedure may be represented thus. 
Take x, y, z such that 
ox = p 
oy = kp’ 
i o.22=2,/k. P, 
p &p' being of course the squares on the terms of the original binomial, 
and 2 J^. p! twice the rectangle contained by them. 


2 
Then (x+y) e az= CEE, 


and we have to prove that (x + y) + 2z is a first binomial straight line of which 
(x+y), 28 are the terms and (x + y) the greater. 


Euclid divides the proof into two parts, showing first that (x + y) + 2s is 
some binomial, and secondly that it is the #rs¢ binomial. 


A^ 


X. 6o, 61] PROPOSITIONS 60, 61 135 


(a) p~ JÀ.p, so that p*, kp’ are rational and commensurable ; 

therefore p*+ £p*, or o (x +y), is a rational area, 

whence (x+y) is rational and ^c .................. ..... (1). 
Next, 2p. ,/&. p is a medial area, 

so that ø . 23 is a medial area, 


whence 23 is rational but Go ......... eese (2). 
Hence [(1), (2)] (x +y), 2s are rational and commensurable in square 

oj mec EC—À—X——— Án (3); 

thus (x + y) + 2s is a binomial straight line. [x. 36] 

(8) p: Jk. p= Sk. pt: ko, 

so that OX : 03 =03 : OY, 

and x:3=8:7, 

or a E E ET (4). 


Now p°, 4p" are commensurable, so that ox, cy are commensurable, and 
therefore 


NI asin aa aa R N (5). 
And, since [Lemma] p! + £p? > 2 Jk. p, 
x+y > 28. 
JT" . p + kp? 
But (x + y) is given, being equal to `- goo eee (6). 


Therefore [(4), (5), (6), and x. 17] /(x +y) - (28)? ^ (x +y). 


And (x + y), 22 are rational and ~ [(3)], 
while (x * y) ^ c [(1)]. 

Hence (x +y) + 2s is a first binomial. 

The actual value of (x + y) + 2s is, of course, 


P (rx + 2 J£). 


PROPOSITION 61. 
The square on the first bimedtal straight line applied to a 
rational straight line produces as breadth the second binomial. 


Let AB be a first bimedial straight line divided into its 
medials at C, of which medials 4C 
is the greater ; 


D KM N G 
let a rational straight line DÆ be set 
out, 
and let there be applied to DE the 
parallelogram DF equal to the square 
on 4 B, producing DG as its breadth; €E HL O F 
I say that DG is a second binomial A cB 


straight line. 
For let the same construction as before be made. 
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Then, since AB is a first bimedial divided at C, 
therefore AC, CZ are medial straight lines commensurable in 


square only, and containing a rational rectangle, [x 37] 
so that the squares on AC, CB are also medial. [x. 21] 
Therefore DZ is medial. [x. 15 and 23, Por.] 


And it has been applied to the rational straight line DE; 
therefore MD. is rational and incommensurable in length 
with DE. [x. 22] 

Again, since twice the rectangle 4C, CZ is rational, MF is 
also rational. 

And it is applied to the rational straight line MZ ; 
therefore MG is also rational and commensurable in length 
with JZ, that is, DE; [x. 20] 
therefore DM is incommensurable in length with MG. [x. 13] 

And they are rational ; 
therefore DM, MG are rational straight lines commensurable 
in square only ; 
therefore DG is binomial. [x. 36] 


It is next to be proved that it is also a second binomial 
Ws line. 
or, since the squares on AC, CB are greater than twice 
the rectangle AC, CB, 
therefore DZ is also greater than MF, 
so that DM is also greater than MG. [vi. 1] 


And, since the square on AC is commensurable with the 
square on CZ, 


DH is also commensurable with KZ, 

so that DK is also commensurable with XM. [vi. 1, x. 11] 
And the rectangle DX, KM is equal to the square on MN; 

therefore the square on DM is greater than the square on 

MG by the square on a straight line commensurable with DM. 


X. 17 
And MG is commensurable in length with DZ. ee 17] 


Therefore DG is a second binomial straight line. (x. Def. 1. 2] 


In this case we have to prove that, (kp + kp) being a first bimedial 
straight line, as found in x. 37, 


(ep + ktp)" 


is a second binomial straight line. 


IN un 
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The form of the proposition and the figure being similar to those of x. 60, 
I can somewhat abbreviate the reproduction of the proof. 


Take x, y, s such that 
ox = Ap, 
oy = Aig, 
c .2£ = 2Řp°. 
Then shall (x + y) + 2s be a second binomial. 
(a) kp, kip are medial straight lines commensurable in square only and 
containing a rational rectangle. [x. 37] 
The squares Apt, kip are medial ; ° 
thus the sum, or c (x + y), is medial. [x. 23, Por.] 
Therefore (x + y) is rational and v o. 
And e . 22 is rational ; 


therefore 22 is rational and ^ c .................0sceec00e0(1)s 

Therefore (x + y), 22 are rational and ^— ................. eene (2), 
so that (x + y) + 22 1s a binomial. 
(B) As before, (x y) > 2s. 

Now, pps, LP being commensurable, 

X ^y. 
And 1 Xyz s 
4 E 

while sey PEER E, 

Hence [x. 17] WEES) — (asf ^ (x y) «eee (3). 


But 22 ^ c, by (1). 

Therefore [(1), (2), (3)] (x + y) + 22 is a second binomial straight line. 
2 

Of course (x + y) + as =€ {k (1 +4) + 2k}. 


PROPOSITION 62. 
The square on the second bimedial straight line applied to 
a rational straight line produces as breadth the third binomzal. 


Let AB be a second bimedial straight line divided into 
its medials at C, so that AC is the 
greater segment ; D LS. NE, PENES... 
let DE be any rational straight line, 
and to DE let there be applied the 
parallelogram DF equal to the square 
on AB and producing DG as its EL Oo F 
breadth ; i 
I say that DG is a third binomial 
straight line. 

Let the same construction be made as before shown. 
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Then, since 4B is a second bimedial divided at C, 
therefore 4C, CB are medial straight lines commensurable in 
- square only and containing a medial rectangle, [x. 38] 


so that the sum of the squares on AC, CB is also medial. 
[x. 15 and 23 Por.] 

And it is equal to DL ; 
therefore DZ is also medial. 

And it is applied to the rational straight line DE ; 
therefore MD is also rational and incommensurable in length 
with DE. [x. 22] 

For the same reason, 

MG is also rational and incommensurable in length with MZ, 
that is, with DE ; 

therefore each of the straight lines DM, MG is rational and 
incommensurable in length with DZ. 

And, since AC is incommensurable in length with CZ, 
and, as 4C is to CZ, so is the square on AC to the rectangle 
AC, CB, 


therefore the square on AC is also incommensurable with the 


rectangle AC, CB. [x. 11] 
Hence the sum of the squares on AC, CB is incommen- 
surable with twice the rectangle 4C, CB, [x. 12, 13] 


that is, YZ is incommensurable with MF, 

so that DM is also incommensurable with MG. — (vr. 1, x. 11] 
And they are rational ; 

therefore DG is binomial. [x. 36] 


Itis to be proved that it is also a third binomial straight line. 
In manner similar to the foregoing we may conclude that 
DM is greater than MG, 
and that DX is commensurable with KM. 


And the rectangle DK, KM is equal to the square on 
MN; 
therefore the square on DM is greater than the square on 
MG by the square on a straight line commensurable with 
DM. 

And neither of the straight lines DM, MG is commen- 
surable in length with DZ. 

Therefore DG is a third binomial straight line. [x. Deff. ir. 3] 

Q. E. D. 
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We have to prove that [cf. x. 38] 


i 
1 (aa, , oy 
" (8 + E 
is a third binomial straight line. 
Take x, y, s such that 


c .22—2 JA. p. 


(a) Now Rp, are medial straight lines commensurable in square only 


Mp 
P 
and containing a medial rectangle. [x. 38] 
The sum of the squares on them, or o (x + y), is medial ; 

therefore (x +y) is rational and o oe. ......................- (1). 
And c . 22 being medial also, 

22 is rational and v c ................. scene ees (2). 


X X) 
Now ktp : CP = (Atpy : Hp, 2P 
ib (&*py : &*p 4 


whence ox v o3. 


But (spy: ^ {(#oy + (55) , or ex^oc(x +y), and es^c.25; 


therefore o(x+y)uc. 28, 
or (EEI) 28 uude xs ceca URS ide (3). 
Hence [(1), (2), (3)] (x +y) + 22 is a binomial straight line............ (4). 
(B) As before, (x +.y) > 25, 
and X ^y. 
Also xy = gi 


Therefore [x. 17] V(x +y)*— (22)! ^ (x +y). 
And [(1), (2)] neither (x + y) nor 2z is ^ a. 
Therefore (x + y) + 2z is a third pisa unde line. 


Obviously (x+y) +2z=- P C Ji ea A]. 


PROPOSITION 63. 
The square on the major straight line applied to a rational 
stratght line produces as breadth the fourth binomial. 
Let AB be a major straight line divided at C, so that AC 
is greater than CB; 
let DE be a rational straight line, 
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and to DE let there be applied the parallelogram DF equal 
to the square on 4B and producing DG as its breadth ; 
I say that DG is a fourth binomial 
straight line. D KM N G 
Let the same construction be 
made as before shown. 
Then, since 447 is a major 
straight line divided at C, 
AC, CB are straight lines incom- fos 
mensurable in eis ii which make n ó B 
the sum of the squares on them 
rational, but the rectangle contained by them medial. [x. 39] 
Since then the sum of the squares on AC, CP is rational, 
therefore DZ is rational ; 
therefore DM is also rational and commensurable in length 
with DE. [x. 20] 
Again, since twice the rectangle AC, CB, that is, MF, is 
medial, | 
and it is applied to the rational straight line 77Z, 
therefore MG is also rational and incommensurable in length 


with DE ; [x. 22] 
therefore DM is also incommensurable in length with MG. 
[x 13] 


Therefore DM, MG are rational straight lines commen- 
surable in square only ; 


therefore DG is binomial. [x. 36] 


It is to be proved that it is also a fourth binomial straight line. 
In manner similar to the foregoing we can prove that 
DM is greater than MG, 
and that the rectangle DX, KM is equal to the square on MN. 
Since then the square on AC is incommensurable with the 
square on CZ, 
therefore DH is also incommensurable with AZ, 
so that DK is also incommensurable with XM. [Vr. 1, x. r1] 
But, if there be two unequal straight lines, and to the 
greater there be applied a parallelogram equal to the fourth 
part of the square on the less and deficient by a square 
figure, and if it divide it into incommensurable parts, then the 
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square on the greater will be greater than the square on the 
less by the square on a straight line incommensurable in 
length with the greater ; [x. 18] 
therefore the square on DM is greater than the square on 
MG by the square on a straight line incommensurable with 


And DM, MG are rational straight lines commensurable 
in square only, 


and DM is commensurable with the rational straight line DE 
set out. 


Therefore DG is a fourth binomial straight line. [x. Def. 1. 4] 


Q. E. D. 
We have to prove that [cf. x. 39] 


LS mt RE 


is a fourth binomial straight line. 
For brevity we must call this expression 





- (u + v). 


ox= 2 
ey-v [, 
g.2£ = 2v 


wherein it has to be remembered [x. 39] that v, v are incommensurable in 
square, (#* + v*) is rational, and wv Is medial. 


(a) (s? + $9), and therefore o (x + y), is rational ; 


Take x, y, z such that 


therefore (x +y) is rational and ^ e. ............ ....... ... (1). 
2uv, and therefore ø. 2z, is medial ; 

therefore 22 is rational and v Ø ....................ssuss. (2). 
Thus (x + y), 28 are rational and ~  ..................... (3), 

so that (x +y) + 2s is a binomial straight line. 

(B) As before, x+y > 22, 

and amy s 


Now, since 4 v 2, 
ox voy, or x » y. 
Hence [x. 18] V(x + yy - (22) v (x y)... sees (4). ` 
And (x * ») ^ c, by (1). 
Therefore [(3), (4)] (x +y) + 22 is a fourth binomial straight line. 


It is of course p {x + wit 
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PROPOSITION 64. 


The square on the side of a rational plus a medial area 
applied to a rational straight line produces as breadth the fifth 
binomial. 

Let AB be the side of a rational plus a medial area, 
divided into its straight lines at C, 
so that AC is the greater ; D KM N QG 
let a rational straight line DÆ be set 
out, - 
and let there be applied to DE the 
parallelogram DF equal to the square 
on AB, producing DG as its breadth; À—— — 6n 
I say that DG is a fifth binomial 
straight line. 

Let the same construction as before be made. 

Since then 4B is the side of a rational plus a medial 
area, divided at C, 
therefore AC, CP are straight lines incommensurable in square 
which make the sum of the squares on them medial, but the 
rectangle contained by them rational. [x- 4o] 

Since then the sum of the squares on AC, CB is medial, 
therefore DZ is medial, 
so that DM is rational and incommensurable in length with 
DE. [x. 22] 

Again, since twice the rectangle 4C, CB, that is. MF, is 
rational, 
therefore MG is rational and commensurable with DÆ. [x. 20] 

Therefore DM is incommensurable with MG ; [x- 13] 
therefore DM, MG are rational straight lines commensurable 
in square only ; | 
therefore DG is binomial. " [x. 36] 


I say next that it is also a fifth binomial straight line. 

For it can be proved similarly that the rectangle DK, KM 
is equal to the square on MN, 
and that DX is incommensurable in length with XM ; 
therefore the square on DM is greater than the square on MG 
by the square on a straight line incommensurable with DM. 


[x. 18] - 


FN 


w ct 


X. 64, 65] PROPOSITIONS 64, 65 143 


And DM, MG are commensurable in square only, and the 
less, MG, is commensurable in length with DZ. 
Therefore DG is a fifth binomial. 
Q. E. D. 


To prove that [cf. x. 40] 
s IG + E) i V2 (1 + ) i 
is a fifth binomial straight line. 


For brevity denote it by - (u -- v), and put 


ox = v4, 
cy =v, 
| T. 28 = 240. 
Remembering that [x. 40] x? ua’, (u? + v*) is medial, and 2uz is rational, 
we proceed thus. 


(a) o(x +) is medial ; 


therefore (x +y) is rational and v c ........................ (1). 
Next, o . 22 is rational ; 
therefore 2s is rational and ^ c.......................... (2). 
Thus (x +y), 28 are rational and ~ ..................... (3), 
so that (x + y) + 2z is a binomial straight line. 
(B) As before, x+y > 22, 
WY = z , 
and >- | X vy. 
Therefore [x. 18] A (x +YP — (22$ o (xy) eee (4). 
Hence [(2), (3), (4)] (x + y) + 22 is a fi/th binomial straight line. 
‘ p I I ). 
It 1s of course s [= + yl ; 


PROPOSITION 65. 


The square on the side of the sum of two medial areas 
applied to a rational straight line produces as breadth the 
sixth binomial. 


Let AB be the side of the sum of two medial areas, 
divided at C, 


let DE be a rational straight line, 


and let there be applied to DZ the parallelogram DF equal 
to the square on AZ, producing DG as its breadth ; 
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I say that DG is a sixth binomial straight line. 


For let the same construction be made as before. 
Then, since AF is the side of 
the sum of two medial areas, divided 
at C, 
therefore 4C, CB are straight lines 
incommensurable in square which 
make the sum of the squares on 
them medial, the rectangle contained € HL O F 
by them medial, and moreover the A ó B 
sum of the squares on them incom- 
mensurable with the rectangle contamed by them, [x. 41] 


so that, in accordance with what was before proved, each of 
the rectangles DL, MF is medial. 


And they are applied to the rational straight line DZ ; 


therefore each of the straight lines DM, MG is rational and 

incommensurable in length with DZ. [x. 22] 
And, since the sum of the squares on AC, CB is incom- 

mensurable with twice the rectangle AC, CB, 

therefore DZ is incommensurable with MF. 


Therefore DM is also incommensurable with MG ; 
[vi 1, x. 11] 
therefore DM, MG are rational straight lines commensurable 
in square only ; 


therefore DG is binomial. [x. 36] 


I say next that it is also a sixth binomial straight line. 
Similarly again we can prove that the rectangle DK, KM 
is equal to the square on MN, 


and that DK is incommensurable in length with KM ; 


and, for the same reason, the square on DM is greater than 
the square on MG by the square on a straight line incom- 
mensurable in length with DM. 


And neither of the straight lines DM, MG is commen- 
surable in length with the rational straight line DE set out. 
Therefore DG is a sixth binomial straight line. 


Q. E. D. 


-- 


- ~ —*— 
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To prove that [cf. x. 41] 


r fo, Ft Jo y 
JaN t WB AN! A 


is a sixth binomial straight line. 








Denote it by - (u +v’, and put 


ox = wu, 
gy - 7v, 
q.22 = 2WU. 


Now, by x. 41, v-v, (+v) is medial 24s» is medial and 
(^ + v’) v 2UJ. 


(a) In this case ø (x + y) is medial ; 





therefore (x+y) is rational and v e. ........................ (1). 
In like manner, 23 is rational and v e. .................. eere (2). 
And, since ø (x + y) uc. 23, 

(EY) 4 2B .......... ———Á (3). 
Therefore (x +y) + 2s is a binomial straight line. 
(B) As before, Xy 28, 
xy = 8, 
Hwy; 

therefore [x. 18] (x + yy! — (28) o (x y) «ecce (4). 
Hence [(1), (2), (3), (4)] (x + y) + 22 is a sixth binomial straight line. 

It is obviously - JA + Try" 


PROPOSITION 66. 


A straight line commensurable in length with a binomial 
straight line ts itself also binomial and the same in order. 


Let AB be binomial, and let CD be commensurable in 
length with 4B; 


fe RP 


C D 





I say that CD is binomial and the same in order with AB. 
For, since 44 7 is binomial, 


let it be divided into its terms at Z, 


and let AZ be the greater term ; 


, H. E. III. IO 
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therefore AE, EB are rational straight lines commensurable 


in square only. [x. 36] 
Let it be contrived that, 

as AB is to CD, so is AE to CF; [Vi. 12] 

therefore also the remainder EZ is to the remainder FD as 

AB is to CD. [v. 19] 


But AZ is commensurable in length with CD; 
therefore AE is also commensurable with CZ, and £7 with 
: [x. 11] 
And AE, EP are rational ; 
therefore CF, FD are also rational. 
And, as A Æ is to CF, so is £P to FD. [v. 11] 
Therefore, alternately, as 4£ is to EB, so is CF to FD. 
[v. 16] 
But AF, EB are commensurable in square only ; 
therefore CF, FD are also commensurable in square only. 
[x. r1] 
And they are rational ; 
therefore CD is binomial. [x. 36] 


I say next that it is the same in order with 42. 

For the square on AZ is greater than the square on EB 
either by the square on a straight line commensurable with 
AF or by the square on a straight line incommensurable 
with it. 

If then the square on AF is greater than the square on 
EB by the square on a straight line commensurable with 4£, 
the square on CF will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AZ is commensurable with the rational straight 
line set out, CF will also be commensurable with it, [x. 12] 
and for this reason each of the straight lines 442, CD is a 
first binomial, that is, the same in order. [x. Deff. ir. 1] 

But, if £P is commensurable with the rational straight line 
set out, FD is also commensurable with it, [x. 12] 
and for this reason again CD will be the same in order with 
AB, 


for each of them will be a second binomial. _[x. Def. ıı 2] 


ian 
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But, if neither of the straight lines 44, EZ is commen- 
surable with the rational straight line set out, neither of the 
straight lines CZ, FD will be commensurable with it,  [x. 13] 
and each of the straight lines 42, CD is a third binomial. 

[x. Deff. 11. 3] 

But, if the square on AF is greater than the square on 
EB by the square on a straight line incommensurable with 
the square on CF is also greater than the square on FD by 
the square on a straight line incommensurable with C. [x. 14] 

And, if AZ is commensurable with the rational straight 
line set out, CF is also commensurable with it, 
and each of the straight lines 42, CD is a fourth binomial. 

(x. Deff. 11. 4] 

But, if ÆB is so commensurable, so is FD also, 

and each of the straight lines 48, CD will be a fifth binomial. 
[x. Deff. 11. 5] 

But, if neither of the straight lines 42, EB is so com- 
mensurable, neither of the straight lines CF, FD is commen- 
surable with the rational straight line set out, 
and each of the straight lines 4 B, CD will be a sixth binomial. 

[x. Deff. 11. 6] 

Hence a straight line commensurable in length with a 

binomial straight line is binomial and the same in order. 
Q. E. D. 


The proofs of this and the following propositions up to X. 7o inclusive are 
easy and require no elucidation. They are equivalent to saying that, if in each 


AC . . m. : : 
of the preceding irrational straight lines z pis substituted for p, the resulting 


irrational is of the same kind as that from which it is altered. 


PROPOSITION 67. 
A straight line commensurable in length with a bimedial 
straight line is itself also btmedial and the same in order. 


Let AB be bimedial, and let CD be commensurable in 
length with AB; 


I say that CD is bimedial and the same EET, EN 
in order with 4B. c t 0 


For, since 4B is bimedial, 
let it be divided into its medials at Æ ; 


10—2 
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therefore AZ, EB are medial straight lines commensurable 
in square only. [x. 37, 38] 


And let it be contrived that, 
as AB is to CD, so is AE to CF; 


therefore also the remainder Z7 is to the remainder FD as 
AB is to CD. [v. 19] 


But 4B is commensurable in length with CD ; 
therefore AE, EB are also commensurable with CF, FD 


respectively. Ix. 11] 
But AE, EB are medial ; 

therefore CF, FD are also medial. [x. 23] 
And since, as 44 E is to EB, so is CF to FD, [v. 11] 

and AZ, EB are commensurable in square only, 

CF, FD are also commensurable in square only. [x. 11] 


But they were also proved medial ; 
therefore CD is bimedial. 


I say next that it is also the same in order with 74 Z. 
For since, as AF is to EB, so is CF to FD, 


therefore also, as the square on AF is to the rectangle AZ, 
E B, so is the square on CF to the rectangle CF, FD; 
therefore, alternately, 


as the square on AZ is to the square on CF, so is the rect- 
angle AZ, EB to the rectangle CF, FD. [v. 16] 


But the square on AF is commensurable with the square 
on CF; 


therefore the rectangle AE, EB is also commensurable with 
the rectangle CF, FD. 


If therefore the rectangle 44 E, E is rational, 
the rectangle CF, FD is also rational, 


[and for this reason C2 is a first bimedial]; [x. 37] 
but if medial, medial, [x. 23, Por.) 
and each of the straight lines 43, CD is a second — 

X. 38 


And for this reason CD will be the same in order with 74 Z. 
Q. E. D. 


7 C y ~o w” 
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PROPOSITION 68. 


A straight line lommensterable with a major straight 
line is itself also major. 


Let AB be major, and let CD be commensurable with 42; 
I say that CD is major. 

Let AB be divided at £ ; A 
therefore AZ, EB are straight lines incommensur- C 
able in square which make the sum of the squares eœ 
on them rational, but the rectangle contained by 
them medial. [x39] Bp! 0 

Let the same construction be made as before. l 

Then since, as AB is to CD, so is AF to CF, and EB 
to FD, 
therefore also, as AF is to CF, sois EB to FD. ` [v. 11] 

But AB is commensurable with CD; 
therefore AE, EP are also commensurable with CF, FD 
respectively. [x. 11] 

And since, as AF is to CF, so is EP to FD, 


alternately also, 


as AE is to EB, so is CF to FD; [v. 16] 
therefore also, componendo, 

as AB is to BE, so is CD to DF; [v. 18] 
therefore also, as the square on AZ is to the square on BE, 
so is the square on C2 to the square on DF. [v1. 20] 


Similarly we can prove that, as the square on AZ is to 
the square on 4£, so also is the square on CD to the square 
on CF. 

Therefore also, as the square on AZ is to the squares on 
AE, EB, so is the square on CD to the squares on CF, FD; 
therefore also, alternately, 
as the square on AB is to the square on CD, so are the 
squares on AZ, EB to the squares on CF, FD. [v. 16] 

But the square on 4B is commensurable with the square 
on CD; 
therefore the squares on AF, EP are also commensurable 
with the squares on CF, FD. 
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And the squares on AE, EB together are rational ; 
therefore the squares on CF, FD together are rational. 

Similarly also twice the rectangle AZ, EB is commen- 
surable with twice the rectangle CF, FD. 

And twice the rectangle 4£, EB is medial ; 


therefore twice the rectangle CF, FD is also medial. 
[x. 23, Por.] 


Therefore CF, FD are straight lines incommensurable in 
square which make, at the same time, the sum of the squares 
on them rational, but the rectangle contained by them medial; 
therefore the whole C2 is the irrational straight line called 
major. [x- 39] 

Therefore a straight line commensurable with the major 


straight line is major. 
Q. E. D. 


PROPOSITION 69. 
A straight line commensurable with the side of a rational 
plus a medial area ts itself also the side of a rational plus a 
medial area. 
Let AB be the side of a rational plus a medial area, 
and let CD be commensurable with 42; 
it is to be proved that CD is also the side of a A 
rational plus a medial area. 
Let AB be divided into its straight lines at Æ; | 
therefore AZ, EP are straight lines incommensur- | | 
F 





able in square which make the sum of the squares € 

on them medial, but the rectangle contained by them 

rational. [x- 49] 
Let the same construction be made as before. 
We can then prove similarly that 

CF, FD are incommensurable in square, 

and the sum of the squares on 44, £B is commensurable 

with the sum of the squares on CF, FD, 

and the rectangle AE, £7 with the rectangle CF, FD ; 

so that the sum of the squares on CZ, FD is also medial, and 

the rectangle CF, FD rational. 


' Therefore CD is the side of a rational plus a medial area. 
Q. E. D. 
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PROPOSITION 70. 


4 straight line commensurable with the side of the sum 
of two medial areas zs the side of the sum of two medial areas. 


Let AB be the side of the sum of two medial areas, and 
CD commensurable with 4B: 
it is to be proved that C2 is also the side of the A 
sum of two medial areas. 
For, since AP is the side of the sum of two 
medial areas, 
let it be divided into its straight lines at Æ; 
therefore AE, EB are straight lines incommensur- Ü 
able in square which make the sum of the squares & 
on them medial, the rectangle contained by them 
medial, and furthermore the sum of the squares on AF, EB 
incommensurable with the rectangle AE, EZ. [x. 41] 
Let the same construction be made as before. 
We can then prove similarly that | 
CF, FD are also incommensurable in square, 
the sum of the squares on AZ, EB is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle 44, EP with the rectangle CF, FD; 
so that the sum of the squares on CF, FD is also medial, 
the rectangle CF, FD is medial, 
and moreover the sum of the squares on CF, FD is incom- 
mensurable with the rectangle CF, FD. 


Therefore CD is the side of the sum of two medial areas. 
Q. E. D. 


QO 


Et F 


PROPOSITION 71. 


If a rational and a medial area be added together, four 
trrational straight lines arise, namely a binomial or a first 
bimedial or a major or a side of a rational plus a medial 
area. 


Let AB be rational, and CD medial ; 
I say that the “side” of the area AD is a binomial or a first 


bimedial or a major or a side of a rational plus a medial 
area. 
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For AB is either greater or less than CD. 

First, let it be greater ; 
let a rational straight line ZF be set out, 
let there be applied to EF the rectangle EG equal to AB, 
producing E77 as breadth, 
and let 777, equal to DC, be applied to E, producing HK 
as breadth. 

A c 


F G i 
B D 

Then, since 4Z is rational and is equal to ZG, 
therefore ÆG is also rational. 

And it has been applied to EF, producing E77 as breadth; 
therefore ZH is rational and commensurable in length with 

[x. 20] 

Again, since CD is medial and is equal to 777, 

therefore /// is also medial. 


And it is applied to the rational straight line Z7, pro- 
ducing Æ as breadth ; 


therefore /7€ is rational and incommensurable in length 
with EF. | [x. 22] 


And, since CD is medial, 
while 4B is rational, 
therefore AB is incommensurable with CD, 
so that ÆG is also incommensurable with 777. 
But, as ÆG is to /7/, so is EH to HK: (vi. 1] 
therefore £/7 is also incommensurable in length with HX. 


[x. 11] 
And both are rational ; 


therefore ZH, HK are rational straight lines commensurable 
in square only ; 


therefore EK is a binomial straight line, divided at Æ. [x. 36] 


~- A aA ow 
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And, since AB is greater than CD, 
while 44 is equal to EG and CD to 777, 
therefore ÆG is also greater than 777 ; 
therefore ZH is also greater than HÆK. 


The square, then, on ZZ is greater than the square on 
HK either by the square on a straight line commensurable 
in length with ZA or by the square on a straight line in- 
commensurable with it. 

First, let the square on it be greater by the square on a 
straight line commensurable with itself. 

Now the greater straight line YZ is commensurable in 
length with the rational straight line EZ set out ; 
therefore ZX is a first binomial. [x. Deff. 11. 1] 

But EZ is rational ; 
and, if an area be contained by a rational straight line and the 
first binomial, the side of the square equal to the area is 
binomial. [x. 54] 

Therefore the “side” of £7 is binomial ; 
so that the *'side" of 4D is also binomial. 


Next, let the square on E/7 be greater than the square 
on HK by the square on a straight line incommensurable 
with EZ. 

Now the greater straight line EA is commensurable in 
length with the rational straight line E set out ; 
therefore EK is a fourth binomial. [x. Deff. 1. 4] 

But £F is rational ; 
and, if an area be contained by a rational straight line and the 
fourth binomial, the “side” of the area is the irrational straight 
line called major. [x. 57] 

Therefore the “side” of the area £7 is major ; 
so that the “side” of the area 4D is also major. 


Next, let 447 be less than CD; 
therefore ÆG is also less than 777, 
so that ZZ is also less than 77K. 

Now the square on 77K is greater than the square on £H 
either by the square on a straight line commensurable with 
HK or by the square on a straight line incommensurable 
with it. 
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First, let the square on it be greater by the square on a 
straight line commensurable in length with itself. 
Now the lesser straight line EH is commensurable in 
length with the rational straight line EZ set out ; 
therefore ZX is a second binomial. [x. Def. it. 2] 
But E is rational ; 
and, if an area be contained by a rational straight line and 
the second binomial, the side of the square equal to it is a 
first bimedial ; [x. 55] 
therefore the “side” of the area ÆZ is a first bimedial, 
so that the “side” of AD is also a first bimedial. 


Next, let the square on 77K be greater than the square 
on HE by the square on a straight line incommensurable 
with 77K. 

Now the lesser straight line 4/7 is commensurable with 
the rational straight line EZ set out ; 
therefore ZX is a fifth binomial. [x. Deff. ir. 5] 

But EF is rational ; 
and, if an area be contained by a rational straight line and the 
fifth binomial, the side of the square equal to the area is a 
side of a rational plus a medial area. [x. 58] 

Therefore the “side” of the area ÆZ is a side of a rational 
plus a medial area, 
so that the “side” of the area AD is also a side of a rational 
plus a medial area. 

Therefore etc. Q. E. D. 


A rational area being of the form p°, and a medial area of the form 
A/A . p°, the problem is to classify 


| JE JA. pl 
according to the different possible relations between 4, A. 
Put ou = kp’, 
ov = JA. p°. 


Then, since the former rectangle is rational, the latter medial, 
u is rational and ^ oc, 
v is rational and v» c. 
Also the rectangles are incommensurable ; 
so that u v T. 
Hence x, v are rational and ~; 
whence (4 + v) is a binomial straight line. 


—~ manu inj 


= 


ots 
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The possibilities now are as follows : 
I. u>v. 
Then either 
(1) v-au, 
or (2) V#—vu u, 
while in both cases » ^ c. 
In case (1) (x ^ v) is a first binomial straight line, 
and in case (2) (u + v) is a fourth binomial straight line. ; 


Thus Vo (u + v) is either (1) a binomial straight line [x. 54] or (2) a major 
irrational straight line [x. 57]. 


II. v^ v. 
Then either 
(1) N-an, 
or (2) Jw-u v, 
while in both cases v v ø, but «^c. 
Hence, in case (1), (v + u) is a second binomial straight line, 
and, in case (2), (v + u) is a fifth binomial straight line. 


Thus Vo (v + u) is either (1) a first bimedial straight line [x. 55], or (2) a 
side of a rational plus a medial area [x. 58]. 


PROPOSITION 72. 


Jf two medial areas incommensurable with one another be 
added together, the remaining two irrational straight lines 
arise, namely either a second bimedial or a side of the sum of 
two medial areas. 


For let two medial areas AB, CD incommensurable with 
one another be added together ; 


I say that the "side" of the area AD is either a second 
bimedial or a side of the sum of two medial areas. 


A C 
E F 
B Ð K | 
For AZ is either greater or less than CD. 


First, if it so chance, let 42 be greater than CD. 
Let the rational straight line EF be set out, 


and to EF let there be applied the rectangle EG equal to 


156 BOOK X [x. 72 


AB and producing ZA as breadth, and the rectangle 777 
equal to CD and producing //X as breadth. | 
Now, since each of the areas 4B, CD is medial, 
therefore each of the areas EG, HZ is also medial. 
And they are applied to the rational straight line FZ, 
producing AA, HK as breadth ; 
therefore each of the straight lines EA, HK is rational and 
incommensurable in length with EF. [x. 22] 
And, since 44 7 is incommensurable with CD, 
and AB is equal to EG, and CD to 777, 
therefore ÆG is also incommensurable with 777. 
But, as ÆG is to /77, so is EA to HK ; [vi. 1] 
therefore EH is incommensurable in length with Æ. [x. 11] 
Therefore EH, HK are rational straight lines commen- 
surable in square only ; | 
therefore EK is binomial. [x. 36] 
But the square on ZÆ is greater than the square on HK 
either by the square on a straight line commensurable with 
EH or by the square on a straight line incommensurable 
with it. 
First, let the square on it be greater by the square on a 
Wai e line commensurable in length with itself. 
ow neither of the straight lines ZH, /7K is commen- 
surable in length with the rational straight line E set out ; 
therefore EK is a third binomial. [x. Def. 11. 3] 
But ZF is rational ; 
and, if an area be contained by a rational straight line and the 
third binomial, the “side” of the area is a second bimedial ; 
[x. 56] 
therefore the “side” of £7, that is, of A D, is a second bimedial. 


Next, let the square on EH be greater than the square 
on ZZK by the square on a straight line incommensurable in 
length with £77. 

Now each of the straight lines ZH, /7K is incommen- 
surable in length with EZ; 
therefore EX is a sixth binomial. [x. Deff. ir. 6] 


But, if an area be contained by a rational straight line and 


E PI ~ a» 


~= g wove 


ae ums 
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the sixth binomial, the “side” of the area is the side of the 
sum of two medial areas; [x. 59] 
so that the “side” of the area AD is also the side of the 
sum of two medial areas. 


Therefore etc. 
Q. E. D. 


We have to classify, according to the different possible relations between 
&, À, the straight line l 
J Jk. ph Jd. p’, 


where JA. p? and JÀ. p! are incommensurable. 
Suppose that ou= Sk. p, 
gv — JA. p. 
It is immaterial whether J4.p* or /A. p? is the greater. Suppose, e.g., 
that the former is. 
Now, JA. P, Jà. p* being both medial areas, and c rational, 


u, v are both rational and v e ............. Um (1). 
Again, by hypothesis, CH v» OD, 
Or vir p (2). 


Hence [(1), (2)] (x + v) is a binomial straight line. 
Next, ~u? =° is either commensurable or incommensurable in length 
with x. 
(a) Suppose Ji - ^ u. 
In this case (u + v) is a third binomial straight line, 
and therefore [x. 56] 
Jo (u + v) is a second bimedial straight line. 


(B) If V-t ou, 
(u + v) is a sixth binomial straight line, 
and therefore [x. 59] 
lo (u + v) is a side of the sum of two medial areas. 





The binomial straight line and the irrational straight lines 
after it are neither the same with the medial nor with one 
another. | 

For the square on a medial, if applied to a rational straight 
line, produces as breadth a straight line rational and incom- 
mensurable in length with that to which it is applied. — [x. 22] 

But the square on the binomial, if applied to a rational 
straight line, produces as breadth the first binomial. [x. 60] 

he square on the first bimedial, if applied to a rational 
straight line, produces as breadth the second binomial. [x. 61] 
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The square on the second bimedial, if applied to a rational 
straight line, produces as breadth the third binomial. —[x. 62] 

The square on the major, if applied to a rational straight 
line, produces as breadth the fourth binomial. [x 63] 

The square on the side of a rational plus a medial area, if 
applied to a rational straight line, produces as breadth the fifth 
binomial. [x. 64] 

The square on the side of the sum of two medial areas, if 
applied to a rational straight line, produces as breadth the 
sixth binomial. [x. 65] 

And the said breadths differ both from the first and from 
one another: from the first because it is rational, and from 
one another because they are not the same in order ; 


so that the irrational straight lines themselves also differ from 
one another. 


The explanation after x. 72 is for the purpose of showing that all the 
irrational straight lines treated hitherto are different from one another, viz. the 
medial, the six irrational straight lines beginning with the binomial, and the 
six consisting of the first, second, third, fourth, fifth and sixth binomials. 


PROPOSITION 73. 


Jf from a rational straight line there be subtracted a 
rational straight line commensurable with the whole in square 
only, the remainder is irrational; and let it be called an 
apotome. 


For from the rational straight line AB let the rational 
straight line BC, commensurable with 
the whole in square only, be sub- 4 c6 7-8 
tracted ; 
I say that the remainder AC is the irrational straight line 
called apotome. 

For, since 4B is incommensurable in length with BC, 
and, as 44 B is to BC, so is the square on AZ to the rectangle 
AB, BC, l 


therefore the square on 7447 is incommensurable with the 








rectangle AB, AC. [x. 11] 
But the squares on 4B, BC are commensurable with the 
square on AB, [x. 15] 


and twice the rectangle AB, BC is commensurable with the 
rectangle 42, BC. [x- 6] 
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And, inasmuch as the squares on AB, BC are equal to 
twice the rectangle 42, BC together with the square on CA, 


[u. 7] 
therefore the squares on AB, BC are also incommensurable 
with the remainder, the square on AC. [x. 13, 16] 

But the squares on AB, BC are rational ; 
therefore AC is irrational. [x. Def. 4] 


And let it be called an apotome. 
Q. E. D. 


Euclid now passes to the irrational straight lines which are the difference 
and not, as before, the sum of two straight lines. Apotome (“portion cut off”) 
accordingly takes the place of 4:nomial and the other terms follow mutatis 
mutandis. The first hexad of propositions (73 to 78) exhibit the six irrational 
straight lines which are really the result of extracting the sguare root of the six 
irrationals in the later propositions 85 to 9o (or, strictly speaking, of finding 
the sides of squares equal to the rectangles formed by each of those six 
irrational straight lines respectively with a rational straight line). "Thus, just 
as in the corresponding propositions about the irrational straight lines formed 
by addition, the further removed irrationals, so to speak, come first. 

We shall denote the afotome etc. by (x — y), which is formed by subtracting 
a certain lesser straight line y from a greater x. In x. 79 and later propositions 
y is called by Euclid the annex () mposappóćčovoa), being the straight line which, 
when added to the apotome or other irrational formed by subtraction, makes 
up the greater x. 

The methods of proof are exactly the same as in the preceding propositions 
about the irrational straight lines formed by addition. 

In this proposition x, y are rational straight lines commensurable in square 
only, and we have to prove that (x — y), the apofome, is irrational. 


X ^- y, so that x v y: 


therefore, since Xiycx:isx, 
x? v Xy. 
But x? ^ (x? 4 y^), and xy ^ 2xy; 
therefore X HI? O 2xy, 
whence (x — y)? v (x? +y’). 


But (x? + y?) is rational ; 
therefore (x — y}, and consequently (x — y), is irrational. 


The apotome (x — y) is of the form p ~ /&. p, just as the binomial straight 
line is of the form p + A. p. 


PROPOSITION 74. 


Jf from a medial straight line there be subtracted a medial 
straight line which zs commensurable with the whole tn square 
only, and which contains with the whole a rational rectangle, 
the remainder is irrational. And let it be called a first 
apotome of a medial straight line. 
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For from the medial straight line AZ let there be sub- 
tracted the medial straight line BC 
which is commensurable with AB in A Ç B 
square only and with 4B makes the 
rectangle 42, BC rational ; 
I say that the remainder AC is irrational; and let it be 
called a first apotome of a medial straight line. 


For, since 48, BC are medial, 
the squares on AB, BC are also medial. 
But twice the rectangle 447, BC is rational ; 


therefore the squares on AB, BC are incommensurable with 
twice the rectangle 42, BC; 


therefore twice the rectangle 42, BC is also incommensurable 
with the remainder, the square on AC, [cf. 1. 7] 





since, if the whole is incommensurable with one of the magni- 
tudes, the original magnitudes will also be incommensurable. 
[x. 16] 
But twice the rectangle 42, BC is rational ; 


therefore the square on AC is irrational ; 
therefore AC is irrational. [x. Def. 4] 


And let it be called a first apotome of a medial straight 
line. 


The first apotome of a medial straight line is the difference between straight 


lines of the form 4p, &*p, which are medial straight lines commensurable in 
square only and forming a rational rectangle. 


By hypothesis, x*, 7? are medial areas. 
And, since xy is rational, — (x* 53) o xy 
v 2Xy, 
whence (x — y v 2xy. 
But 2xy is rational ; 
therefore (x — y}, and consequently (x — y), is irrational. 
This irrational, which is of the form (Fp = kip), is the first apotome of a 


medial straight line; the term corresponding of course to first bimedial, which 
applies where the sign is positive. 
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PROPOSITION 75. 


Jf from a medial straight line there be subtracted a medial 
straight line which is commensurable with the whole in square 
only, and which contains with the whole a medial rectangle, 
the remainder is irrational; and let zt be called a second 
apotome of a medial strazght line. 


For from the medial straight line AZ let there be sub- 
tracted the medial straight line CB which is commensurable 
with the whole 4B in square only and such that the rectangle 
A B, BC, which it contains with the whole 48, is medial; [x. 28] 


I say that the remainder AC is irrational; and let it be called 
a second apotome of a medial straight line. 


A ¢ B 


I HE 


For let a rational straight line DZ be set out, 


let DE equal to the squares on 4B, BC be applied to DZ, 
producing DG as breadth, 


and let DH equal to twice the rectangle 4B, BC be applied 
to D/, producing DF as breadth ; 


therefore the remainder FÆ is equal to the square on AC. 
(11. 7] 
Now, since the squares on 4B, BC are medial and 
commensurable, 


therefore DÆ is also medial. [X. 15 and 23, Por.] 


And it is applied to the rational straight line D/, producing 
DG as breadth ; 


therefore DG is rational and incommensurable in length 
with DZ. [x. 22] 


Again; since the rectangle 44 P, BC is medial, 


therefore twice the rectangle 4B, BC is also medial. 
[X. 23, Por.] 


H. E. III. II 
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And it is equal to DH’; 
therefore DZ is also medial. 


And it has been applied to the rational straight line DZ, 
producing DF as breadth ; 


therefore DF is rational and incommensurable in length 


with DZ. [x. 22] 
And, since AB, BC are commensurable in square only, 

therefore 42 is incommensurable in length with BC; 

therefore the square on AZ is also incommensurable with the 


rectangle 4B, BC. [x. 11] 

But the squares on AB, BC are commensurable with the 
square on 4B, [x. 15] 
and twice the rectangle 4B, BC is commensurable with the 
rectangle AB, BC; [x. 6] 
therefore twice the rectangle 4B, BC is incommensurable with 
the squares on AB, BC. [x. 13] 


But DE is equal to the squares on AB, BC, 
and DH to twice the rectangle 4B, BC; 
therefore DE is incommensurable with DÆ. 
But, as DE is to DA, so is GD to DF; [vi. 1] 
therefore GØ is incommensurable with DF. [x. 11] 
And both are rational ; 
therefore GD, DF are rational straight lines commensurable 
in square only ; 
therefore /G is an apotome. [x. 73] 
But DZ is rational, 
and the rectangle contained by a rational and an irrational 
straight line is irrational, [deduction from x. 20] 
and its “side” is irrational. 
And AC is the “side” of FZ; 
therefore AC is irrational. 
And let it be called a second apotome of a medial 
straight line. 
Q. E. D. 


We have here the difference between 4l, Jr. p/k, two medial straight 
lines commensurable in square only and containing a medial rectangle. 
Apply each of the areas (x? +°), 2xy to a rational straight line ø, i.e. 
suppose that ' 
X +y? = u, 
2Xy = ov. 


^N 


X. 75, 76] PROPOSITIONS 75, 76 163 


Then cz, ov are medial areas, 


so that x, v are both rational and v Ø ............. eene (1). 
Again, . Xv); 

therefore x3 o xy, 

and consequently x! y! o 2xy, 

Or ou v OU, g 

and Mo eoa amu (2). 


Thus [(1), (2)] #, v are rational and ~; 
therefore [x. 73] (« — v) is an agotome, 
and, (t — v) being thus irrational, 
(%—v)o is an irrational area. 
Hence (x — y)*, and consequently (x — y), is irrational. 





The irrational straight line Rp ~ s P is called a second apotome of a 


medial straight line. 


PROPOSITION 76. 


Jf from a straight line there be subtracted a straight line 
which ts incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
rational, but the rectangle contained by them medial, the 
remainder is irrational ; and let it be called minor. 


For from the straight line 4B let there be subtracted the 
straight line BC which is incom- 


mensurable in square with the whole A ó B 
. and fulfils the given conditions. [x. 33] 


I say that the remainder AC is the irrational straight line 
called minor. 


For, since the sum of the squares on 4B, BC is rational, 
while twice the rectangle 4B, BC is medial, 


therefore the squares on 48, BC are incommensurable with 
twice the rectangle 4B, BC; 


and, convertendo, the squares on AZ, BC are incommensurable 
with the remainder, the square on AC. [n. 7, x. 16] 


But the squares on AB, BC are rational ; 
therefore the square on AC is irrational ; 
therefore AC is irrational. 
And let it be called minor. 
Q. E. D. 


11—2 
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x, y are here of the form found in x. 33, viz. 


EO PECES ay (ee 

J2 Ji+k 2 A1 
By hypothesis (x? + »?) is a rational, xy a medial, area. 
Therefore (xt y?) o» 2xy, 

whence (æ — yy v (x? +7’). 
Therefore (x — y)*, and consequently (x — y), is irrational. 
The minor (irrational) straight line is thus of the form 


Observe the use of convertendo (avactpépavtt) for the inference that, since 
(x? + y*) v 2xy, (x? - 9?) v (x — f. The use of the word corresponds exactly 
to its use in proportions. | 








PROPOSITION 77. 


Jf from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole, and which 
with the whole makes the sum of the squares on them medial, 
but twice the rectangle contained by them rational, the remainder 
ts irrational: and let it be called that which produces with 
a rational area a medial whole. 


For from the straight line 4B let there be subtracted the 
straight line BC which is incommensurable in square 
with AB and fulfils the given conditions ; [x34] A 


I say that the remainder AC is the irrational straight 
line aforesaid. ` 


For, since the sum of the squares on AB, BC is 
medial, 
while twice the rectangle 4B, BC is rational, 
therefore the squares on 4B, BC are incommensurable — 8 
with twice the rectangle 4B, BC; 
therefore the remainder also, the square on AC, is incom- 
mensurable with twice the rectangle 42B, BC. [1. 7, x. 16] 
And twice the rectangle 48, BC is rational ; 
therefore the square on AC is irrational ; 
therefore AC is irrational. 


And let it be called that which produces with a 
rational area a medial whole. 
Q. E. D. 
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Here x, y are of the form [cf. x. 34] 


he tk, -e Mie BA 


X2 (1 + £) 4/2 (1 + £)) 
By hypothesis, (x° + 5?) is a medial, xy a rational, area ; 
thus (x7 + y?) » 2xy, 
and therefore (x — 9? o 2xy, 


whence (x — y}, and consequently (x — y), is irrational. 
The irrational straight line 


NUT NNI ey p 4w— N I-AÀ—4À 

[2 (1 4 &) d 2 (1 + A) M 
is called that which produces with a rational area a medial whole or more 
literally that which with a rational area makes the whole medial (y pera pyrod 
pérov tò Gdov moto)ga). Here “produces” means “ produces when a square 
is described on it.” A clearer way of expressing the meaning would be to call 
this straight line the “side” of a medial minus a rational area corresponding 
to the ** szde" of a rational plus a medial area |x. 40]. 


PRoPosiTION 78. 


Jf from a straight line there be subtracted a straight line 
which is incommensurable in square with the whole and which 
with the whole makes the sum of the squares on them mediat, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them, the remainder is irrational ; and let ıt be 
called that which produces with a medial area a 
medial whole. ° 


For from the straight line 447 let there be subtracted the 
straight line BC incommensurable in 
square with AZ and fulfilling the ob FG 
given conditions ; [x. 35] 
I say that the remainder AC is the 
irrational straight line called that 
which produces with a medial 


area a medial whole. l HE 
For let a rational straight line DZ A CG B 
be set out, 


to DZ let there be applied DE equal to the squares on AB, 
BC, producing DG as breadth, 


and let DH equal to twice the rectangle AB, BC be 
subtracted. 
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Therefore the remainder FF is equal to the square 
on AC, [. 7] 
so that AC is the “side” of FE. 


Now, since the sum of the squares on 48, BC is medial 
and is equal to DZ, 


therefore DE is medial. 


And it is applied to the rational straight line D/, producing 
DG as breadth ; 


therefore DG is rational and incommensurable in length 
with DZ. [x. 22] 


Again, since twice the rectangle 4B, BC is medial and is 
equal to DH, 


therefore DH is medial. 


And it is applied to the rational straight line DZ, producing 
DF as breadth ; 


therefore D is also rational and incommensurable in length 


with DZ. [x. 22] 


And, since the squares on 4B, BC are incommensurable 
with twice the rectangle 4B, BC, 


therefore DZ is also incommensurable with DÆ. 
But, as DE is to DH, so also is DG to DF; (vr. 1] 
therefore DG is incommensurable with DF. [x. 11] 
And both are rational ; 


therefore GD, DF are rational straight lines commensurable 
in square only. 


Therefore FG is an apotome. [x. 73] 
And FH is rational ; 


but the rectangle contained by a rational straight line and an 
apotome is irrational, [deduction from x. 20] 


and its “side” is irrational. 
And AC is the "side" of FZ; 
therefore AC is irrational. 


And let it be called that which produces with a 
medial area a medial whole. 


Q. E. D. 


æ ar 


w 


~ GG 
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In this case x, y have respectively the forms [cf. x. 35] 


a E iva e 
2 1448 J/2 Jr 8 





Suppose that x!4!-gu, 
2Xy = OV. 
By hypothesis, the areas ou, ov are medial ; 
therefore s, v are both rational and Uo ..........cc.c eee cc cece eee neeeeteenens (1). 
Further CH o OD, 
so that MOU: aT aaa bae (2). 


Hence [(1), (2)] 14 v are rational and ~, 

so that (u — v) is the irrational straight line called apotome [x. 73]. 
Thus ø (4 — v) is an irrational area, 

so that (x — y), and consequently (x — y), is irrational. 
The irrational straight line 


prt p Mi A 
BO ud OEY ec t. RT rese 
/2 Ji+kh v2 J1 + 


is called that which produces [i.e. when a square is described on it) with a 
medial area a medial whole, more literally that which with a medial area makes 
the whole medial (y pera pésov pérov tò O0Xov rovodoa). A clearer phrase (to 
us) would be the “side” of the difference between two medial areas, correspond- 
ing to the “ side ” of (the sum of) two medial areas [x. 41]. 


PROPOSITION 79. 


To an apotome only one rational straight line can be 
annexed which ts commensurable with the whole in square only. 


Let AB be an apotome, and AC an annex to it ; 
therefore AC, CP are rational 
straight lines commensurable in 
square only. [x. 73] 

I say that no other rational 
straight line can be annexed to 42 which is commensurable 
with the whole in square only. 

For, if possible, let BD be so annexed ; 
therefore 4D, DB are also rational straight lines commen- 
surable in square only. | [x. 73] 

Now, since the excess of the squares on 4D, DB over 
twice the rectangle 4D, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 


for both exceed by the same, the square on AB, [1. 7] 
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therefore, alternately, the excess of the squares on 4D, DB 
over the squares on AC, CB is the excess of twice the rect- 
angle 4D, DB over twice the rectangle AC, CB. 


But the squares on 4D, DB exceed the squares on AC, 
CB by a rational area, 


for both are rational ; 


therefore twice the rectangle 4D, DB also exceeds twice the 
rectangle 4C, CB by a rational area: 


which is impossible, 
for both are medial [x. 21], and a medial area does not exceed 
a medial by a rational area. [x. 26] 


Therefore no other rational straight line can be annexed 
to AB which is commensurable with the whole in square only. 
Therefore only one rational straight line can be annexed 
to an apotome which is commensurable with the whole in 
square only. 
Q. E. D. 


This proposition proves the equivalent of the well-known theorem of surds 
hat, 
ifa — Jb = x — Jy, then a =x, ó-y; 
and, if Va — Jb = Jx - Jy, then a= x, b =y. 

The method of proof corresponds to that of x. 42 for positive signs. 


Suppose, if possible, that an afofome can be expressed as (x — y) and also 
as (x' — y"), where x, y are rational straight lines commensurable in square only, 
and x’, y’ are so also. 


Of x, x', let x be the greater. 
Now, since x—-y-2x-y, 
x! yh (2 y") = 2xy axy. 
But (x* + 5?), (x° +y”) are both rational, so that their difference is a 
rational area. 


Ji On the other hand, 2xy, 2x'y' are both medial areas, being of the form 
ph 
therefore the difference between two medial areas is rational : 
which is impossible [x. 26]. 
Therefore etc. 


PROPOSITION 80. 


Jo a first apotome of a medial straight line only one 
medial straight line can be annexed which ts commensurable 
with the whole in square only and which contains with the 
whole a rational rectangle. 


——— Oo —— y ~ X 


yr 


ry 
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For let AZ be a first apotome of a medial straight line, 
and let BC be an annex to A7 ; : 
therefore AC, CB are medial s > EE. 
straight lines commensurable in 
square only and such that the rectangle 4C, CB which they 
contain is rational ; [x. 74] 


I say that no other medial straight line can be annexed to 
AB which is commensurable with the whole in square only 
and which contains with the whole a rational area. 


For, if possible, let DB also be so annexed ; 


therefore 4D, DB are medial straight lines commensurable 
in square only and such that the rectangle 4D, DB which 
they contain is rational. : [x. 74] 


Now, since the excess of the squares on 4D, DP over 
twice the rectangle 4D, DB is also the excess of the squares 
on AC, CB over twice the rectangle AC, CB, 


for they exceed by the same, the square on AB, [1. 7] 


therefore, alternately, the excess of the squares on AD, DB 
over the squares on AC, CB is also the excess of twice the 
rectangle 4D, DB over twice the rectangle AC, CB. 


But twice the rectangle 4D, DB exceeds twice the rect- 
angle AC, CB by a rational area, 


for both are rational. 


Therefore the squares on 4D, DB also exceed the squares 
on AC, CB by a rational area : 


which is impossible, 
for both are medial [x. 15 and 23, Por.], and a medial area does 
not exceed a medial by a rational area. [x. 26] 


Therefore etc. 





Q. E. D. 


Suppose, if possible, that the same first apotome of a medial straight line 

can be expressed in terms of the required character in two ways, so that 
x—-ycx-y, 

and suppose that x > x’. 

In this case x? + y*, (x° +y”) are both medial areas, and 2xy, 2x'y' are both 
rational areas ; 
and x? + y! —(x" + y’) = 2xy — 2x'y'. 

Hence x. 26 is contradicted again ; 
therefore etc. 
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PROPOSITION 81. 


To a second apotome of a medial straight line only one 
medial straight line can be annexed which ts commensurable 
with the whole in square only and which contains with the 
whole a medial rectangle. 


Let AB be a second apotome of a medial straight line 
and BC an annex to AB; 
therefore 4C, CB are medial straight ^ 8  ¢ © 
lines commensurable in square only and , 
such that the rectangle 4C, CB which 1 
they contain is medial. [x. 75] 

I say that no other medial straight line 
can be annexed to AB which is commen- 
surable with the whole in square only and 
which contains with the whole a medial 
rectangle. 

For, if possible, let BD also be so 
annexed ; 
therefore 4D, DB are also medial straight 
lines commensurable in square only and 
such that the rectangle 4D, DB which 
they contain is medial. [x. 75] 

Let a rational straight line EF be set out, 


let EG equal to the squares on AC, CB be applied to EF, 
producing £4 as breadth, 


and let ÆG equal to twice the rectangle 4C, CB be sub- 
tracted, producing 7777 as breadth ; 


therefore the remainder EZ is equal to the square on 4B, 


(a. 7] 
so that 48 is the “side” of EZ. 


Again, let EJ equal to the squares on 4D, DB be applied 
to EF, producing EV as breadth. 
But ZZ is also equal to the square on 447; 


therefore the remainder /77/ is equal to twice the rectangle 
AD, DB. [u. 7] 


O 


Im 


Now, since 4C, CB are medial straight lines, 
therefore the squares on AC, CB are also medial. 


Dne aai -ar ser ee y 
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And they are equal to EG ; 
therefore ÆG is also medial. [x. 15 and 23, Por.] 


And it is applied to the rational straight line ZF, producing 
EM as breadth ; 


therefore ÆM is rational and incommensurable in length 
with EF. [x. 22] 


Again, since the rectangle 4C, CB is medial, 

twice the rectangle AC, CB is also medial. [x. 23, Por.] 
And it is equal to HG; 

therefore HG is also medial. 


And it is applied to the rational straight line E, producing 
HM as breadth ; 


therefore 7/7/47 is also rational and incommensurable in length 
with EF. [x. 22] 


And, since 4C, CB are commensurable in square only, 
therefore AC is incommensurable in length with CB. 

But, as AC is to CB, so is the square on AC to the rect- 
angle 4C, CB; 
therefore the square on AC is incommensurable with the 
rectangle 4C, CB. [x. 11] 


But the squares on 4C, CB are commensurable with the 
square on AC, 


while twice the rectangle 4C, CB is commensurable with the 


rectangle 4C, CB; [x. 6] 
therefore the squares on AC, CB are incommensurable with 
twice the rectangle 4C, CB. [x. 13] 


And ZG is equal to the squares on 4C, CB, 
while GĦ is equal to twice the rectangle 4C, CB; 
therefore ÆG is incommensurable with ÆG. 
But, as EG is to HG, so is EM to HM; [vi. 1] 
therefore EM is incommensurable in length with MÆ. [x. 11] 
And both are rational ; 


therefore EM, MH are rational straight lines commensurable 
in square only ; 
therefore £77 is an apotome, and HM an annex to it. .[x. 73] 
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Similarly we can prove that ÆN is also an annex to it; 


therefore to an apotome different straight lines are annexed 
which are commensurable with the wholes in square only : 


which is impossible. [x. 79] 
Therefore etc. 
Q. E. D. 


As the irrationality of the second apotome of a medial straight line was 
deduced [x. 75] from the irrationality of an apotome, so the present theorem 
is reduced to x. 79. 


Suppose, if possible, that (x — y), (x’—,y’) are the same second apotome of 
a medial straight line ; 
and let (say) x be greater than x’. 

Apply (x? * »?), 2xy and also (x? + y'*), 2x'y’ to a rational straight line c, 
i.e. put 
" sie snd ciues 

2xy = gU 2X'y — gU 

Dealing with (x — y) first, we have: 

(x? + y?) is a medial area, and 2xy is also a medial area. 


Therefore u, v are both rational and v e. ...................seeeesueeee (1). 
Also, since x ~- y, X5 

so that Be Xy, 

whence, as usual, x! y! 2xy, 

that is, Tu v c, 

and therefore Mo ^ ia a eden E (2). 


Thus [(1) and (2)] x, v are rational and ~, 

so that (u — v) is an apotome. 
Similarly (v' — v^) is proved to be the same apotome. 
Hence this apotome is formed in two ways: 

which contradicts x. 79. 


Therefore the original hypothesis is false, and a second apotome of a 
medial straight line is uniquely formed. 


PROPOSITION 82. 


Jo a minor straight tine only one straight line can be 
annexed which is incommensurable in square with the whole 
and which makes, with the whole, the sum of the squares on 
them rational but twice the rectangle contained by them medial. 


Let AZ be the minor straight line, and let BC be an 
annex to 4B; 
therefore 4C, CB are straight A 8 Ç D 
lines incommensurable in square 
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which make the sum of the squares on them rational, but 
twice the rectangle contained by them medial. [x. 76] 


I say that no other straight line can be annexed to 4B 
fulfilling the same conditions. 

For, if possible, let BD be so annexed ; 
therefore AD, DB are also straight lines incommensurable 
in square which fulfil the aforesaid conditions. [x. 76] 

Now, since the excess of the squares on AD, DB over 
the squares on AC, CB is also the excess of twice the rect- 
angle AD, DB over twice the rectangle 4C, CB, 
while the squares on AD, DB exceed the squares on AC, 
CB by a rational area, 


for both are rational, 


therefore twice the rectangle 4D, DP also exceeds twice 
the rectangle 4C, CB by a rational area: 


which is impossible, for both are medial. [x. 26] 


Therefore to a minor straight line only one straight 
line can be annexed which is incommensurable in square with 
the whole and which makes the squares on them added 
together rational, but twice the rectangle contained by them 
medial. 

Q. E. D. 


Suppose, if possible, that, with the usual notation, 
x-y-x-y;j 

and let x (say) be greater than 4. 

In this case (x* + y*), (x'* 4- y?) are both rational areas, 
and 2xy, 2x'y' are both medial areas. 

But, as before, — (x*4 5?) — (x ^ +y”) = 2xy— 2x'y', 
so that the difference between two medial areas is rational : 
which is impossible [x. 26]. 

Therefore etc. 


PROPOSITION 83. 


To a straight line which produces with a rational area a 
medial whole only one straight tine can be annexed which ts 
incommensurable in square with the whole straight line and 
which with the whole straight line makes the sum of the squares 
on them medial, but twice the rectangle contained by them 
rational, 
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Let AB be the straight line which produces with a rational 
area a medial whole, 
and let BC be an annex to 4B; A B C D 
therefore AC, CB are straight lines 
incommensurable in square which fulfil the given — | 
X. 77 
I say that no other straight line can be annexed to 4B 
which fulfils the same conditions. 
For, if possible, let BD be so annexed ; 
therefore 4D, DP are also straight lines incommensurable in 
square which fulfil the given conditions. [x. 77] 
Since then, as in the preceding cases, 
the excess of the squares on AD, DB over the squares on 
AC, CB is also the excess of twice the rectangle 4D, DB 
over twice the rectangle 4C, CB, 
while twice the rectangle 4D, DB exceeds twice the rectangle 
AC, CB by a rational area, 
for both are rational, 
therefore the squares on AD, DB also exceed the squares 
on AC, CB by a rational area: 
which is impossible, for both are medial. [x. 26] 
Therefore no other straight line can be annexed to 4B 
which is incommensurable in square with the whole and which 
with the whole fulfils the aforesaid conditions ; 
therefore only one straight line can be so annexed. 
Q. E. D. 





Suppose, with the same notation, that 


x—yzXx-y. (x > x) 
Hae (x? + 59), (x"*-- »?) being both medial areas, and 2xy, 2x'y' both 
rational areas, 


while (x° + y?) — (x? + y?) = 2xy - ax'y', 
X. 26 is contradicted again. 
Therefore etc. 


PROPOSITION 84. 


To a straight line which produces with a medial area a 
medial whole only one straight line can be annexed which ts 
incommensurable in square with the whole straight line and 
_ which with the whole straight line makes the sum of the squares 
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on them medial and twice the rectangle contained by them both 
medial and also incommensurable with the sum of the squares 
on them. 


Let AB be the straight line which produces with a medial 
area a medial whole, 


and BC an annex to it; 
therefore AC, CZ are straight lines incommensurable in square 


which fulfil the aforesaid conditions. [x. 78] 
A B CD 
E H M N 
FL 20 - 


I say that no other straight line can be annexed to 4B 
which fulfils the aforesaid conditions. 
For, if possible, let BD be so annexed, 
so that 4D, DB are also straight lines incommensurable in 
square which make the squares on 4D, DB added together 
medial, twice the rectangle 4D, DB medial, and also the 
squares on 4D, DB incommensurable with twice the rectangle 
AD, DB. [x. 78] 
Let a rational straight line EF be set out, 
let EG equal to the squares on AC, CB be applied to ZF, 
producing Z4 as breadth, 
and let HG equal to twice the rectangle AC, CB be applied 
to EF, producing 77/7 as breadth ; 
therefore the remainder, the square on AB [u. 7], is equal 
to EZ; 
therefore AB is the “side” of EZ. 


Again, let £7 equal to the squares on AD, DB be applied 
to EF, producing E as breadth. 

But the square on AB is also equal to EZ; 
therefore the remainder, twice the rectangle 4D, DB [n. 7], 
is equal to 777. 
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Now, since the sum of the squares on AC, CB is medial 
and is equal to EG, 
therefore ÆG is also medial. 

And it is applied to the rational straight line EF, pro- 
ducing ÆM as breadth ; 
therefore ÆM is rational and incommensurable in length 
with EF. [x. 22] 


Again, since twice the rectangle 4C, CB is medial and is 
equal to HG, 


therefore HG is also medial. 


And it is applied to the rational straight line EF, pro- 
ducing 7777 as breadth ; 


therefore 77/7 is rational and incommensurable in length 
with £F. [x. 22] 


And, since the squares on 4C, CB are incommensurable 
with twice the rectangle 4C, CB, 


EG is also incommensurable with 77G ; 
therefore E is also incommensurable in length with MÆ. 


[VI. 1, X. 11] 
And both are rational ; 


therefore EM, MH are rational straight lines commensurable 
in square only ; 


therefore £/7 is an apotome, and 77/7 an annex to it. (x. 73] 


Similarly we can prove that £7 is again an apotome and 
FIN an annex to it. 

Therefore to an apotome different rational straight lines 
are annexed which are commensurable with the wholes in 
square only: 


which was proved impossible. [x. 79] 


Therefore no other straight line can be so annexed to 4B. 

Therefore to AB only one straight line can be annexed 
which is incommensurable in square with the whole and which 
with the whole makes the squares on them added together 
medial, twice the rectangle contained by them medial, and 
also the squares on them incommensurable with twice the 
rectangle contained by them. 

Q. E. D. 
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With the usual notation, suppose that i 


x-yzx-y. (x > x) 
Let oed and x? +y’ = ou 
2xy = OV 2x'y = oU }. 


Consider (x — y) first ; 
it follows, since (x° + y*), 2xy are both medial areas, that 


u, v are both rational and v ............ sisi Issue Lir DIN IEEE EUER (1). 
But x! y! o 2xy, 

that is, Cu w cU, 

and therefore RV Mem (2). 


Therefore [(1) and (2)] #, v are rational and ~; 
hence (1 — v) is an apotome. 
Similarly (z#’ — 7’) is proved to be the same apotome. 
Thus the same apotome is formed as such in two ways: 
which is impossible [x. 79]. 
Therefore, etc. 
DEFINITIONS III. 


I. Given a rational straight line and an apotome, if the 
square on the whole be greater than the square on the annex 
by the square on a straight line commensurable in length with 
the whole, and the whole be commensurable in length with 
the rational straight line set out, let the apotome be called a 
first apotome, 


2. But if the annex be commensurable in length with 
the rational straight line set out, and the square on the whole 
be greater than that on the annex by the square on a straight 
line commensurable with the whole, let the apotome be called 
a second apotome. 


3. But if neither be commensurable in length with the 
rational straight line set out, and the square on the whole be 
greater than the square on the annex by the square on a 
straight line commensurable with the whole, let the apotome 
be called a third apotome. 


4. Again, if the square on the whole be greater than 
the square on the annex by the square on a straight line 
incommensurable with the whole, then, if the whole be com- 
mensurable in length with the rational straight line set out, 
let the apotome be called a fourth apotome ; 


s. ifthe annex be so commensurable, a fifth ; 
6. and, if neither, a sixth. 


H. E. III. I2 
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PROPOSITION 85. 


To find the first apotome. 

Let a rational straight line 4 be set out, 
and let BG be commensurable in length with 4 ; 
therefore BG is also rational. 


B Cc G 








i E F D 


Let two square numbers DE, EF be set out, and let their 
difference FD not be square ; 
therefore neither has ED to DF the ratio which a square 
number has to a square number. 

Let it be contrived that, 
as £D is to DF, so is the square on BG to the square on GC; 


[x. 6, Por.] 
therefore the square on ZG is commensurable with the square 
on GC. [x. 6] 


But the square on ZG is rational ; 
therefore the square on GC is also rational ; 
therefore GC is also rational. 
And, since £D has not to DF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number; 
therefore BG is incommensurable in length with GC. — [x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 


] say next that it is also a first apotome. 

For let the square on Æ be that by which the square on 
BG is greater than the square on GC. 

Now since, as ED is to FD, so is the square on BG to 
the square on GC, 
therefore also, convertendo, [v. 19, Por.] 
as DE is to EF, so is the square on GB to the square on Æ. 
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But DE has to EF the ratio which a square number has 

to a square number, 

for each is square ; 


therefore the square on GB also has to the square on Æ the 
ratio which a square number has to a square number ; 


therefore BG is commensurable in length with Æ. [x. 9] 


And the square on ZG is greater than the square on GC 
by the square on Z7; 


therefore the square on BG is greater than the square on GC 
by the square on a straight line commensurable in length 


| with BG. 


And the whole BG is commensurable in length with the 
rational straight line 4 set out. 
Therefore BC is a first apotome. [x. Deff. ur. 1] 
Therefore the first apotome SC has been found. 
(Being) that which it was required to find. 


Take 4p commensurable in length with p, the given rational straight line. 
Let m, n? be square numbers such that (7 — n?) is not square. 


Take x such that m? : (mn) = RP 232gsseeeee (1), 
ic gut 
so that t= kp a 
= hp /1—A*, say. 


Then shall £p — x, or Ap —&p 4/1 — A}, be a first apotome, 

For (a) it follows from (1) that x is rational but incommensurable with fp, 
whence Zp, x are rational and ~, 
so that (£p — x) is an apotome. 
(B) Ify = £p! — x*, then, by (1), convertendo, 

m*:nt-Bp:y, 

whence y, that is, Ap? — x*, is commensurable in length with 4p. 

And kp ^p; 
therefore 4p — x is a first apotome. 

As explained in the note to x. 48, the first apotome 

kp ~kp/1 — 23 
is one of the roots of the equation 
x*—2kp.x + NR pF - o. 


12—2 
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PROPOSITION 86. 


To find the second apotome. 


Let a rational straight line 4 be set out, and GC com- 
mensurable in length with .4; 
therefore GC is rational. EXCEL EE EE 

Let two square numbers DZ, 9.9 8 
EF be set out, and let their H 
difference DF not be square. 

Now let it be contrived that, É 3 D 
as FD is to DE, so is the square 
on CG to the square on GB. [x. 6, Por.] 

Therefore the square on CG is commensurable with the 
square on GB. [x. 6] 

But the square on CG is rational ; 
therefore the square on GZ is also rational ; 
therefore BG is rational. . 

And, since the square on GC has not to the square on GB 
the ratio which a square number has to a square number, 

CG is incommensurable in length with G7. [x. 9] 

And both are rational ; 
therefore CG, GB are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 





I say next that it is also a second apotome. 

For let the square on Æ be that by which the square on 
BG is greater than the square on GC. 

Since then, as the square on BG is to the square on GC, 
so is the number £2 to the number D, 
therefore, convertendo, 
as the square on BG is to the square on 77, so is DE to EF. 


[v. 19, Por.] 
And each of the numbers DZ, EF is square; 
therefore the square on AG has to the square on Æ the ratio 
which a square number has to a square number ; 
therefore BG is commensurable in length with Æ. [x- 9] 
And the square on ZG is greater than the square on GC 
by the square on Æ ; 
therefore the square on BG is greater than the square on GC 
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by the square on a straight line commensurable in length 
with BG. 

And CG, the annex, is commensurable with the rational 
straight line 4 set out. 


Therefore BC is a second apotome. [x. Deff. ur. 2] 
Therefore the second apotome SC has been found. 
Q. E. D. 


Take, as before, 4p commensurable in length with p. 
Let m, 5! be again square numbers, but (m? — #*) not square. 


Take x such that ESI) c» SIP PA vs ccnscaridanteviecdaasadin (1), 
whence x = kp M 
Nr t 
_ Ap 
"MEM TT 


Thus x is greater than Ap. 
Then x — Åp, or p. — kp, 1s a second apotome. 
J1—X 


For (a), as before, x is rational and ~ Ap. 
(B) If x3— Pg! 2 y*, we have, from (1), 
m= x7: ¥*. 
Thus y, or 4/x* — 4p’, is commensurable in length with x. 
And Ap is ^ p. 
Therefore x — £p is a second apotome. 
As explained in the note on x. 49, the second apotome 


kp 
ee ee 
Ji-M P 


is the lesser root of the equation 








PRoPosiTION 87. 


To find the third apotome. 
Let a rational straight line 4 be set out, 


let three numbers Æ, BC, CD be 
set out which have not to one 
another the ratio which a square ££ HW 5 
number has to a square number, 
but let CB have to BD the ratio 
which a square number has to a — E 
square number. 

Let it be contrived that, as E 
is to BC, so is the square on 4 to the square on FG, 
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and, as BC is to CD, so is the square on FG to the square 
on GH. (x. 6, Por.] 

Since then, as Æ is to BC, so is the square on A to the 
square on FG, 


therefore the square on 4 is commensurable with the square. 


on FG. [x. 6] 
But the square on 4 is rational ; 

therefore the square on FG is also rational ; 

therefore FG is rational. 


And, since Æ has not to BC the ratio which a square 
number has to a square number, 


therefore neither has the square on A to the square on FG 
the ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with FG. [x. 9] 


Again, since, as BC is to CD, so is the square on FG to 
the square on GH, 


therefore the square on FG is commensurable with the square 
on GH. [x. 6] 


But the square on FG is rational ; 
therefore the square on GH is also rational ; 
therefore GÆ is rational. 


And, since BC has not to CD the ratio which a square 
number has to a square number, 
therefore neither has the square on FG to the square on GH 
the ratio which a square number has to a square number ; 
therefore FG is incommensurable in length with GH. — (x. 9] 
And both are rational ; 
. therefore FG, GH are rational straight lines commefsurable 
in square only ; 
therefore FH is an apotome. | [x. 73] 


I say next that it is also a third apotome. 
For since, as Æ is to BC, so is the square on A to the 
square on FG, 


and, as BC is to CD, so is the square on FG to the square 
on Z7G, 


therefore, ex aegualz, as E is to CD, so is the square on 4 
to the square on AG. — [v. 22] 
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But Æ has not to CD the ratio which a square number 
has to a square number ; 


therefore neither has the square on 4 to the square on GH 
the ratio which a square number has to a square number; 


. therefore 4 is incommensurable in length with GÆ. [x. 9] 


Therefore neither of the straight lines FG, GH is 
commensurable in length with the rational straight line 4 
set out. | 

Now let the square on K be that by which the square on 
FG is greater than the square on GH. 

Since then, as BC is to CD, so is the square on FG to 
the square on GZ7, 
therefore, convertendo, as BC is to BD, so is the square on 
FG to the square on K. [V. 19, Por.] 


But BC has to BD the ratio which a square number has 
to a square number ; 
therefore the square on FG also has to the square on Æ the 
ratio which a square number has to a square number. 
Therefore FG is commensurable in length with X, [x. 9] 
and the square on FG is greater than the square on GH by 
the square on a straight line commensurable with FG. 


And neither of the straight lines FG, GH is commen- 
surable in length with the rational straight line 4 set out ; 


therefore 7/7 is a third apotome. [x. Deff. 111. 3] 
Therefore the third apotome FH has been found. 
Q. E. D. 


Let p be a rational straight line. 

Take numbers 2, gm’, g (m? — n°) which have not to one another the ratio 
of square to square. | 

Now let x, y be such that 

DEIR EPER hees, EOE (1) 

and Quique eei cu (2). 

Then shall (x — y) be a ¢hird apotome. 

For (a), from (x), 
æ% is rational but vp «ir Mp Rr EE De Me es vo P Sec i (3). 

And, from (2), y is rational but » x. 

Therefore x, y are rational and ~, 


so that (x — y) is an apotome. 
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(B) By (1), (2), ex aequali, 
P:g(m—-nmn)-p:y, 
whence y {v p. 


Thus, by this and (3), x, y are both v p ........... eese (4). 
Lastly, let 2? = x? — y’, so that, from (2), convertendo, 


Jw? :gni-xtis 
therefore z, or J/x$—J3, ^ x «isses entere nensem nee then es (5). 


Thus [(4) and (5)] (x ~y) is a third apotome. 
To find its form, we have, from (1) and (2), 


y=p. mee 
so that z-y= pm- Jr) 


This may be written in the form 
mk.p—m,/R.pxN1—M. 
As explained in the note on x. 5o, this is the lesser root of the equation 
x!—2m,/E.px + Mmikp? = o. 


PRoposITION 88. 
To find the fourth apotome. 


Let a rational straight line 4 be set out, and BG com- 
mensurable in length with it ; 


therefore AG is also rational. 


| E eee 
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Let two numbers DF, FE be set out such that the whole 
DE has not to either of the numbers DF, EF the ratio 
which a square number has to a square number. 

Let it be contrived that, as DE is to EF, so is the square 


on ZG to the square on GC; [x. 6, Por.] 
therefore the square on BG is commensurable with the square 
on GC. [x. 6] 


But the square on BG is rational ; 
therefore the square on GC is also rational ; 
therefore GC is rational. 
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Now, since DE has not to EF the ratio which a square 
number has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with GC.  [x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 


Now let the square on Æ be that by which the square on 
BG is greater than the square on GC. 


Since then, as DE is to EF, so is the square on BG to 
the square on GC, 
therefore also, convertendo, as ED is to DF, so is the square 
on GB to the square on Æ. [v. 19, Por.] 
But £D has not to DF the ratio which a square number 
has to a square number ; 


therefore neither has the square on GB to the square on 77 
the ratio which a square number has to a square number ; 


therefore BG is incommensurable in length with ZZ. [x. 9] 


And the square on BG is greater than the square on GC 
by the square on 77; 


therefore the square on BG is greater than the square on GC 
by the square on a straight line incommensurable with BG. 


And the whole BG is commensurable in length with the 
rational straight line 4 set out. 
Therefore BC is a fourth apotome. (x. Def. 111. 4] 
Therefore the fourth apotome has been found. 
Q. E. D. 
Beginning with p, 4p, as in X. 85, 86, we take numbers m, n such that 


(m +n) has not to either of the numbers m, 7 the ratio of a square number to 
a square nuniber. 








Take x such that OE) oe 2 ee ee (1), 
whence x= kp £ 
m+n 
E T 
iA á 


Rp 
JI+A 





Then shall (4p — x), or (4p E ). be a fourth apotome. 
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For, by (1), x is rational and ~ 4p. 
Also V#p? — x’ is incommensurable with £p, since 
(m + n): m= Rp : (Ep — x), 
and the ratio (m + &) : m is not that of a square number to a square number. 
And &p c p. 
As explained in the note on x. 51, the fourth apotome 


kp 
Rp dU 
á VI+A A 
is the lesser root of the quadratic equation | 


A 3 
X — 2hp. x + EP = Q, 


PROPOSITION 8ọ. 


To find the fifth apotome. 


Let a rational straight line 4 be set out, 
and let CG be commensurable in length 


with A ; p, |P | 

therefore CG is rational. 
Let two numbers DF, FE be set out C ! 

such that DZ again has not to either of the ja |, ( 

numbers DF, FE the ratio which a square 

number has to a square number ; qi |F 

and let it be contrived that, as ZZ is to ED, 

so is the square on CG to the square on GB. E | 
Therefore the square on G7 is also | 

rational ; [x. 6] i 


therefore BG is also rational. 
Now since, as DE is to EF, so is the square on BG to 
the square on GC, 
while DE has not to EF the ratio which a square number 
has to a square number, 
therefore neither has the square on BG to the square on GC 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with GC.  [x. 9] 
And both are rational ; 
therefore BG, GC are rational straight lines commensurable 
in square only ; 
therefore BC is an apotome. [x. 73] 


SS WU. 


= 
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I say next that it is also a fifth apotome. 

For let the square on 77 be that by which the square on 
BG is greater than the square on GC. 

Since then, as the square on BG is to the square on GC, 
so is DE to EF, 


therefore, convertendo, as ED is to DF, so is the square on 
BG to the square on Æ. [v. 19, Por.] 


But £D has not to DF the ratio which a square number 
has to a square number ; 
therefore neither has the square on BG to the square on 77 
the ratio which a square number has to a square number ; 
therefore BG is incommensurable in length with Æ. [x- 9] 


And the square on ZG is greater than the square on GC 
by the square on Æ; 


therefore the square on GB is greater than the square on GC 


by the square on a straight line incommensurable in length 
with GB. 


And the annex CG is commensurable in length with the : 
rational straight line 4 set out; 


therefore BC is a fifth apotome. [x. Deff. ur. 5] 
Therefore the fifth apotome BC has been found. 
Q. E. D. 


Let p, £p and the numbers m, n of the last proposition be taken. 
Take x such that nHii(mda Ep x oe ins (1). 





In this case x > Ap, and z= ip, / 727 


= kp/1 +), say. 
Then shall (x - kp), or (kpn 1 + a — kp), be a fifth apotome. 
For, by (1), x is rational and ~ p. 
And since, by (1), (m + 4!) : m= s (x? — kp), 
/x2— Bp! is incommensurable with x. 
Also £p ^ p. 
As explained in the note on x. 52, the fft apotome 
kpn 1 +À — Rp 


is the lesser root of the quadratic 
a3 — ako 1 +À. x + Akp = o. 
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PROPOSITION 9o. 
To find the sixth apotome. 


Let a rational straight line 4 be set out, and three 
numbers Æ, BC, CD not havin 
to one another the ratio which A 
a square number has to a square ———4———— ——— — —q 


FH 
number ; 
and further let CZ also nof have 
to BD the ratio which a square 
number has to a square number. B b € 
Let it be contrived that, as 
E is to BC, so is the square on A to the square on F/G, 


and, as BC is to CD, so is the square on FG to the square 
on GH. [x. 6, Por.] 


Now since, as Æ is to BC, so is the square on 4 to the 
square on ZG, 


therefore the square on A is commensurable with the square 
on FG. [x. 6] 


But the square on / is rational ; 
therefore the square on FG is also rational ; 
therefore FG is also rational. 


And, since Æ has not to BC the ratio which a square 
number has to a square number, 


therefore neither has the square on 4 to the square on FG 
the ratio which a square number has to a square number ; 


therefore 4 is incommensurable in length with FG. [x. 9] 


Again, since, as BC is to CD, so is the square on FG to 
the square on GA, 


therefore the square on FG is commensurable with the square 
on GH. (x. 6] 


But the square on FG is rational ; 
therefore the square on GĦ is also rational ; 
therefore GÆ is also rational. 


And, since BC has not to CD the ratio which a square 
number has to a square number, 


— 


+ me A N 
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therefore neither has the square on FG to the square on GĦ 

the ratio which a square number has to a square number ; 

therefore FG is incommensurable in length with GH. — [x. 9] 
And both are rational ; 

therefore FG, GH are rational straight lines commensurable 

in square only ; 

therefore FH is an apotome. [x. 73] 


I say next that it is also a sixth apotome. 

For since, as Æ is to BC, so is the square on 4 to the 
square on FG, 
and, as BC is to CD, so is the square on FG to the square 
on GH, 
therefore, ex aegualz, as E is to CD, so is the square on 4 to 
the square on GA. [v. 22] ` 


But Æ has not to CD the ratio which a square number 
has to a square number ; 
therefore neither has the square on 4 to the square on GH 
the ratio which a square number has to a square number ; 
therefore 4 is incommensurable in length with GĦ; — (x. 9] 


therefore neither of the straight lines FG, GH is commen- 
surable in length with the rational straight line 4. 


Now let the square on X be that by which the square on 
FG is greater than the square on GÆ. 

Since then, as BC is to CD, so is the square on FG to 
the square on GH, 


therefore, convertendo, as CB is to BD, so is the square on 

FG to the square on K. [V. 19, Por.] 
But CZ has not to BD the ratio which a square number 

has to a square number ; 

therefore neither has the square on FG to the square on X 

the ratio which a square number has to a square number ; 

therefore FG is incommensurable in length with X. [x. 9] 
And the square on FG is greater than the square on GH 

by the square on KX; 

therefore the square on FG is greater than the square on GH 


by the square on a straight line incommensurable in length 
with FG. 
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And neither of the straight lines FG, GĦ is commen- 
surable with the rational straight line 4 set out. 


Therefore FH is a sixth apotome. (x. Deff. 11. 6] 
Therefore the sixth apotome FH has been found. 
| Q. E. D. 


Let p be the given rational straight line. 

Take numbers f, (m + n), n which have not to one another the ratio of a 
square number to a square number, m, 2 being also chosen such that the 
ratio (s + 1) : m is not that of square to square. 


Take x, y such that p: (mAn) Sp: a TSE (1), 
UH EH) oW xot cac otia A (2). 

Then shall (x — y) be a sixth apotome. 
For, by (1), x is rational and o p ................ eese OE (3). 
By (2), since x is rational, 

y is rational and v x ................eeese (4). 
Thus [(3), (4)] (x-y) is an apotome. 
Again, ex aequali, pin=p*: P, 


whence y v p. 
Thus x, y are both v p. 
Lastly, convertendo from (2), 
(m - n):m-x':(x*-—-) 
whence V — 53 v x. 
Therefore (x — y) is a sixth apotome. 


From (1) and (2) we have 
gens [m+n 
J= orf = 
Ż 3 
so that the szx// apotome may be written 


ENDE 
p ? p p! 


or, more simply, Jk. p — AJÀ. p. 
As explained in the note on x. 53, the sixth apofome is the lesser root of 
the equation 








x? — 2 k. px + (£—X)p* =0. 


PROPOSITION QI. 
Jf an area be contained by a rational straight line and a 
first apotome, the “side” of the area ts an apotome. 


For let the area 4B be contained by the rational straight 
line AC and the first apotome 4D ; 


I say that the “side” of the area AZ is an apotome. 


dE ELE 


— w 
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For, since 4D is a first apotome, let DG be its annex ; 
therefore 4G, GD are rational straight lines commensurable 
in square only. [x- 73] 

And the whole AG is commensurable with the rational 
straight line 4C set out, 
and the square on AG is greater than the square on GD 
by the square on a straight line commensurable in length 
with AG; [x. Deff. rr. 1] 
if therefore there be applied to 4G a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 


figure, it divides it into commensurable parts. [x. 17] 
A D E F a 
C | K 





Let DG be bisected at Æ, 


let there be applied to 4G a parallelogram equal to the square 
on ZG and deficient by a square figure, 


and let it be the rectangle 4/, FG ; 
therefore AF is commensurable with FG. 


And through the points Æ, Z, G let £77, F7, GK be drawn 
parallel to AC. 


Now, since AF is commensurable in length with FG, 


therefore 4G is also commensurable in length with each of ' 
the straight lines AF, FG. [X- 15] 


But AG is commensurable with AC ; 


therefore each of the straight lines AF, FG is commensurable 
in length with AC. [x. 12] 
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And AC is rational ; 
therefore each of the straight lines AF, FG is also rational, 
so that each of the rectangles 4/, FK is also rational. [x 19] 
Now, since DE is commensurable in length with EG, 


therefore DG is also commensurable in length with each of 

the straight lines DE, EG. [x- 15] 
But DG is rational and incommensurable in length 

with AC; 

therefore each of the straight lines DZ, EG is also rational 

and incommensurable in length with 4C ; [x. 13] 

therefore each of the rectangles DH, EK is medial. [x 21] 


Now let the square LM be made equal to 747, and let 
there be subtracted the square VO having a common angle 
with it, the angle LPM, and equal to FK; 
therefore the squares LM, NO are about the same diameter. 

[vr. 26] 

Let PR be their diameter, and let the figure be drawn. 

Since then the rectangle contained by 74 F, FG is equal to 
the square on EG, 


therefore, as AF is to EG, so is EG to FG. (vi. 17] 
But, as AF is to EG, so is A/ to EK, 
and, as EG is to FG, so is EK to KF; o Dea 


therefore £4 is a mean proportional between 747, KF. (v. 11] 


But MN is also a mean proportional between LM, NO, 
as was before proved, [Lemma after x. 53] 


and AJ is equal to the square LM, and KF to NO; 
therefore MN is also equal to E K. 

But EK is equal to DH, and MN to LO; 
therefore DX is equal to the gnomon UV W and NO. 
But 4X is also equal to the squares LM, NO; 
therefore the remainder AB is equal to ST. 

But ST is the square on LN ; 
therefore the square on LM is equal to 442 ; 
therefore LN is the "side" of A B. 


—- - 


-—— — 
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I say next that LV is an apotome. 
For, since-each of the rectangles 4/, FK is rational, 


and they are equal to LM, NO, 


therefore each of the squares LM, NO, that is, the squares on 
LP, PN respectively, is also rational ; 


therefore each of the straight lines LP, PN is also rational. 
Again, since DÆ is medial and is equal to ZO, 

therefore ZO is also medial. | 
Since then ZO is medial, 

while AO is rational, 

therefore ZO is incommensurable with VO. 
But, as LO is to VO, so is LP to PN; (vi. 1] 

therefore LP is incommensurable in length with PA. [x. 11] 
And both are rational ; 

therefore LP, PN are rational straight lines commensurable 

in square only ; 

therefore LN is an apotome. [x- 73] 
And it is the “side” of the area AZ; 

therefore the “side” of the area 4Z is an apotome. 
Therefore etc. 


This proposition corresponds to X. 54, and the problem solved in it is to 
find and to classify the side of a square equal to the rectangle contained by a 
first apotome and p, or (algebraically) to find 


a/p (kp — kp N 1 —A?). 
First find x, v from the equations 
u+v=kp 
- pere im] 
If v, v represent the values so found, put 


x? = pu } 
"—— P A T 2), 
J = pu (2) 
and (x — y) shall be the square root required. 


To prove this Euclid argues thus. 


By (1), u : kp NI- - MpwtT-X :o, 
whence pu : Mp NT-N = Mp! J1—X : po, 
or x: bhp? Vr-X gp I-MIS 
But [Lemma after x. 53] 
es LY =X: 
so that xy = FRP 1-2. (3). 


H. E. III. 13 
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Therefore (x — yy = x? -y!-2xy 
= p(u 4 v) - Ag! J 1 - M 
= Ap! — kp? / 1 — A. 
Thus (x — y) is equal to Vp (Ap — kp 4/1 — A’). 
It has next to be proved that (x — y) is an apotome. 
From (1) it follows, by x. 17, that 


“unv; 


thus x, v are both commensurable with (x +v) and therefore with p.... 


Hence x, v are both rational, 
so that pu, pv are rational areas ; 


therefore, by (2), x°, y* are rational and commensurable ................ 
whence also x, y are rational straight lines ...............ecsceeseeeeeeeeeees 


Next, 4p ví -X is rational and v p; 
therefore 414p! ~ 1 — X is a medial area. 


That is, by (3), xy is a medial area. 
But [(5)] »? is a rational area ; 


therefore xy y, 

or Xv y. 
But [(6)] x, y are both rational. 
Therefore x, y are rational and ~ ; 

so that (x — y) is an apotome. 





OI, 92 


Zh" 


To find the form of (x — y) algebraically, we have, by solving (1), € 
u -iÀ£p(1X), 
v= hkp (1- A), 
whence, from (2), x=p e (1 +A), 
E ; 
J7p v; 2 (1 m À), 
E unisce x 1 
[k 
and z-y-p / (143-5 5 (tA). 
As explained in the note on x. 54, (x — y) is the lesser positive root of the 
biquadratic equation 
x4 — 2&p? . x3 + N Bp! = o. 
PROPOSITION 92. 
Jf an area be contained by a rational straight line and a 
second apotome, the “side” of the area is a first apotome of a ( 


medial straight line. 


For let the area 4B be contained by the rational straight 


line AC and the second apotome AD ; 


co o— - XS 


= pP æ m = gee : 
S 
~- 
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I say that the “side” of the area 4B is a first apotome of a 
medial straight line. 





For let DG be the annex to 4D; 
therefore 4G, GD are rational straight lines commensurable 
in square only, [x. 73] 
and the annex DG is commensurable with the rational straight 
line AC set out, 
while the square on the whole AG is greater than the square 
on the annex GD by the square on a straight line commen- 
surable in length with 4G. [x. Deff. ui. 2] 
Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on GD and deficient by a square 
figure, it divides it into commensurable parts. [x. 17] 
Let then DG be bisected at £, 


let there be applied to 4G a parallelogram equal to the square 
on ÆG and deficient by a square figure, 

and let it be the rectangle 4/7, FG; 

therefore AF is commensurable in length with FG. 


Therefore AG is also commensurable in length with each 
of the straight lines AF, FG. (x. 15] 

But AG is rational and incommensurable in length 
with AC; 


13—2 


196 BOOK X [x. 92 


therefore each of the straight lines 4/, FG is also rational 
and incommensurable in length with AC; [x. 13] 
therefore each of the rectangles 47, FK is medial.  [x. 21] 
" Again, since DE is commensurable with £G, 
therefore DG is also commensurable with each of the straight 
lines DE, EG. [x. 15] 
But DG is commensurable in length with AC. 
Therefore each of the rectangles DH, EK is rational. 
[x. 19] 
Let then the square LM be constructed equal to 747, 
and let there be subtracted VO equal to FK and being about 
the same angle with LM, namely the angle LPM; 
therefore the squares LM, NO are about the same — 
[vi. 26 


Let PR be their diameter, and let the figure be drawn. 


Since then 7447, FK are medial and are equal to the squares 
on LP, PN, 


the squares on LP, PN are also medial ; 


therefore LP, PN are also medial straight lines commen- 
surable in, square only. 


And, since the rectangle AF, FG is equal to the square 
on ZG, 


therefore, as AF is to EG, so is EG to FG, [vi. 17] 
while, as 44 F' is to EG, so is 47 to EK, 
and, as ÆG is to FG, so is EK to FK ; [vi. 1] 


therefore ZX is a mean proportional between 747, FK. [v. 11] 


But MN is also a mean proportional between the squares 
LM, NO, 


and AJ is equal to LM, and FK to NO; 
therefore MN is also equal to EK. 
But DH is equal to EK, and LO equal to MN; 


therefore the whole DX is equal to the gnomon UVW 
and WO. 


Since then the whole 44 is equal to LM, NO, 
and, in these, DA is equal to the gnomon UVW and NO, 
therefore the remainder AZ is equal to 7S. 


* 


--——— ——— — — 7 
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But 7S is the square on LN; 
therefore the square on ZW is equal to the area 4B; 
therefore LN is the “side” of the area 4B. 


I say that ZN is a first apotome of a medial straight line. 
For, since ÆĶ is rational and is equal to ZO, 


therefore ZO, that is, the rectangle Z P, PV, is rational. 

But AO was proved medial ; 
therefore ZO is incommensurable with AO. 

But, as LO is to VO, so is LP to PN; (vi. 1] 
therefore LP, PN are incommensurable in length. [x. 11] 


Therefore LP, PN are medial straight lines commen- 
surable in square only which contain a rational rectangle; 


therefore ZA is a first apotome of a medial straight line. 
[x. 74] 
And it is the “side” of the area 4B. 
Therefore the “side” of the area AZ is a first apotome 
of a medial straight line. 
Q. E. D. 


There is an evident flaw in the text in the place (Heiberg, p. 282, 
ll. 17—20: translation p. 196 above) where it is said that “since then 47, FK 
are medial and are equal to the squares on ZP, PN, the squares on ZP, PN 
are also medial ; therefore LP, PN are also medial straight lines commensurable 
in square only.” It is not till the last lines of the proposition (Heiberg, p. 284, 
ll. 17, 18) that it is proved that LP, PA are incommensurable in length. What 
should have been proved in the former passage is that the squares on LP, PN 
are commensurable, so that ZP, PN are commensurable in square (not 
commensurable in square on/y). I have supplied the step in the note below: 
* Also x* ^ y’, since u ^ v." Theon seems to have observed the omission and 
to have put “and commensurable with one another” after “ medial” in the 
passage quoted, though even this does not show wy the squares on LP, PN 
are commensurable. One. MS. (V) also has “only” (uovov) erased after 
* commensurable in square." 


This proposition amounts to finding and classifying 


Joes») 


The method is that of the last proposition. Euclid solves, first, the 
equations 





MrTU- 





Xs uUo E A a nds (1). 
uv = } kp’ 
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Then, using the values of v, v so found, he puts 


x! = pu 
ye : ; } METER E AE T E (2), 
and (x — y) is the square root required. 
That (x-y)=,/ P (42-49) 
is proved in the same way as is the corresponding fact in x. 91. 
From (1) u : $kp = d4p:v, 
so that pu: $ ko = 1Àp! : pv. 
But W: XY = XY: Y, 
whence, by (2), APS ERD a aA sides "—— (3). 
Therefore (x—-yyf22x-5-2xy 
=p (u + v) — kp’ 





kp ). 
= ——k 
E I-A! 
Next, we have to prove that (x — y) is a first apotome of a medial straight 
line. 
From (1) it follows, by x. 17, that 


WLU use teusetumt s uestis (4); 
therefore x, v are both ^ (u + v). l 


But [(1)] (« v) is rational and v p; 


therefore v, v are both rational and o p ..................... eese (5). 
Therefore pu, pv, or x°, y?, are both medial areas, and x, y are medial 

straight Tines 5. itis ues bu totes eade OO E tee v DU AGE (6). 
Also x7 ^ y*, since u ^ 0 [(4)]................... eese PRIEL (7). 
Now xy, or £p, is a rational area ; 

therefore Xy v y^ 

and X). 


Hence [(6), (7), (3)] x, y are medial straight lines commensurable in square 
only and containing a rational rectangle ; 


therefore (x — y) is a first apotome of a medial straight line. 
Algebraical solution of the equations gives 














TE E I+A 
RM 
id 
and psa Eas ey 


As explained in the note on x. 55, this is the lesser positive root of the 
equation 
2kp? X 
x WEM xo I S X Rp! = = 0. 
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PROPOSITION 93. 


Jf an area be contained by a rational straight line and a 
third apotome, the “side” of the area zs a second apotome of a 
medial straight line. | 

For let the area 4B be contained by the rational straigh 
line AC and the third apotome 4D; 

I say that the "side" of the area AB is a second apotome of 
a medial straight line. 

For let DG be the annex to 4D; 
therefore AG, GD are rational straight lines commensurable 
in square only, 
and neither of the straight lines 4G, GD is commensurable 
in length with the rational straight line AC set out, 
while the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line commen- 


surable with AG. [x. Def. m1. 3] 
A D E F G 
C | K 





Since then the square on AG is greater than the square 
on GD by the square on a straight line commensurable 
with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into commensurable parts. [x. 17] 

Let then DG be bisected at Z, 


let there be applied to AG a parallelogram equal to the 
square on ÆG and deficient by a square figure, 


and let it be the rectangle AF, FG. 
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Let EH, FI, GK be drawn through the points E, F, G 
parallel to AC. 
Therefore AF, FG are commensurable ; 


therefore 4/ is also commensurable with FK. [vi. 1, X. 11] 
And, since AF, FG are commensurable in length, 


therefore ÆG is also commensurable in length with each of 
the straight lines AF, FG. [x. 15] 


But AG is rational and incommensurable in length 


with AC; 
so that AF, FG are so also. [x. 13] 
Therefore each of the rectangles 447, FK is medial. [x. 21] 


Again, since DÆ is commensurable in length with EG, 


therefore DG is also commensurable in length with each of 
the straight lines DE, EG. [x. 15] 


But GD is rational and incommensurable in length 


with 4C; 


therefore each of the straight lines DE, EG is also rational 
and incommensurable in length with 4C; [x. 13] 


therefore each of the rectangles DH, EK is medial. (x 21] 
And, since 4G, GD are commensurable in square only, 
therefore AG is incommensurable in length with GD. 


But AG is commensurable in length with 4/, and DG 
with EG; 


therefore 44 is incommensurable in length with EG.  [x. 13] 
But, as AF is to EG, so is AJ to EK; [vt. 1] 
therefore 4/ is incommensurable with EK. [x. 11] 


Now let the square LM be constructed equal to 747, 


and let there be subtracted VO equal to FK and being about 
the same angle with LM ; 


therefore LM, NO are about the same diameter. [vi. 26] 


Let PA be their diameter, and let the figure be drawn. 
Now, since the rectangle AF, FG is equal to the square 
on EG, 


therefore, as AF is to EG, so is EG to FG. [vi. 17] 


-—— 
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But, as AF is to EG, so is AZ to EK, 

and, as EG is to FG, so is EK to FK; [vr. 1] 

therefore also, as 4/ is to EK, so is EK to FK; [v. 11] 


therefore ZX is a mean proportional between 747, FK. 

But MN is also a mean proportional between the squares 
LM, NO, 
and 447 is equal to LM, and FK to NO; 
therefore EK is also equal to MN. 

But MN is equal to ZO, and EK equal to DH; 
therefore the whole DK is also equal to the gnomon OV W 
and VO. | 

But AX is also equal to LM, NO; 
therefore the remainder 4B is equal to ST, that is, to the 
square on LN; 
therefore LN is the “side” of the area 4 B. 


, I say that ZN is a second apotome of a medial straight 
ine. 

For, since 447, FK were proved medial, and are equal to the 
squares on LP, PN, 
therefore each of the squares on LP, PN is also medial ; 
therefore each of the straight lines ZP, PN is medial. 

And, since AZ is commensurable with FK, [Vr. 1, x. 11] 
therefore the square on LP is also commensurable with the 
square on PN. 

Again, since /47 was proved incommensurable with EK, 
therefore LM is also incommensurable with MA, 
that is, the square on ZP with the rectangle LP, PN; 


so that ZP is also incommensurable in length with PV; 

[V1. 1, x. rr] 
therefore LP, PN are medial straight lines commensurable in 
square only. 


I say next that they also contain a medial rectangle. 

For, since EK was proved medial, and is equal to the 
rectangle LP, PN, 
therefore the rectangle LP, P is also medial, 
so that ZP, PN are medial straight lines commensurable in 
square only which contain a medial rectangle. 
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Let EH, FI, GK be drawn through the points E, F, G 
parallel to AC. 
Therefore AF, FG are commensurable ; 


therefore 7447 is also commensurable with FK. (vi. 1, x. 11] 
And, since 4 F, FG are commensurable in length, 
therefore AG is also commensurable in length with each of 


the straight lines AF, FG. [x. 15] 


But AG is rational and incommensurable in length 
with AC; 


so that AF, FG are so also. [x. 13] 
Therefore each of the rectangles 4/, FK is medial. [x. 21] 


Again, since DE is commensurable in length with EG, 


therefore DG is also commensurable in length with each of 
the straight lines DE, EG. [x. 15] 


But GD is rational and incommensurable in length 
with AC; 


therefore each of the straight lines DZ, EG is also rational 
and incommensurable in length with AC; [x. 13] 


therefore each of the rectangles DH, EX is medial. [x 21] 
And, since 4G, GD are commensurable in square only, 
therefore 4G is incommensurable in length with GD. 


But AG is commensurable in length with 4/, and DG 
with EG; 


therefore AF is incommensurable in length with EG.  [x. 13] 
But, as AF is to EG, so is A/ to EK ; [vr. 1] 
therefore AJ is incommensurable with £X. (x. 11] 


Now let the square LM be constructed equal to 747, 


and let there be subtracted VO equal to FK and being about 
the same angle with LM ; 


therefore LM, NO are about the same diameter. (vi. 26] 


Let PÈ be their diameter, and let the figure be drawn. 
Now, since the rectangle AF, FG is equal to the square 
on AG, 


therefore, as AF is to EG, so is EG to FG. [vt. 17] 
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But, as AF is to EG, so is A/ to EK, 
and, as EG is to FG, so is EK to FK ; [vr. 1] 
therefore also, as 4/ is to EK, sois EK to FK ; [v. 11] 
therefore EK is a mean proportional between 747, FK. 

But MN is also a mean proportional between the squares 
LM, NO, 
and AJ is equal to LM, and FK to NO; 
therefore EK is also equal to MN. 

But MN is equal to ZO, and EK equal to DAZ; 
therefore the whole DK is also equal to the gnomon UV W 
and VO. | 

But AX is also equal to LM, NO; 
therefore the remainder 4B is equal to ST, that is, to the 
square on LN ; 
therefore LV is the “side” of the area AB. 


i I say that ZV is a second apotome of a medial straight 
ine. 

For, since 4 Z, FK were proved medial, and are equal to the 
squares on LP, PN, 
therefore each of the squares on ZP, PN is also medial ; 
therefore each of the straight lines ZP, PN is medial. 

And, since 4/ is commensurable with FA, (vi. x, x. r1] 
therefore the square on ZP is also commensurable with the 
square on PN. 

Again, since 4/ was proved incommensurable with EK, 
therefore LM is also incommensurable with MAN, 
that is, the square on ZP with the rectangle LP, PN; 
so that ZP is also incommensurable in length with PV; 

(vi. 1, x. r1 
therefore £L P, PN are medial straight lines commensurable $ 
square only. 


I say next that they also contain a medial rectangle. 

For, since EK was proved medial, and is equal to the 
rectangle LP, PN, 
therefore the rectangle LP, PN is also medial, 
so that LP, PN are medial straight lines commensurable in 
square only which contain a medial rectangle. 
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Therefore £V is a second apotome of a medial straight 
line ; [x- 75] 


and it is the “side” of the area AB. 


Therefore the “side” of the area 4B is a second apotome 
of a medial straight line. 
Q. E. D. 


Here we are to find and classify the irrational straight line 


M p( J&.p — Jk. prt — M). 
Following the same method, we put 
“ut+v=J/k.p 
uv = Lap? (1 — M) | AAT mast Ce DU. (1). 
Next, v, v being found, let 
lle } er rere (2); 


y = pu 
then (x — y) is the square root required and is a second apotome of a medial 
straight line. 
That (x — y) is the square root required and that x’, y* are medial areas, so 
that x, y are medial straight lines, is proved exactly as in the last proposition. 
The rectangle xy, being equal to $ ,/2.p?/1 — A, is also medial. 


Now, from (r), by x. 17, uno v, 
whence NUM. 

But (u +0), or J&.p, v 3 JE. p 1—X; 
therefore uv) J&.pN1—X, 
and consequently pu o à JE. p JT — X, 
Or x! xy, 
whence X. 

And, since 4 ^ v, pu ^ pv, 
or xin y. 


Thus x, y are medial straight lines commensurable in square only. 
And xy is a medial area. 

Therefore (x — y) is a second apotome of a medial straight line. 

Its actual form is found by solving equations (1), (2) ; 


thus uw=h(J/k.pt+rAJk.p), 
v =$ (Vk. p- AÀ Jk. p), 
and seyan) 3 (ea) - p TGN 


As explained in the note on x. 56, this is the lesser positive root of the 
equation 


x — 2 Jk. pix? + Mp! =o. 
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PROPOSITION 94. 


Jf an area be contatned by a rational straight line and a 
fourth apotome, the “side” of the area is minor. 

For let the area 4B be contained by the rational straight 
line AC and the fourth apotome 4D; 
I say that the “side” of the area 4B is minor. 

For let DG be the annex to 4D; 
therefore 4G, GD are rational straight lines commensurable 
in square only, 
AG is commensurable in length with the rational straight line 
AC set out, 
and the square on the whole AG is greater than the square 
on the annex DG by the square on a straight line incommen- 


surable in length with 4G, (x. Deff. m1. 4] 
A D E F GQ 
C i K 





Since then the square on 4G is greater than the square 
on GD by the square on a straight line incommensurable 
in length with AG, 
therefore, if there be applied to AG a parallelogram equal to 
the fourth part of the square on DG and deficient by a square 
figure, it will divide it into incommensurable parts. [x. 18] 

Let then DG be bisected at Æ, 
let there be applied to 4G a parallelogram equal to the square 
on £G and deficient by a square figure, . 
and let it be the rectangle AF, FG; 
therefore AF is incommensurable in length with FG. 
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Let AH, FI, GK be drawn through Æ, F, G parallel to 
AC, BD. 


Since then AG is rational and commensurable in length 
with AC, 
therefore the whole 4X is rational. [x. 19] 
Again, since DG is incommensurable in length with 4C, 
and both are rational, 
therefore DX is medial. [x. 21] 
Again, since 4F is incommensurable in length with FG, 
therefore 4/ is also incommensurable with FÆ.  [vr. x, x. 11] 
Now let the square LM be constructed equal to 747, 
and let there be subtracted VO equal to FK and about the 
same angle, the angle LPM. 
Therefore the squares LM, NO are about the same 
diameter. [vr. 26] 
Let PR be their diameter, and let the figure be drawn. 


Since then the rectangle 44, FG is equal to the square 
on EG, 
therefore, proportionally, as AF is to EG, so is EG to FG. 


VI. I 

But, as A F is to EG, so is A/ to EK, onn 
and, as EG is to FG, so is EK to FK; [vr. 1] 
therefore EK is a mean proportional between 747, FK. [v. 11] 

But MN is also a mean proportional between the squares 
LM, NO, 
and AJ is equal to LM, and FK to NO; 
therefore EK is also equal to MN. 

But DH is equal to EK, and ZO is equal to WN; 
therefore the whole DX is equal to the gnomon UVW 
and AO. 

Since, then, the whole 44K is equal to the squares 
LM, NO, 
and, in these, DX is equal to the gnomon UV W and the 
square VO, 
therefore the remainder 4B is equal to 557, that is, to the 
square on LV; 
therefore ZL is the “side” of the area 4B. 


we 


e —— 
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I say that ZA is the irrational straight line called minor. 
For, since AX is rational and is equal to the squares on 
LP, PN, 
therefore the sum of the squares on ZP, PN is rational, 
Again, since DK is medial, 
and DX is equal to twice the rectangle LP, PN, 
therefore twice the rectangle LP, P is medial. 
And, since A/ was proved incommensurable with FK, 
therefore the square on ZF is also incommensurable with the 
square on PN. 


Therefore LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them rational, 
but twice the rectangle contained by them medial. 

Therefore ZW is the irrational straight line called minor; 





e -— [x. 76] 
and it is the “side” of the area AZ. 
Therefore the “side” of the area 4B is minor. 
Q. E. D. 
We have here to find and classify the straight line 
kp \ 
kp — —— 4). 
V^ Q7 
As usual, we find x, v from the equations 
u+u=kp 
aes ee ee (1), 
EE I+A | 
and then, giving v, v their values, we put 
x? = pu 
p» } Rd (2). 


Then (x — y) is the required square root. 
This is proved in the same way as before, and, as before, it is proved that 





21 ^5 
dE rs 
Now, from (1), by x. 18, uU; 
therefore pu v pv, 
or x? vy’, 


so that x, y are incommensurable in square. 
And x? + y*, or p (u + v), is a rational area (hp?). 





3 
But 2xy = AL which is a medial area. 


Hence [x. 76] (x-y) is the irrational straight line called minor. 
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Algebraical solution gives 


u = lp ( + Jo 
| v= Mo (s - / A). 
whence genu (: 4 VESENT — deus 


As explained in the note on x. 57, this is the lesser positive root of the 


equation 


À 
S 2 2 2.4. 
x4 — 2kp?. x ae z BPS = o. 


PROPOSITION 95. 


[f an area be contained by a rational straight line and a 
JU apotome, the “ side" of the area ts a straight line which 
produces with a rational area a medial whole. 


For let the area 4B be contained by the rational straight 
line AC and the fifth apotome 4D; 


I say that the “side” of the area 4B is a straight line which 
produces with a rational area a medial whole. 


For let DG be the annex to AD; 


therefore AG, GD are rational straight lines commensurable 
in square only, 


A D E F G 


C D N H i K 
L P 
s A o 
R T M 


the annex GD is commensurable in length with the rational 
straight line AC set out, 


and the square on the whole 4G is greater than the square 
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on the annex DG by the square on a straight line incommen- 
surable with AG. : [x. Deff. m1. 5] 
Therefore, if there be applied to AG a parallelogram 
equal to the fourth part of the square on DG and deficient 
by a square figure, it will divide it into incommensurable 
parts. [x. 18] 
Let then DG be bisected at the point Z, 
let there be applied to AG a parallelogram equal to the 
square on ÆG and deficient by a square figure, and let it be 
the rectangle AF, FG ; 
therefore AF is incommensurable in length with FG. 


Now, since ÆG is incommensurable in length with CA, 
and both are rational, 
therefore AX is medial. [x. 21] 
Again, since DG is rational and commensurable in length 
with AC, 
DK is rational. [x. 19] 
Now let the square LM be constructed equal to 747, and 
let the square AO equal to FK and about the same angle, the 
angle LPM, be subtracted ; 
therefore the squares LM, NO are about the same diameter. 
(v1. 26] 
Let PR be their diameter, and let the figure be drawn. 
Similarly then we can prove that ZV is the "side" of the 
area AB, 


I say that LN is the straight line which produces with a 
rational area a medial whole. 

For, since 44K was proved medial and is equal to the 
squares on LP, PN, 


therefore the sum of the squares on ZP, PN is medial. 


Again, since DĶ is rational and is equal to twice the 
rectangle LP, PN, 


the latter is itself also rational. 
And, since 747 is incommensurable with FK, 


therefore the square on ZF is also incommensurable with the 
square on PN ; 


therefore LP, PN are straight lines incommensurable in 
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square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. 


Therefore the remainder LN is the irrational straight line 
called that which produces with a rational area a medial 
whole ; [x- 77] 


and it is the “side” of the area ABZ. 


Therefore the “side” of the area AZ is a straight line 
which produces with a rational area a medial whole. 
Q. E. D. 


Here the problem is to find and classify 


| p (kp V1 -- X — kp). 


ut+v=kpNi+Aa } 
uv = 1 k°p’ 
and, v, v being found, we take 


As usual, we put 


x! = pu } 

With Addi ao ead 2). 
J =p e) 

Then (x — y) so found is our required square root. 

This fact is proved as before, and, as before, we see that 


xy = $ kp’. 
Now from (1), by x. 18, uv, 
whence pu pv, 
or xe P, 


and x, y are incommensurable in square. 


Next (2° + y!) = p (u + v) = kp? N 1 + A, which is a medial area. 

And 2xy = &p*, which is a rational area. 

Hence (x — y) is the “side” of a medial, minus a rational, area. [x. 77] 
Algebraical solution gives 


u- TP res JX); 


v=% (J7 +A- AN), 
and therefore 


x—y-p di (V1 X JÀ) — p A/ * Wi +à- JA), 


which is, as explained in the note to X. 58, the lesser positive root of the 
equation 





x4 — kp? I +X. x3 + Ak pt = o. 
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PROPOSITION 96. 


_ Jf an area be contained by a rational straight line and a 
sixth apotome, the “side” of the area ts a straight line which 
produces with a medial area a medial whole. 


For let the area AB be contained by the rational straight 
line AC and the sixth apotome 4D; 


I say that the ‘‘side” of the area AB isa straight line which 
produces. with a medial area a medial whole. 





For let DG be the annex to 4D; 


therefore 4G, GD are rational straight lines commensurable 
in square only, 


neither of them is commensurable in length with the rational 
straight line 4C set out, 


and the square on the whole AG is greater than the square 

on the annex DG by the square on a straight line incommen- 

surable in length with AG. [x. Deff. 11. 6] 
Since then the square on AG is greater than the square 

on GD by the square on a straight line incommensurable in 

length with 4G, 

therefore, if there be applied to 4G a parallelogram equal to 

the fourth part of the square on DG and deficient by a square 

figure, it will divide it into incommensurable parts. [x. 18] 
Let then DG be bisected at Æ, 

let there be applied to 4G a parallelogram equal to the square 


H. E. Ill. I4 
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on ZG and deficient by a square figure, and let it be the 
rectangle AF, FG; 
therefore AF is incommensurable in length with FG. 
But, as AF“ is to FG, so is Al to FK; [vi 1] 
therefore 4/ is incommensurable with FK. [x. 11] 
And, since 4G, AC are rational straight lines commensur- 
able in square only, 
AK is medial. . [x. 21] 


Again, since AC, DG are rational straight lines and 
incommensurable in length, 


DK is also medial. [x. 21] 
Now, since 4G, GD are commensurable in square only, 
therefore 4G is incommensurable in length with GD. 
But, as 4G is to GD, so is AK to KD; [vi. 1] 
therefore AK is incommensurable with KD. [x- 11] 


Now let the square LM be constructed equal to 47, 
and let VO equal to FĶ, and about the same angle, be 
subtracted ; 


therefore the squares LM, NO are about the same diameter. 
[v1. 26] 


Let PR be their diameter, and let the figure be drawn. 


Then in manner similar to the above we can prove that 
EN is the “side” of the area 4B. 


I say that LV is a straight line which produces with a 
medial area a medial whole. 

For, since 4 was proved medial and is equal to the 
squares on LP, PN, 


therefore the sum of the squares on L/P, PN is medial. 


Again, since D was proved medial and is equal to twice 
the rectangle LP, PN, 


twice the rectangle LP, PN is also medial. 
And, since 4X was proved incommensurable with DX, 


the squares on LP, PN are also incommensurable with twice 
the rectangle LP, PN. 


And, since 747 is incommensurable with FK, 


therefore the square on Z is also incommensurable with the 
square on PN ; 
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therefore ' LP, PN are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle contained by them medial, and further the 
squares on them incommensurable with twice the rectangle 
contained by them. 


Therefore LV is the irrational straight line called that 
which produces with a medial area a medial whole; [x. 78] 


and it is the “side” of the area 4B. 


Therefore the “side” of the area is a straight line which 
produces with a medial area a medial whole. 


Q. E. D. 
We have to find and classify 
Np GJ. p — JA. p). 
Put, as usual, l 
utv= Jk .p . 
lt } ere (1), 
and, v, v being thus found, let 
x? = pu 
Jio } P E A E (2). 
Then, as before, (x — y) is the square root required. 
For, from (1), by X. 18, M v v, 
whence pu o pv, 
or x v y 


and x, y are incommensurable in square. 
Next, 2° + 3° = p (u +v) — Jk . p*, which is a medial area. 
Also 2xy = ,/d. p*, which is again a medial area. 
Lastly, J£. p, ,/A. p are by hypothesis ~, so that 


Jk (p Jr p 
whence Jk. p! o Jr. p? 
or (x1 + y*) o 2xy. 


Thus (x — y) is the * side" of a medial, minus a medial, area (x. 78]. 
Algebraical solution gives 


u =" (JE + NE-A), 
v=" (Jk- NR- 


whence x—y=pN3(Je+ Jk- A) - pV} (Jk - Jk - X). 
This, as explained in the note on x. 59, is the lesser positive root of the 


equation 
x5 — 2 fk. p'x* e (& — X) p* — o. 


14—2 
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PROPOSITION 97. 
The square on an apotome applied to a rational straight 
line produces as breadth a first apotome. 


Let AB be an apotome, and CP rational, 


and to CD let there be applied CZ equal to the square on 
AB and producing CF as breadth ; 


I say that C7 is a first apotome. 





For let BG be the annex to AB; 
therefore AG, GB are rational straight lines commensurable 
in square only. [x. 73] 

To C2 let there be applied C77 equal to the square on 
AG, and KL equal to the square on BG. 

Therefore the whole CZ is equal to the squares on AG, GB, 
and, in these, CE is equal to the square on 447; 


therefore the remainder FZ is equal to twice the rectangle 

AG, GB. [u. 7] 
Let FM be bisected at the point N, 

and let VO be drawn through N parallel to CD; 


therefore each of the rectangles FO, ZN is equal to the 
rectangle 4G, GB. 
Now, since the squares on 4G, GB are rational, 
and DM is equal to the squares on AG, GB, 
therefore DM is rational. 


And it has been applied to the rational straight line C2, 
producing CM as breadth ; 


therefore CM is rational and commensurable in length with 
CD. [x. 20] 


Again, since twice the rectangle 4G, GB is medial, and 
FL is equal to twice the rectangle 4G, GB, 


therefore FZ is medial. 
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And it is applied to the rational straight line CD, producing 
FM as breadth ; 


therefore FM is rational and incommensurable in length with 
CD. [x. 22] 


And, since the squares on AG, GB are rational, 
while twice the rectangle 4G, GB is medial, 


therefore the squares on 4G, GB are incommensurable with 
twice the rectangle 4G, GB. 


And CZ is equal to the squares on AG, GB, 
and FZ to twice the rectangle 4G, GB; 
therefore DM is incommensurable with FZ. 
But, as DM is to FL, so is CM to FM; [vi. 1] 
therefore CM is incommensurable in length with FM. [x. 11] 
And both are rational ; 
therefore CM, MF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say next that it is also a first apotome. 
For, since the rectangle 4G, GB is a mean proportional 
between the squares on 4G, GB, 


and CH is equal to the square on AG, 
KL equal to the square on BG, 
and NZ equal to the rectangle 4G, GB, 
therefore WZ is also a mean proportional between CH, KZ ; 
therefore, as CH is to NL, so is NL to KL. 
But, as CH is to NL, sois CK to NM, 
and, as VZ is to KL, so is VM to KM; [vi. 1] 


therefore the rectangle CK, KM is equal to the square on 
NM vr. 17], that is, to the fourth part of the square on FM. 


And, since the square on AG is commensurable with the 
square on GB, 


CH is also commensurable with KZ. 
But, as CH is to KL, sois CK to KM; * (vr. i] 
therefore CK is commensurable with KM. [x. 11] 
Since then CM, MF are two unequal straight lines, 
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and to CM there has been applied the rectangle CK, KM 
equal to the fourth part of the square on FM and deficient by 
a square figure, 

while CA is commensurable with XM, 


therefore the square on CM is greater than the square on MEF 
by the square on a straight line commensurable in length 
with CM. [x. 17] 

And CM is commensurable in length with the rational 
straight line CD set out; 
therefore CF is a first apotome. [x. Def. un. 1] 

Therefore etc. 

Q. E. D. 

Here begins the hexad of propositions solving the problems which are the 

converse of those in the hexad just concluded. Props. 97 to 102 correspond 


of course to Props. 60 to 65 relating to the binomials etc. 
We have in x. 97 to prove that, (p — ,/£. p) being an apotome, 


le ~ Jk. o) 


is a first apotome, and we have to find it geometrically. 


Euclid's procedure may be represented thus. 
Take x, y, s such that 


ox =p’ 
oy = kp’ came teg AE E EAA (1). 
o.23=2,/k. p? 
E 3 
Thus (x+y) - 22= MEE 


and we have to prove that (x 4- y) — 2z is a first apotome. 


(a) Now p! + kp, or o (x + y), is rational ; 


therefore (x + y) is rational and ^ c .................. eese (2). 
And 2,/&. p, or ø . 22, is medial: 
therefore 22 is rational and vu a..............ceeeeeee eene hene ne (3). 


But, o (x + y) being rational, and o . 22 medial, 
o(x+y)ua. 22, 
whence (x+y) o 2s. 
Therefore, since (x + y), 2s are both rational [(2), (3)], 
(x +y), 28 are rational and ~ ............ esses enne emnes (4). 
Hence (x + )) — 22 is an apotome. 
(8) Since J£. p° is a mean proportional between p°, kp’, 
cs is a mean proportional between ox, ey [by (1)]. 
That is, OX : O3 = 03 : TY, 
or X:2-22:J, 
and AV SS", or T(28)' «oec ve tr etd rus (5). 
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And, since p! ^ $p, gx ^ TY, 
Or Cos Mec (6). 


Hence [(5), (6), by x. 17, 
V (x +9)? — (22) ^ (x +y). 
And [(4)] (x +y), 22 are rational and ~, 


while [(2)} (x+y) ^ o ; 
therefore (x + y) — 2z is a first apotome. 
The actual value of (x + y) — 22 is of course 


P (r4) - 24/8. 


PROPOSITION 98. 


The square om a first apotome of a medial straight line 
applied to a rational straight line produces as breadth a second 
apotome. 

Let ABZ be a first apotome of a medial straight line and 
CD a rational straight line, 
and to CD let there be applied CZ equal to the square on 
AB, producing CF as breadth ; 

I say that CF is a second apotome. 

For let BG be the annex to AB; 

therefore AG, GB are medial straight lines commensurable in 


square only which contain a rational rectangle. [x. 74] 
A B G 
|] 
D E O H L 


To CD let there be applied CH equal to the square on 
AG, producing CA as breadth, and AZ equal to the square 
on GÐ, producing XM as breadth ; 
therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. [x. 15 and 23, Por.] 

And it is applied to the rational straight line CD, pro- 
ducing CM as breadth; 
therefore CM is rational and incommensurable in length with 
CD. [x. 22] 
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Now, since CZ is equal to the squares on 4G, GB, 
and, in these, the square on AB is equal to CZ, 
therefore the remainder, twice the rectangle 4G, GB, is equal 
to FL. [u. 7] 
But twice the rectangle 4G, GB is rational ; 
therefore FZL is rational. 


And it is applied to the rational straight line FE, producing 
FM as breadth ; 
therefore FM is also rational and commensurable in length 
with CD. [x. 20] 
Now, since the sum of the squares on AG, GB, that is, 
CL, is medial, while twice the rectangle 4G, GÐ, that is, FZ, 
is rational, 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FL, so is CM to FM ; (vr. 1] 
therefore CM is incommensurable in length with FM. [x 11] 
And both are rational ; 
therefore CM, MF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say next that it is also a second apotome. 
For let FM be bisected at N, 


and let VO be drawn through parallel to CD; 


therefore each of the rectangles FO, NZ is equal to the 
rectangle AG, GB. 


Now, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and the square on AG is equal to CH, 
the rectangle 4G, GB to NL, 
and the square on BG to KZ, 
therefore AZ is also a mean proportional between CH, KZ; 
therefore, as CH is to NL, so is NZ to KL. | 
But, as CH is to NL, so is CK to NM, 
and, as VZ is to KL, so is VM to MK; (vi. 1] 
therefore, as CK is to VM, so is NM to KM; [v. 11] 


therefore the rectangle CK, XM is equal to the square on 
NM vi. 17), that is, to the fourth part of the square on FM. 


Ss 
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Since then CM, MF are two unequal straight lines, and 


the rectangle CK, KM equal to the fourth part of the square 


on MF and deficient by a square figure has been applied to 
the greater, CM, and divides it into commensurable parts, 
therefore the square on CM is greater than the square on MF 
by the square on a straight line commensurable in length with 
[x. 17] 
And the annex FM is commensurable in length with the 
rational straight line C2 set out ; 
therefore CF is a second apotome. [x. Deff. 11. 2] 


Therefore etc. : 
Q. E. D. 


In this case we have to find and classify 
(p ~ py 
g 


Take x, y, z such that 
ox = dp! 
oy = Bp TR (1). 
T.23 = 2p! 


(a) Now kip, Big? are medial areas ; 

therefore ø (x + y) is medial, 

whence (x + y) is rational and v o ................ eee (2). 
But 24p?, and therefore ø . 2z, is rational, 

whence 22 is rational and ^ o ............ csse (3). 
And, o (x + y) being medial, and ø . 2z rational, 

o(x+y)vo. 23, 

or (x+y) v 23. 
Hence (x + y), 2z are rational straight lines commensurable in square only, 

and therefore (x + y) — 2z is an apotome. 

(B) We prove, as before, that 

xy S28) os ode eut utal eo aO Id vebpae (4). 
Also kip? ^ Ap, Or ox ^ oy, 

so that MOO De nese E (5). 
[This step is omitted in P, and Heiberg accordingly brackets it. The 


result is, however, assumed. | 
Therefore [(4), (5)], by x. 17, 


A (a yy — (22) ^ (x +9). 


And 22 ^ c. 
Therefore (x + y) — 22 is a second apotome. 
2 
Obviously (x +y) -— 2z =f- {Jk (1 + 2) - 24). 


g 
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PROPOSITION 99. 


The square on a second apotome of a medial straight line 
applied to a rational straight line produces as breadth a third 
apotome. | 


Let AB be a second apotome of a medial straight line, 
and CD rational, 


and to CD let there be applied CZ equal to the square on 
AB, producing CF as breadth ; 


I say that CF is a third apotome. 


A B G 
C F N K M 
D E O H L 


For let BG be the annex to AB; 


therefore 4G, GB are medial straight lines commensurable 
in square only which contain a medial rectangle. [x. 75] 


Let CH equal to the square on AG be applied to CD, 
producing CK as breadth, 


and let AZ equal to the square on BG be applied to AA, 
producing XM as breadth ; 


therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. [X. 15 and 23, Por.] 


And it is applied to the rational straight line CD, producing 
CM as breadth ; 


therefore CM is rational and incommensurable in length with 
[x. 22] 


Now, since the whole CZ is equal to the squares on AG, 
GB, and, in these, CZ is equal to the square on AB, 


therefore the remainder ZF is equal to twice the rectangle 
AG, GB. [u. 7] 


Let then FM be bisected at the point J, 
and let VO be drawn parallel to CD; 
therefore each of the rectangles FO, NZ is equal to the rect- 


angle AG, GB. | 


. ampi — 


mime 7 
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But the rectangle 4G, GB is medial ; 
therefore FL is also medial. 


And it is applied to the rational straight line £F, producing 
FM as breadth ; 


therefore FM is also rational and incommensurable in length 

with CZ. [x. 22] 
And, since 4G, GP are commensurable in square only, 

therefore 4G is incommensurable in length with GB; 


therefore the square on AG is also incommensurable with the 
rectangle AG, GB. [vi. 1, x. 11] 


But the squares on 4G, GB are commensurable with the 
square on AG, 


and twice the rectangle 4G, GB with the rectangle 4G, GB; 


therefore the squares on 4G, GB are incommensurable with 
twice the rectangle 4G, GB. [x. 13] 


But CZ is equal to the squares on 4G, GB, 
and FZ is equal to twice the rectangle AG, GB; 
therefore CZ is also incommensurable with FZ. 
But, as CL is to FL, so is CM to FM ; [vi. 1] 
therefore CM is incommensurable in length with FM. ([x. 11] 
And both are rational ; 
therefore CM, MF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say next that it is also a third apotome. 
For, since the square on AG is commensurable with the 


square on GB, 
therefore CH is also commensurable with KZ, 
so that CK is also commensurable with XM. [vi. 1, x. 11] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and CH is equal to the square on AG, 

KL equal to the square on G7, 

and AZ equal to the rectangle AG, GB, 

therefore A is also a mean proportional between CH, KZ ; 


therefore, as CH is to NL, so is NZ to KL. 
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But, as CH is to NL, so is CK to NM, 
and, as VZ is to KL, so is NM to KM; (vi. 1] 
therefore, as CK is to MN, so is MN to KM; [v. 11] 


therefore the rectangle CK, KM is equal to [the square on 
MN, that is, to] the fourth part of the square on FM. 


Since then CM, MF are two unequal straight lines, and 
a parallelogram equal to the fourth part of the square on FM 
and deficient by a square figure has been applied to CM, and 


divides it into commensurable parts, 


therefore the square on CM is greater than the square on 
MF by the square on a straight line commensurable with 
CA. [x. 17] 


And neither of the straight lines CM, MF is commensur- 
able in length with the rational straight line CD set out ; 


therefore CF is a third apotome. [x. Deff. 111. 3] 
Therefore etc. 
Q. E. D. 


We have to find and classify 
I À. pN? 
g Bt 


ox= Sk. p 


Take x, y, z such that 


A a 
EUR 
o.22=2,/d. p! 


(a) Then c (x 4 y) is a medial area, 

whence (x + y) is rational and va... emen (1). 
Also ø . 2z is medial, 

whence 2z is rational and v e. ........ csse eene (2). 


Again kp v NA. p 


whence Jk. p! o Jd. p. 
And Ji p n (JE. gh p), 
while A^. pl ^ 24/À. p; 
À 
therefore ( Jk. p? + J e) v 2 JÀ . p, 


or o(x+y)vuc. 22, 
and CRI IE; M (3). 
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Thus [(1), (2), (3)] (x * »), 2s are rational and ~, 
so that (x + y) — 2z is an apotome. 


(B) ex ^oy, so that x ^ y. 
And, as before, 7 xy = l(zzy. 
Therefore [x. 17] AJ (x ^ yy — (28)? ^ (x +). 
. And neither (x + y) nor 22 is ^ ø. 
Therefore (x + y) — 22 is a third apotome. 


It is of course equal to 
i k+X 
p Ux j 7? Ja} : 


g 


PROPOSITION 100. 


The square on a minor straight line applied to a rational 
straight line produces as breadth a fourth apotome. 


Let AB be a minor and CD a rational straight line, and 
to the rational straight line CD let CE be applied equal to the 
square on 4B and producing CF as breadth ; 


I say that C is a fourth apotome. 


A B a 
C F N K M 
D E Oo H L 


For let BG be the annex to AB; 


therefore 4G, GB are straight lines incommensurable in 
square which make the sum of the squares on 4G, GB 
rational, but twice the rectangle 4G, GA medial. [x. 76] 


To CD let there be applied CH equal to the square on 
AG and producing CK as breadth, 


and KZ equal to the square on AG, producing KM as breadth; 
therefore the whole CZ is equal to the squares on AG, GB. 

And the sum of the squares on 4G, GP is rational ; 
therefore CZ is also rational. 


And it is applied to the rational straight line CD, producing 
CM as breadth ; 


therefore CM is also rational and commensurable in length 
with CD. [x. 20] 
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And, since the whole CZ is equal to the squares on AG, 
G B, and, in these, CZ is equal to the square on AB, 
therefore the remainder FZ is equal to twice the rectangle 
AG, GB. (i. 7] 

Let then FM be bisected at the point JV, 

and let VO be drawn through J parallel to either of the 

straight lines CD, ML ; 
therefore each of the rectangles FO, NZ is equal to the rect- 
angle AG, GB. 

And, since twice the rectangle 4G, GB is medial and is 
equal to FZ, 
therefore FZ is also medial. _ 

And it is applied to the rational straight line FE, producing 
FM as breadth ; 


therefore FM is rational and incommensurable in length with 
[x. 22] 


And, since the sum of the squares on 4G, GP is rational, 
while twice the rectangle 4G, GB is medial, 
the squares on 4G, GB are incommensurable with twice the 
rectangle 4G, GB. l 
But CZ is equal to the squares on AG, GB, 
and FLZ equal to twice the rectangle 4G, G2; 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FL, so is CM to MF; [vr. 1] 
therefore CM is incommensurable in length with MF. [x. 11] 
And both are rational ; 
therefore CM, MF are rational straight lines commensurable 
in square only ; 
therefore CF is an apotome. [x. 73] 


I say that it is also a fourth apotome. 
For, since AG, GB are incommensurable in square, 


therefore the square on AG is also incommensurable with the 
square on G2. 
And CH is equal to the square on AG, 
and AZ equal to the square on GL; 
4m». therefore CH is incommensurable with AL. 
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But, as CH is to KL, so is CK to KM; (vi. 1] 
therefore CK is incommensurable in length with XM. [x. 11] 


And, since the rectangle 4G, GB is a‘mean proportional 
between the squares on AG, GP, 


and the square on AG is equal to CH, 
the square on GZ to KL, 
and the rectangle 4G, GB to VL, 
therefore WZ is a mean proportional between CH, KL; 
therefore, as CH is to NL, so is NZ to KL. 
But, as CH is to NL, so is CK to NM, 
and, as VZ is to KL, so is VM to KAM; [vi. 1] 
therefore, as CK is to MN, so is MN to KM; [v. 11] 


therefore the rectangle CA, A/V is equal to the square on 
MN [vi. 17), that is, to the fourth part of the square on FM. 

Since then ÇM, MF are two unequal straight lines, and 
the rectangle CK, KM equal to the fourth part of the square 
on MF and deficient by a square figure has been applied to 
CM and divides it into incommensurable parts, 


therefore the square on CM is greater than the square on 
MF by the square on a straight line incommensurable with 


CM. [x. 18] 


And the whole CM is commensurable in length with the 
rational straight line CD set out ; 


therefore CF is a fourth apotome. [x. Deff. 111. 4] 
Therefore etc. 
Q. E. D. 
We have to find and classify 
I £-,/1+74_- £. J 5 v 
m JixB JN 5 See 


We will call this, for brevity, 








Z (u - vy. 


ox = u? 
oy =v" , 


Take x, y, z such that 


g.22 = 24 


where it has to be remembered that «°, v? are incommensurable, (w? + 7?) is 
rational, and 22v medial. 
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It follows that c (x + y) is rational and ø . 2z medial, 


so that (x + y) is rational and ^ c.................. eese nennen (1), 
while 2z is rational and v g iu vero rero e a3 DRpUR EUER AERE ZUR (2), 
and o(x+y) va. 22, 

so that rr MENT (3). 


Thus [(1), (2), (3)] (x +y), 22 are rational and ~, 
so that (x + y) — 2z is an apotome. 


Next, since uv, 
gX v dy, 
or X o. 
And it is proved, as usual, that 
xy — 2! — 1l(oz). 


Therefore [x. 18] Al (x * yf — (22)? v (x 4 y). 
But (xy) “a, 
therefore x+y — 23 is a fourth apotome. 
2 
Its value is of course P ( I — =) i 
z NET- 





PROPOSITION IOI, 


The square on the straight line which produces with a 
rational area a medial whole, if applied to a rational straight 
line, produces as breadth a fifth apotome. 

Let AB be the straight line which produces with a 
rational area a medial whole, and C2 a rational straight line, 
and to CD let CE be applied equal to the square on AB and 
producing CF as breadth ; 

I say that CZ is a fifth apotome. 


—$ mmm 
c F N K M 
D E o H L 


For let BG be the annex to 4B; 
therefore 4G, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial 
but twice the rectangle contained by them rational. [x. 77] 
To CD let there be applied CH equal to the square on 
AG, and KZ equal to the square on GB; 
therefore the whole CZ is equal to the squares on 4G, GB. 
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But the sum of the squares on AG, GB together is 
medial ; 


therefore CZ is medial. 


And it is applied to the rational straight line CD, producing 
CM as breadth ; 


therefore C is rational and jncommensurable with CD. [x. 22] 
And, since the whole CZ is equal to the squares on AG, GB, 
and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [u. 7] 


Let then FM be bisected at JV, 


and through A let ANO be drawn parallel to either of the 
straight lines CD, ML; 


therefore each of the rectangles FO, WZ is equal to the rect- 
angle AG, GB. 


And, since twice the rectangle 4G, GB is rational and 
equal to FZ, 


therefore FL is rational. 


And it is applied to the rational straight line EZ, producing 
FM as breadth ; 


therefore FM is rational and commensurable in length with 
[x. 20] 


Now, since CZ is medial, and FZ rational, 
therefore CZ is incommensurable with FZ. 
But, as CZ is to FZ, so is CM to MF; [vr. 1] 
therefore CM is incommensurable in length with MF. [x. 11] 
And both are rational ; 


therefore CM, WF are rational straight lines commensurable 
in square only ; 


therefore CF is an apotome. [x. 73] 


I say next that it is also a fifth apotome. 

For we can prove similarly that the rectangle CK, KM 
is equal to the square on VM, that is, to the fourth part of the 
square on FM. 

And, since the square on AG is incommensurable with the 
square on GØ, 


H. E. III. I5 


226 BOOK X [x. 101 


while the square on AG is equal to CH, 

and the square on GB to KL, 

therefore CH is incommensurable with KZ. 
But, as CH is to KZ, so is CK to KM; [vi. 1] 

therefore CK is incommensurable in length with XM. [x. 11] 
Since then CM, MF are two unequal straight lines, 

and a parallelogram equal to the fourth part of the square 

on FM and deficient by a square figure has been applied to 

CM, and divides it into incommensurable parts, 

therefore the square on CM is greater than the square on 

MF by the square on a straight line incommensurable with 

[x. 18] 

And the annex FM is commensurable with the rational 

straight line CD set out ; 

therefore CF is a fifth apotome. [x. Deff. mı. 5] 

Q. E. D. 

We have to find and classify ; 


- {2 VVE k- 





eer PM 


o Ua (1 £) V2 (14 £) 
Call this - (u — v), and take x, y, z such that 
ox = u? 
Ty = 7 ‘ 
T. 23 = 2u7 


In this case #?, v? are incommensurable, (sé + £?) is a medial area and 247 
a rational area. l 
Since o (x + y) is medial and ø . 2z rational, 


(x+y) is rational and v oc, 
23 is rational and ^ c, 
while (x+y) v 22. 
It follows that (x + y), 22 are rational and ~, 
so that (x + y) — 2z is an apotome. 


Again, as before, xy = 2! -1l(ozy, 
and, since s? v v’, ox v gy, 
or X v Jy. 
Hence [x. 18] A (x * 9)! — (22)? v (x +3). 
And 22 ^ c. 


Therefore (x + y) — 22 is a fifth apotome. 
It is of course equal to 


e (X - ig) 
o\/ +R 1+) 





X. 102] PROPOSITIONS or, 102 227 


PROPOSITION 102. 


The square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. 


Let AB be the straight line which produces with a medial 
area a medial whole, and CP a rational straight line, 


and to CD let CE be applied equal to the square on 4B and 
producing CF as breadth; 


I say that CF is a sixth apotome. 


A B G 
C F N K M 
D E o H L 


For let BG be the annex to AB ; 


therefore AG, GB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
twice the rectangle 4G, GB medial, and the squares on AG, 
GB incommensurable with twice the rectangle AG, GB. [x. 78] 


Now to CD let there be applied CH equal to the square 
on AG and producing CK as breadth, 


and KZ equal to the square on BG; 
therefore the whole CZ is equal to the squares on AG, GB; 
therefore CZ is also medial. 


And it is applied to the rational straight line CD, produc- 
ing CM as breadth ; 


therefore CM is rational and incommensurable in length 
with C. [x. 22] 


Since now CZ is equal to the squares on 4G, GB, 
and, in these, CZ is equal to the square on AB, 


therefore the remainder FZ is equal to twice the rectangle 
AG, GB. [u. 7] 


And twice the rectangle 4G, GB is medial ; 
therefore FL is also medial. 


I5—2 


228 BOOK X [x. 102 


And it is applied to the rational straight line FÆ, pro- 
ducing FM as breadth ; 


therefore FM is rational and incommensurable in length 
with CD. [x. 22] 


And, since the squares on AG, GB are incommensurable 
with twice the rectangle 4G, GB, 


and CZ is equal to the squares on 4G, GB, 
and FZ equal to twice the rectangle 4G, GB, 
therefore CL is incommensurable with FZ. 
But, as CZ is to FL, so is CM to MF; [vi. 1] 
therefore CM is incommensurable in length with MEF. [x. 11] 


And both are rational. 
Therefore CM, MF are rational straight lines commen- 
surable in square only ; 


therefore CF is an apotome. [x- 73] 


I say next that it is also a sixth apotome. 
For, since FZ is equal to twice the rectangle 4G, GB, 
let FM be bisected at Æ, 


and let VO be drawn through V parallel to CD; 


therefore each of the rectangles FO, NZ is equal to the rect- 
angle AG, GB. 


And, since 4G, GB are incommensurable in square, 


therefore the square on AG is incommensurable with the 
square on GB. 


But CH is equal to the square on AG, 
and KZ is equal to the square on GB; 
therefore CH is incommensurable with KZ. 

But, as CH is to KL, so is CK to KM; [vi. 1] 
therefore CK is incommensurable with XM. [x. rr] 


And, since the rectangle 4G, GB is a mean proportional 
between the squares on AG, GB, 


and CH is equal to the square on 4G, 

KL equal to the square on GB, 

and WZ equal to the rectangle 4G, GB, 

therefore WZ is also a mean proportional between CH, KZ ; 
therefore, as CH is to NL, so is NZ to KL. 
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And for the same reason as before the square on CM is 
greater than the square on MF by the square on a straight 
line incommensurable with CM. [x. 18] 

And neither of them is commensurable with the rational 
straight line CD set out ; 


therefore CF is a sixth apotome. [x. Deff. 111. 6] 


Q. E. D. 
We have to find and classify 


rjpt fk pt f ov 
c |,/2 M: ew /2 s =a} 


Call this = (u-v, and put 








ox = MV, 
ay = v, 
T. 22 = 2UV. 
Here u’, v? are incommensurable, 
(1? + v*), 24v are both medial areas, 
and (wW 2?) o zuv. 
Since o (x + y), c. 2z are medial and incommensurable, 
(x + y) is rational and v a, 
23 is rational and v a, 
and (x+y) v 22. 
Hence (x + y), 2z are rational and ~, 
so that (x + y) — 2s is an apotome. 
Again, since #*, £?, or ox, ay, are incommensurable, 
Xov. 
And, as before, xy = }? = $ (227. 
Therefore [x. 18] N(x +)? — (22)! o (x 4 y). 
And neither (x +y) nor 23 is ^z; 
therefore (x + y) — 22 is a sixth apotome. 


3 A 
It is of course P ( A- M ) 
d M VI +k 








PROPOSITION 103. 
A straight line commensurable in length with an apotome 
ts an apotome and the same zn order. 
Let AB be an apotome, 


and let CD be commensurable in A B E 
length with 4B; 


Q pD | 
I say that CD is also an apotome and 


the same in order with 74 Z, 
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For, since AZ is an apotome, let BE be the annex to it; 
therefore AE, E are rational straight lines commensurable 


in square only. [x- 73] 

Let it be contrived that the ratio of BE to DF is the same 
as the ratio of AB to CD; [vi. 12] 
therefore also, as one is to one, so are all to all ; [v. 12] 


therefore also, as the whole A is to the whole CF, so is AB 
to CD. 


But AB is commensurable in length with CD. 
Therefore AE is also commensurable with CF, and BE 
with DF. [x. 11] 


And AE, EB are rational straight lines commensurable in 
square only ; 


therefore CF, FD are also rational straight lines commensur- 
able in square only. (x. 13] 


Now since, as 4£ is to CF, so is BE to DF, 
alternately therefore, as AÆ is to ÆÐ, so is CF to FD.  [v. 16] 


And the square on 74 Z is greater than the square on EB 
either by the square on a straight line commensurable with 
AE or by the square on a straight line incommensurable 
with it. 

If then the square on Æ is greater than the square on 
E B by the square on a straight line commensurable with 4£, 
the square on CF will also be greater than the square on FD 
by the square on a straight line commensurable with CF. 

[x. 14] 

And, if AE is commensurable in length with the rational 

straight line set out, 


CF is so also, (x. 12] 
if BE, then DF also, [id] 
and, if neither of the straight lines 44 £, £P, then neither of 
the straight lines CF, FD. [x. 13] 


But, if the square on A£ is greater than the square on EB 
by the square on a straight line incommensurable with 4 £, 
the square on CF will also be greater than the square on FD 
by the square on a straight line incommensurable with CZ. 

[x. 14] 
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And, if 4£ is commensurable in length with the rational 
straight line set out, 


CF is so also, 


if BE, then DF also, [x. 12]. 
and, if neither of the straight lines 44, £P, then neither of 
the straight lines CF, FD. [x. 13] 


Therefore CD is an apotome and the same in order 
with AB. 
Q. E. D. 
This and the following propositions to 107 inclusive (like the correspond- 


ing theorems x. 66 to 7o) are easy and require no elucidation. They are 
S a to saying that, if in any of thefipreceding irrational straight lines 


- p is substituted for p, the resulting irrational is of the same kind and order 


as that from which it is altered. 


PROPOSITION 104. 


A straight line commensurable with an apotome of a 
medial straight line ts an apotome of a medial straight line 
and the same in order. 

Let AB be an apotome of a medial straight line, 
and let CD be commensurable in 
length with 42; A BCE 
I say that CD is also an apotome ofa © D F 
medial straight line and the same in 
order with 4B. 

For, since 44 P is an apotome of a aeda straight line, let 
EB be the annex to it. 

Therefore AE, £B are medial straight lines commensur- 





able in square only. [x. 74, 75] 
Let it be contrived that, as 44 Z is to CD, so is BE to DF; 

(vı. 12] 

therefore AF is also commensurable with CF, and BE 
with DF. [V. 12, x. 11] 


But AE, EB are medial straight lines commensurable in 
square only ; 


therefore CF, FD are also medial straight lines [x. 23] com- 
mensurable in square only ; [x. 13] 


therefore CD is an apotome of a medial straight line. [x. 74, 75] 
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I say next that it is also the same in order with 4B. 
Since, as 4£ is to EB, so is CF to FD, 


therefore also, as the square on AF is to the rectangle AZ, 
EB, so is the square on CF to the rectangle CZ, FD. 


But the square on AZ is commensurable with the square 


on CF; 
therefore the rectangle 4, EB is also commensurable with 


the rectangle CF, FD. [v. 16, x. 11] 
Therefore, if the rectangle 44, EP is rational, the rect- 
angle CF, FD will also be rational, [x. Def. 4] 
and if the rectangle AE, id is medial, the rectangle CF, FD 
is also medial. [x. 23, Por.] 
Therefore CD is an apotome of a medial straight line and 
the same in order with 4B. [x. 74, 75] 
Q. E. D. 


PROPOSITION 105. 
A straight line commensurable with a minor straight line 
£s minor. 
Let AB be a minor straight line, and CD commensurable 
with AB; 
I say that C2 is also minor. 





Let the same construction be made — 
as before ; G PỌ F 
then, since AE, EB are incommensur- 
able in square, [x. 76] 


therefore CP, FD are also incommensurable in square. [x. 13] 
Now since, as AZ is to EB, so is CF to FD, [v. 12, v. 16] 
therefore also, as the square on 44 £ is to the square on ÆÐ, 
so is the square on CF to the square on FD. (vi. 22] 
Therefore, componendo, as the squares on AF, EB are to 
the square on ÆÐ, so are the squares.on CF, FD to the 
square on FD. [v. 18] 
But the square on BE is commensurable with the square 
on DE; 
therefore the sum of the squares on 4 Æ, £P is also commen- 
surable with the sum of the squares on CF, FD. (v. 16, x. 11] 
But the sum of the squares on AZ, £P is rational; [x. 76] 


therefore the sum of the squares on CF, FD is also rational. 
[x. Def. 4] 
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Again, since, as the square on 4 Æ is to the rectangle 4 Æ, 
E B, so is the square on CF to the rectangle CF, FD, 


while the square on AZ is commensurable with the square 


on CF, 
therefore the rectangle 44 E, EP is also commensurable with 
the rectangle CF, FD. 

But the rectangle AZ, EP is medial; [x. 76] 
therefore the rectangle CF, FD is also medial ; [x. 23, Por.] 
therefore CF, FD are straight lines incommensurable in square 
which make the sum of the squares on them rational, but the 
rectangle contained by them medial. 


Therefore CD is minor. [x. 76] 
Q. E. D. 


PROPOSITION 106. 


A straight line commensurable with that which produces 
with a rational area a medial whole is a straight line which 
produces with a rational area a medial whole. 

Let AB be a straight line which produces with a rational 
area a medial whole, 
and CD commensurable with 42; ^ B E 
I say that CD is also a straight line S 5 
which produces with a rational area a a eren 
medial whole. 

For let BE be the annex to AB: 
therefore AE, EP are straight lines incommensurable in 
square which make the sum of the squares on AZ, EB 
medial, but the rectangle contained by them rational [x. 77] 

Let the same construction be made. 

Then we can prove, in manner similar to the foregoing, 
that CF, FD are in the same ratio as AE, EB, 
the sum of the squares on AZ, EZ is commensurable with 
the sum of the squares on CF, FD, 
and the rectangle 44, EZ with the rectangle CF, FD ; 
so that CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on CF, FD medial, 
but the rectangle contained by them rational. 
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Therefore CD is a straight line which produces with a 
rational area a medial whole. (x. 77] 
Q. E. D. 


PROPOSITION 107. 


A straight line commensurable with that which produces 
with a medial area a medial whole ts itself also a straight line 
which produces with a medial area a medial whole. 


Let AB be a straight line which produces with a medial 
area a medial whole, 
and let CD be commensurable with 48; 
I say that CD is also a straight line Š : É 


which produces with a medial area a ———————:——— 
medial whole. 


For let BE be the annex to AB, 
and let the same construction be made ; 


A B E 


therefore AE, EB are straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. [x. 78] 


Now, as was proved, AE, EP are commensurable with 
CF, FD, 


the sum of the squares on AZ, EA with the sum of the 
squares on CF, FD, 


and the rectangle A4 E, EB with the rectangle CF, FD; 


therefore CF, FD are also straight lines incommensurable in 
square which make the sum of the squares on them medial, 
the rectangle contained by them medial, and further the sum 
of the squares on them incommensurable with the rectangle 
contained by them. 


Therefore CY is a straight line which produces with a 
medial area a medial whole. [x. 78] 
Q. E. D. 
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PROPOSITION 108. 


Jf from a rational area a medial area be subtracted, the 
“szde” of the remaining area becomes one of two irrational 
straight lines, either an apotome or a minor straight line. 


For from the rational area BC let the medial area BD be 
subtracted ; 
I say that the “side” of the A E B 
remainder ÆC becomes one 
of two irrational straight lines, 
either an apotome or a minor 
straight line. 


For let a rational straight C D 
line FG be set out, = d 
to FG let there be applied the Fo] 
rectangular parallelogram GĦ 4 K F 
equal to BC, 


and let GK equal to DB be subtracted ; 
therefore the remainder ÆC is equal to £77. 
Since then AC is rational, and BD medial, 
while BC is equal to GĦ, and BD to GK, 
therefore GH is rational, and GA medial. 
And they are applied to the rational straight line FG ; 
therefore FÆ is rational and commensurable in length with 


FG, [x. 20] 
while FK is rational and incommensurable in length with FG; 
l [x. 22] 


therefore FH is incommensurable in length with FÆ. [x. 13] 
Therefore FH, FK are rational straight lines commen- 
surable in square only ; 
therefore XÆ is an apotome [x. 73], and AF the annex to it. 
Now the square on ÆF is greater than the square on FK 
by the square on a straight line either commensurable with 
HF or not commensurable. 
First, let the square on it be greater by the square on a 
straight line commensurable with it. 
Now the whole /// is commensurable in length with the 
rational straight line /G set out; 
therefore XÆ is a first apotome. (x. Deff. 1n. 1] 
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But the “side” of the rectangle contained by a rational 
straight line and a first apotome is an apotome. [x. 91] 
Therefore the “side” of LA, that is, of EC, is an apotome. 
But, if the square on HÆF is greater than the square on 
FK by the square on a straight line incommensurable 
with “AF, | 
while the whole FH is commensurable in length with the 
rational straight line FG set out, 


KH is a fourth apotome. | [x. Deff. 111. 4] 

But the “side” of the rectangle contained by a rational 

straight line and a fourth apotome is minor. [x. 94] 
Q. E. D. 


A rational area being of the form 4p’, and a medial area of the form 
JX. p*, the problem is to classify 


N Ap! — JA. p! 
according to the different possible relations between 4, A. 
Suppose that ou = kp’, 
gy — JÀ. p*. 


Since a is rational and ov medial, 
u is rational and ^ c, 
while v is rational and v c. 
Therefore “od; 
thus 4, v are rational and ~, 
whence (1 — v) is an apotome. 
The possibilities are now as follows. 
(1) N= na u, 
(2) JJ uà — y v HM. 
In both cases » ^ c, 
so that (u — v) is either (1) a first apotome, 
or (2) a fourth apotome. 
In case (1) Je (u — v) is an apotome [x. 91], 
but in case (2) Vo (u — v) is a minor irrational straight line [x. 94]. 


PROPOSITION 109. 


Lf from a medial area a rational area be subtracted, there 
arise two other irrational straight lines, either a first apotome 
of a medial straight line or a straight line which produces with 
a rational area a medial whole. 


For from the medial area BC let the rational area BLD be 
subtracted. 
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I say that the “side” of the remainder ÆC becomes one 
of two irrational straight lines, either a first apotome of a 
medial straight line or a straight line which produces with a 
rational area a medial whole. 


F KH 


â L 

For let a rational straight line FG be set out, 
and let the areas be similarly applied. 

It follows then that FÆ is rational and incommensurable 
in lertgth with FG, ; 
while A is rational and commensurable in length with FG ; 
therefore FH, FK are rational straight lines commensurable 
in square only ; [x. 13] 
therefore XÆ is an apotome, and FĶ the annex to it. (x. 73] 

Now the square on ÆHF is greater than the square on FK 
either by the square on a straight line commensurable with 
x or by the square on a straight line incommensurable 
with it. : 

If then the square on //F is greater than the square on 
FK by the square on a straight line commensurable with ZZF, 
while the annex FĶ is commensurable in length with the 
rational straight line FG set out, : 

K H is a second apotome. [x. Def. ir. 2] 

But FG is rational ; 
so that the “side” of LÆ, that is, of EC, is a first apotome of 
a medial straight line. — . [x. 92] 

But, if the square on //F is greater than the square on 
FK by the square on a straight line incommensurable with HF, 
while the annex FĶ is commensurable in length with the 
rational straight line FG set out, 


KH is a fifth apotome ; [x. Deff. 111. 5] 
so that the “side” of EC is a straight line which produces 
with a rational area a medial whole. [X- 95] 


Q. E. D. 
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In this case we have to classify 
Vk. p! Ne. 
Suppose that ou= Jk. pt, 
ov = Xp’. 
Thus, oz being medial and ov rational, 
x is rational and v oc, 
while v is rational and ^ c. 
Thus, as before, z, v are rational and ~, 
so that (» — v) is an apotome. 
Now either 
(1) v-ia u, 
or (2) V2 — oF v M, 
while in both cases v is commensurable with c. 
Therefore (u — v) is either (1) a second apotome, 
or (2) a fifth apotome, 


and hence in case (1) Vo (u — v) is the first apotome of a medial straight line, 


[x. 92] 
and in case (2) Vo (u — v) is the “side” of a medial, minus a rational, area. 
[x. 95] 


PROPOSITION 110. 


. Jf from a medial area there be subtracted a medial area 
incommensurable with the whole, the two remaining irrational 
straight lines arise, either a second apotome of a medial straight 
line or a straight line which produces with a medial area a 
medial whole. 

For, as in the foregoing figures, let there be subtracted 
from the medial area BC the medial area BD incommensur- 


able with the whole ; 
F K H 


G L 


mi say that the “side” of EC is one of two irrational straight 
s, either a second apotome of a medial straight line ora 
ght line which produces with a medial area a medial whole. 
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For, since each of the rectangles BC, BD is medial, 


and AC is incommensurable with BD, 
it follows that each of the straight lines FH, FK will be 
rational and incommensurable in length with FG. [x- 22] 


And, since AC is incommensurable with BD, 
that is, GH with GK, 
HF is also incommensurable with FK ; (vi. x, x. 11] 
therefore FH, FK are rational straight lines commensurable 
in square only ; 
therefore XH is an apotome. [x. 73] 


If then the square on FH is greater than the square on 
FK by the square on a straight line commensurable with FA, 


while neither of the straight lines FH, FK is commensurable 

in length with the rational straight line FG set out, 

KH is a third apotome. [x. Deff. 111. 3] 
But AZ is rational, 

and the rectangle contained by a rational straight line and a 

third apotome is irrational, 

and the “side” of it is irrational, and is called a second 

apotome of a medial straight line ; [x. 93] 

so that the “side” of £77, that is, of EC, is a second apotome 

of a medial straight line. 


But, if the square on FH is greater than the square on 
EFK by the square on a straight line incommensurable with FØ, 
while neither of the straight lines 777, FK is commensurable 
in length with FG, 

KH is a sixth apotome. [x. Deff. 111. 6] 

But the “side” of the rectangle contained by a rational 
straight line and a sixth apotome is a straight line which 
produces with a medial area a medial whole. [x. 96] 

Therefore the “side” of LÆ, that is, of EC, is a straight 


line which produces with a medial area a medial whole. 


Q. E. D. 
We have to classify M Jk. pt — JA. p), 
where ,/&. p! is incommensurable with I/A . p°. 
Put ou= Jk. p’, 


ov = Jr. p*. 
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Then xz is rational and v c, 
v is rational and v oc, 
and u ov. 
Therefore z, v are rational and ~, 
so that (x — v) is an apotome. 
Now either 
(1) N-a u, 
or (2) Jut — v? o u, 
while in both cases both » and v are v a. 
In case (1) («— v) is a third apotome, 
and in case (2) (x — v) is a sixth apotome, 


so that vø (x — v) is either (1) a second apotome of a medial straight line [x. 93], 
or (2) a “ side” of the difference between two medial areas (x. 96 6 


PROPOSITION III. 
The apotome is not the same with the binomial straight line. 


Let AB be an apotome ; 


I say that 4B is not the same with the 
binomial straight line. 

For, if possible, let it be so; D G E F 
let a rational straight line DC be set out, 
and to CD let there be applied the 


rectangle CE equal to the square on 
AB and producing DE as breadth. 


Then, since 4 is an apotome, 
DE is a first apotome. [x. 97] 
Let EF be the annex to it; 


therefore DF, FE are rational straight 
lines commensurable in square only, 


the square on DF is greater than the square on FE by the 
square on a straight line commensurable with DF, 


and DF is commensurable in length with the rational straight 


line DC set out. [x. Deff. tu. 1] 
Again, since AB is binomial, 
therefore DÆ is a first binomial straight line. [x. 60] 


Let it be divided into its terms at G, 
and let DG be the greater term ; 


therefore DG, GE are rational straight lines commensurable 
in square only, 


A 
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the square on DG is greater than the square on GE by the 
square on a straight line commensurable with DG, and the 
greater term DG is commensurable in length with the rational 
straight line DC set out. [x. Deff. 11. 1] 
Therefore DF is also commensurable in length with — : 
X. I2 
therefore the remainder GF is also commensurable in length 
with DF. [x. 15] 
But DF is incommensurable in length with E; 
therefore FG is also incommensurable in length with ZF. [x. 13] 
Therefore GF, FE are rational straight lines commensur- 
able in square only ; è 
therefore ÆG is an apotome. [x. 73] 
But it is also rational : 
which is impossible. 
Therefore the apotome is not the same with the binomial 
straight line. 
Q. E. D. 


This proposition proves the equivalent of the fact that 
/x + Jy cannot be equal to ,/x’ — ,/y’, and 
x + ,/y cannot be equal to x’ — Jy. 

We should prove these results by squaring the respective expressions; and 
Euclid's procedure corresponds to this exactly. 

He has to prove that 

p+. /&.p cannot be equal to p' — JÀ. p'. 

For, if possible, let this be so. 

Take the straight lines {e+ Je p j AH ; 
these must be equal, and therefore 


p p^ 
c QU tera E) = (1 +A—2 JA) "—— (1). 
p p" . 
Now mac + &), e (1 +A) are rational and ^; 
p^ p! P 
therefore {fe (1 44) - = (1+ 5) = (1 +A) 
PNA 
v a 2 J . 


And, since both sides are rational, it fpllows that 
p" Pp } _ 
{5 (1 +A) = (1 + 2) "zx JA is an apotome. 


H. E. III. 16 
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2 
But, by (1), this expression is equal to E . 2 JA, which is rational. 


Hence an apotome, which is trrational, is also rational: 
which is impossible. 

This proposition is the connecting link which enables Euclid to prove that . 
all the compound irrationals with positive signs above discussed are different 
from aZ the corresponding compound irrationals with negative signs, while the 
two sets are all different from one another and from the medial straight line. 
The recapitulation following makes this clear. 





The apotome and the irrational straight lines following 1t 
are neither the same with the medial strazght line nor with one 
another. 

For the square on a*medial straight line, if applied to a 
rational straight line, produces as breadth a straight line 
rational and incommensurable in length with that to which it 


is applied, [X. 22] 
while the square on an apotome, if applied to a rational 
straight line, produces as breadth a first apotome, [x. 97] 


the square on a first apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a 
second apotome, [x. 98] 
the square on a second apotome of a medial straight line, if 
applied to a rational straight line, produces as breadth a third 
apotome, | [x. 99] 
the square on a minor straight line, if applied to a rational 
straight line, produces as breadth a fourth apotome, ^ [x. roo] 
the square on the straight line which produces with a rational 
area a medial whole, if applied to a rational straight line, 
produces as breadth a fifth apotome, [x. ror] 
and the square on the straight line which produces with a 
medial area a medial whole, if applied to a rational straight 
line, produces as breadth a sixth apotome. [x. 102] 

Since then the said breadths differ from the first and from 
one another, from the first because it is rational, and from one 
another since they are not the same in order, 
it is clear that the irrational straight lines themselves also 
differ from one another. 

And, since the apotome has been proved not to be the 
same as the binomial straight line, [x. 111] 


but, if applied to a rational straight line, the straight lines 
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following the apotome produce, as breadths, each according 
to its own order, apotomes, and those following the binomial 
straight line themselves also, according to their order, produce 
the binomials as breadths, 
therefore those following the apotome are different, and those 
following the binomial straight line are different, so that there 
are, in order, thirteen irrational straight lines in all, 

Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

“Side”-of a rational plus a medial area, 

“Side” of the sum of two medial areas, 

Apotome, 

First apotome of a medial straight line, 

Second apotome of a medial straight line, 

Minor, 

. Producing with a rational area a medial whole, 
Producing with a medial area a medial whole. 


PROPOSITION 112. 


The square om a rational straight line applied to the 
binomial straight line produces as breadth an apotome the 
terms of which are commensurable with the terms of the bi- 
nomial and moreover in the same ratio; and further the 
apotome so arising will have the same order as the binomial 
straight line. 

Let A be a rational straight line, 
let BC be a binomial, and let DC be its greater term ; 
let the rectangle BC, EF be equal to the square on 4 ; 

A 


B D C G 








K  É . 3 *t*t . I l MH 


I say that EF is an apotome the terms of which are commen- 
surable with CD, DB, and in the same ratio, and further AF 
will have the same order as BC. 


16—2 
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For again let the rectangle BD, G be equal to the square 
on A. 

Since then the rectangle BC, E is equal to the rectangle 
BD, G, 


therefore, as CZ! is to BD, so is G to EF. [vi. 16] 
But CB is greater than BD ; 
therefore G is also greater than E. [v. 16, v. 14] 


Let EH be equal to G; 
therefore, as CB is to BD, so is HE to EF; 
therefore, separando, as CD is to BD, so is HF to FE. [v. 17] 


Let it be contrived that, as HF is to FE, so is FX 
to. KE; 


therefore also the whole 77K is to the whole KF as FEFK 
is to AF; 


for, as one of the antecedents is to one of the consequents, so 


are all the antecedents to all the consequents. [V. 12] 

But, as FK is to KZ, so is CD to DB; [v. 11] 
therefore also, as HK is to KF, so is CD to DB. [2] 

But the square on CY is commensurable with the square 
on DB; ` [x- 36] 
therefore the square on 7ZK is also commensurable with the 
square on AF. [V. 22, x. 11] 


And, as the square on 77K is to the square on A/F, so is 
HK to KE, since the three straight lines 7A, KF, KE are 
proportional. [V. Def. 9] 

Therefore /7K is.commensurable in length with KZ, 


so that /7£ is also commensurable in length with EX. [x. 15] 

Now, since the square on 4 is equal to the rectangle 
EH, BD, 
while the square on 4 is rational, 
therefore the rectangle £77, BD is also rational. 

And it is applied to the rational straight line BD; 
therefore E/7 is rational and commensurable in length 
with BD; [x. 20] 
so that EK, being commensurable with it, is also rational and 
commensurable in length with BD. 
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Since, then, as CD is to DB, so is FK to KE, 


king CD, DB are straight lines commensurable in square 
only, 


therefore FK, KE are also commensurable in square only. 
[x. 11] 


But KE is rational ; 
therefore FK is also rational. 


Therefore FK, KE are rational straight lines commen- 
surable in square only ; 


therefore ZF is an apotome. [x. 73] 


Now the square on C is greater than the square on DB 
either by the square on a straight line commensurable with 
-— or by the square on a straight line incommensurable 
with it. 

If then the square on C2 is greater than the square on 
DB by the square on a straight line commensurable with CD, 
the square on FĶ is also greater than the square on KE by 
the square on a straight line commensurable with FÆ. [x. 14] 

And, if CD is commensurable in length with the rational 
straight line set out, 


so also is FK ; [x. 11, 12] 
if BD is so commensurable, 
so also is KZ ; [x. 12] 


but, if neither of the straight lines CD, DB is so commensur- 
able, 


neither of the straight lines FĶ, KE is so. 


But, if the square on C2 is greater than the square on 
DB by the square on a straight line incommensurabl 


with CD, 

the square on FK is also greater than the square on KE by 

the square on a straight line incommensurable with FK. [x. 14] 
And, if CD is commensurable with the rational straight 

line set out, 

so also is FK ; 

if BD is so commensurable, 

so also is KZ ; 
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but, if neither of the straight lines C2, DB is so commensur- 
able, 
neither of the straight lines FK, KZ is so; 


so that FE is an apotome, the terms of which FX, KE are 
commensurable with the terms CD, DB of the binomial 
straight line and in the same ratio, and it has the same order 
as BC. 

Q. E. D. 


Heiberg considers that this proposition and the succeeding ones are inter- 
polated, though the interpolation must have taken place before Theon's time. 
His argument is that X. 112—115 are nowhere used, but that x. 111 rounds 
off the complete discussion of the 13 irrationals (as indicated in the recapitu- 
lation), thereby giving what was necessary for use in connexion with the 
investigation of the five regular solids. For besides x. 73 (used in xir. 6, 11) 
X. 94 and 97 are used in XIII. 11, 6 respectively; and Euclid could not have 
stopped at X. 97 without leaving the discussion of irrationals imperfect, for 
X. 98— 102 are closely connected with x. 97, and X. 103—111 add, as it were, 
the coping-stone to the whole doctrine. On the other hand, x. 112— 115 are 
not connected with the rest of the treatise on the 13 irrationals and are not 
used in the stereometric books. "They are rather the germ of a new study and 
a more abstruse investigation of irrationals in /ZAemseires. Prop. 115 in 
particular extends the number of the different kinds of irrationals. As 
however X. 112—115 are old and serviceable theorems, Heiberg thinks that, 
thougb Euclid did not give them, they may have been taken from Apollonius. 

I will only point out what seems to me open to doubt in the above, namely 
that x. 112—114 (excluding 115) are not connected with the rest of the 
exposition of the 13 irrationals. It seems to me that they ave so connected. 
x. 111 has shown us that a binomial straight line cannot also be an apotome. 
But x. 112—114 show us ow esther of them can be used to rationalise the other, 
thus giving what is surely an important relation between them. 


X. r12 is the equivalent of rationalising the denominators of the fractions 
à e 
JA + JB? ac JB! 
by multiplying numerator and denominator by J4 — /B and a — JB 
respectively. 


2 
Euclid proves that UIS = Àp — J£. Ap (& <1), and his method enables 


us to see that A = o7/(p? — kp’). 

The proof is a remarkable instance of the dexterity of the Greeks in using 
geometry as the equivalent of our algebra. Like so many proofs in Archimedes 
and Apollonius, it leaves us completely in the dark as to how it was evolved. 
That the Greeks must have had some analytical method which suggested the 
steps of such proofs seems certain ; but wat it was must remain apparently 
an insoluble mystery. 

I will reproduce by means of algebraical symbols the exact course of 
Euclid's proof. 


| c? ; : : 
He has to prove that 25 is an apotome related in a certain way to 


k.p 
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the binomial straight line p+ /&.p. If u be the straight line required, 
(u +w)—w is shown to be an apotome of the kind described, where w is 
determined in the following manner. 


We have (p+ Jk. p)u=o7= JE. p. x, say, 
whence _ XM. | TTA (1). 
Let Xx -—Hu-. 
Then (p+ Jk.p): J&.p-(u47):u, 
and hence pias pes EEE (2). 
Let w be taken such that 
] Du cM) 2 Wanin ron Ee be erths (3). 
Thus U:u-—(u^cvT):(ucm)....eseueues (4), 
and therefore p:X/E.p (uv + w) : (u cw). 


From the last proportion, 
(tw - v +w’ ^(u- wy, 


and, from the two preceding, (4 + w) is a mean proportional between 
(1 - 0 t 20), w, so that 


(u - v t wF : (u+ wY = (u +v + w): w. 


Therefore (u - v -- 20) ^ w, 
whence (4 v) ^ vw. 
Now Jk. p(u v)  o*, which is rational; 
therefore (u +v) is rational and ^ J.p; 
hence w is also rational and ^ JÅ. pP ............eeesse (5). 


Next, by (2), (3), since p, ,/4. p are ~, 


(u+w)~— w, 
and w is rational ; 


therefore (u + w) is rational, 
and (u +w) w are rational and ~. 
Hence (u + 120) — 2w is an apotome. 
Now either (D — Jp! — £p? ^ p, 
or (II) VP — &p* v p. 
In case (I) Met wp wm (u+w), ——— [(2s (3) and x. 14) 
and in case (II) — J(u + wP- u’ v (u+ w). [żd.] 
Then, since [(5)] w^ Jk.p, 
by x. rz and (2), (3), (URUW) OOD Sao EET ERE v REOR NUS (6). 


[This step is omitted in Euclid, but the result is assumed.] 

If thereforep^c, (u-2)^o; 
if Jk.pno, w^c; ((s)] 
and, if neither p nor JA. p is ^ «e, neither (u + w) nor w will be ^ c. 

Thus the order of the apotome (z - zw) — zv is the same as that of the 


binomial straight line p+ /£. p; while [(2), (3)] the terms are proportional 
and [(5), (6)] commensurable respectively. 
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We find (u + w), w algebraically thus. 


g? 








By (» “ps Jee 
“+w — Pp $ 
and, by (2), (3), w  Jk.p'' 
snl Rs 
whence EE 
e. JR. p 
a p? — kp? ] 
ELE LA 
Thus M0 —1. Th pa bee 
_ a P~ XA. p 
Therefore (4+ w)—-w=o. ye 


PROPOSITION 113. 


The square on a rational straight line, if applied to an 
apotome, produces as breadth the binomial straight line the 
terms of which are commensurable with the terms of the 
apotome and in the same ratio; and further the binomial 
so arising has the same order as the apotome. 


Let A be a rational straight line and AD an apotome, 
and let the rectangle BD, KH be equal to 
the square on 4, so that the square on the 
rational straight line 4 when applied to the 
apotome BD produces XÆ as breadth ; A 
I say that XH is a binomial straight line the 
terms of which are commensurable with the D F 
terms of D and in the same ratio; and 
further XA has the same order as BD. H 


For let DC be the annex to BD: B 


therefore BC, CD are rational straight lines commensurable 
in square only. [x. 73] 


Let the rectangle BC, G be also equal to the square on A. 
But the square on 4 is rational ; 


therefore the rectangle BC, G is also rational. 
And it has been applied to the rational straight line BC ; 


therefore G is rational and commensurable in length with AC. 
[x. 20] 


Q 
A 





X. 113] PROPOSITIONS 112, 113 249 


Since now the rectangle BC, G is equal to the rectangle 
BD, KH, 


therefore, proportionally, as CB is to BD, so is KA to G. 


{vi. 16] 
But BC is greater than BD ; 
therefore XH is also greater than G. [v. 16, v. 14] 
Let KE be made equal to G ; 
therefore KE is commensurable in length with BC. 
And since, as CB is to BD, so is HK to KE, 


therefore, convertendo, as BC is to CD, so is KH to HE. 
[v. 19, Por.] 
Let it be contrived that, as KH is to HE, so is HF 
to FE; 


therefore also the remainder AF is to FH as KH is to HE, 

that is, as BC is to CD. [v. 19] . 
But BC, CD are commensurable in square only ; 

therefore XF, FH are also commensurable in square only. 


[x. 11] 
And since, as KZ is to HE, so is KF to FF, 
while, as XH is to HE, so is HF to FE, 


therefore also, as KF is to FH, so is HF to FE, [v. 11] 
so that also, as the first is to the third, so is the square on the 
first to the square on the second ; [v. Def. 9] 


therefore also, as AF is to FE, so is the square on KF to the 
square on 777. 


But the square on AF is commensurable with the square 


on FH, 

for KF, FH are commensurable in square ; 

therefore AF is also commensurable in length with FÆ, [x. 11] 

so that AF is also commensurable in length with XÆ. [x. 15] 
But XZ is rational and commensurable in length with BC; 

therefore KF is also rational and commensurable in length 


with BC. [x. 12] 
And, since, as BC is to CD, so is KF to FH, 
alternately, as BC is to KF, so is DC to FH. [v. 16] 


But BC is commensurable with KZ; 
therefore 777 is also commensurable in length with CD. [x. 11] 


250 BOOK X [x. 113 


But BC, CD are rational straight lines commensurable in 
square only ; 


therefore KF, FH are also rational straight lines [x. Def. 3] 
commensurable in square only ; 


therefore XA is binomial. | [x. 36] 


If now the square on BC is greater than the square on CD 
by the square on a straight line commensurable with BC, 


the square on AF will also be greater than the square on FH 
by the square on a straight line commensurable with AF. [x. 14] 


And, if BC is commensurable in length with the rational 
straight line set out, 


so also is AF; 


if CD is commensurable in length with the rational straight 
line set out, 


so also is 777, 
but, if neither of the straight lines BC, CD, 
then neither of the straight lines AF, FH. 


But, if the square on AC is greater than the square on CD 
by the square on a straight line incommensurable with BC, 


the square on AF is also greater than the square on FH by 
the square on a straight line incommensurable with XÆ. [x. 14] 


And, if BC is commensurable with the rational straight 
line set out, 


so also is KF’; 

if CD is so commensurable, 

so also is FA ; 

but, if neither of the straight lines BC, CD, 
then neither of the straight lines KF, FH. 


Therefore XH is a binomial straight line, the terms of 
which KF, FH are commensurable with the terms BC, CD of 
the apotome and in the same ratio, 


and further K 77 has the same order as BD. 
Q. E. D. 


This proposition, which is companion to the preceding, gives us the equiva- 
lent of the rationalisation of the denominator of 


e e 


JA-JB " a~ JB' 
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Euclid (or the writer) proves that 


g? 
—— M—B +A JA. A bI 
p— JE. p Àp JA. p ( ) 
and his method enables us to see that À = o*?/(p* — kp’). 
2 
Let i u ; 
p— k.p 


and it is proved that x is the binomial straight line (s — w) + w, where w is 
determined as shown below. 


u (p — Jk. p) = 0° = px, say, 


whence A a/R sp) Pa E ES (1), 
so that X <u. 
Let then Xx -—uHu- U. 
Siuce (4 — v) p — o?, a rational area, 
(u —9) is rational and ^ p............... sees (2). 
And [(1)] p:(p— JE. p) =u: (uo) 
so that, convertendo, p: J&.pou:v. 
Suppose that “usv=w:(v-—w), 
so that [v. 19] (u—-w):w =u: v= w (v — vo). 


Thus, w being a mean proportional between (z — w), (v — w), 
(u — wy : u? = (u — w) : (v — w). 


But (u — wF : w? = u? : v? 
= p; kp? eene (3) 
so that (u — wy ^ u’. 
Therefore (u — w) ^ (v — w) 
^ {(u— 2)— (v — w) 
^ (u-v). 
Therefore [(2)] (t —:&) is rational and ^p ...................-- (4). 
And, since p: JA. p (wu —1) : w, 
w is rational and ^ JA. p ...seceseseecceeeoees (5). 
Hence [(4), (5)] (v —2w), w are rational and ~, 
so that (wu — 2) -- ww is a binomial straight line. 
Now either (I) Ip! — kp? ^ p, 
or (11) vp? — Rp? v p. 
In case (1) J(u — wy! uf ^ (u — w), 
and in case (II) J(u — w)! — u’ o (u—w). [(3) and x. 14] 
And, if p ^ c, (u-w) ^T; [(4)] 
if J/k.poa, WAT; [5] 


while, if neither p nor J/&.p is ^ c, neither (u -— w) nor w is ^ a. 

Hence (4 — 20) * w is a binomial straight line of the same order as the 
apotome p — ,/&.p, its terms are proportional to those of the apotome [(3)], 
and commensurable with them respectively [(4), (5)]. 
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To find (u — w), w algebraically we have 
T S 
pa Jk. p’ 
u — 10 p 


u 








From the latter w = w. dkp 


E 
Thus ELA Rc 


p.p 
Therefore (u — 1") - w=0°. 7 v ko? ` 





PROPOSITION 114. 


Jf an area be contained by an apotome and the binomial 
straight line the terms of which are commensurable with the 
terms of the apotome and in the same ratio, the “ side” of the 
area ts rational. 


For let an area, the rectangle 4B, CD, be contained by 
the apotome 4B and the binomial 
straight line CD, 
and let CE be the greater term of 
the latter ; S MC ee 
let the terms CE, £D of the 
binomial straight line be commen- 





surable with the terms AF, FB of = 

the apotome and in the same ratio; Em 
and let the “side” of the rectangle 

AB, CD be G ; 


I say that G is rational. 

For let a rational straight line 77 be set out, 
and to C2 let there be applied a rectangle equal to the square 
on / and producing AZ as breadth. 

Therefore KZ is an apotome. | 

Let its terms be KM, ML commensurable with the terms 
CE, ED of the binomial straight line and in the same m j 

X. II2 


ome 
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But CZ, ED are also commensurable with AF, FB and in 
the same ratio ; 


therefore, as dF is to FÐ, so is KM to ML. 


Therefore, alternately, as AF is to KM, sois BF to LM; 
therefore also the remainder 4 is to the remainder KZ as 


AF is to KM. [v. 19] 

But AF is commensurable with KM ; | [x. 12] 
therefore AB is also commensurable with KZ. [x. 11] 

And, as AB is to KL, so is the rectangle CD, AB to the 
rectangle CD, KZ ; [vi. 1] 
therefore the rectangle CD, AB is also commensurable with 
the rectangle CD, AL. [x- 11] 


But the rectangle CD, KZ is equal to the square on 77; 
therefore the rectangle CD, AB is commensurable with the 
square on 77. 

But the square on G is equal to the rectangle CD, AB; 
therefore the square on G is commensurable with the square 
on A. 

But the square on 77 is rational ; 
therefore the square on G is also rational ; 
therefore G is rational. 


And it is the “side” of the rectangle CD, AB. 
Therefore etc. 


Porism. And it is made manifest to us by this also that 
it is possible for a rational area to be contained by irrational 
straight lines. 


Q. E. D. 


This theorem is equivalent to the proof of the fact that 
JA - JB) & JA € X JB) = JA (A — B), 
and Ja JB) Ga * JB) = Ji (eB), 
The result of the theorem x. 112 is used for the purpose thus. 
We have to prove that 


Vip- JF. p) (Ap + X J&. p) 


is rational, 
By x. 112 we have, if o is a rational straight line, 


a? , ; 
arra 5574 JA. p eesoscóosecsotvtocvones (1). 
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Now  p:Xp- JE. p:X J&.p- (p- J&.p) : (Vp — X Sk. p), 
so that (p —- J£. p) ^ (Vp—- X Sk. p). 
Multiplying each by (Ap + À J£. p), we have 
(p— J/&. p) (Ap + À J&. p) ^ (Ap A J&. p) (Vp  N JA. p) 


^ c, by (1). 
That is, (p — J&.p) (Ap X J&.p) is a rational area, 
and therefore (p — Jk. p) (p * X J£. p) is rational. 


PROPOSITION 115. 


From a medial straight line there arise irrational straight 
lines infinite in number, and none of them is the same as any 
of the preceding. 

Let A be a medial straight line ; 
I say that from 4 there arise 
irrational straight lines infinite in 
number, and none of them is the 
same as any of the preceding. 

Let a rational straight line B 
be set out, 
and let the square on C be equal 
to the rectangle Z, A ; 
therefore C is irrational ; [x. Def. 4] 
for that which is contained by an irrational and a rational 
straight line is irrational. [deduction from x. 20] 

And it is not the same with any of the preceding ; 
for the square on none of the preceding, if applied to a rational 
straight line produces as breadth a medial straight line. 

Again, let the square on D be equal to the rectangle B, C; 
therefore the square on 2 is irrational. [deduction from x. 20] 

Therefore 2 is irrational ; [x. Def. 4] 
and it is not the same with any of the preceding, for the 
square on none of the preceding, if applied to a rational 
straight line, produces C as breadth. 

Similarly, if this arrangement proceeds ad infinitum, it 
is manifest that from the medial straight line there arise 
irrational straight lines infinite in number, and none is the 
same with any of the preceding. ' 


o oo» 


Q. E. D. 
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Heiberg is clearly right in holding that this proposition, at all events, is 
alien to the general scope of Book x, and is therefore probably an interpola- 
tion, made however before Theon’s time. It is of the same character as a 
scholium at the end of the Book, which is (alóng with the interpolated proposi- 
tion proving, in two ways, the incommensurability of the diagonal of a square 
with its side) relegated by August as well as Heiberg to an Appendix. 


The proposition amounts to this. 


The straight line 4p being medial, if ø be a rational straight line, ~ Hoo 
is a new irrational straight line. So is the mean proportional between this 
and another rational straight line o’, and so on indefinitely. 


ANCIENT EXTENSIONS OF THE THEORY OF BOOK X. 


From the hints given by the author of the commentary found in Arabic 

by Woepcke (cf. pp. 3—4 above) it would seem probable that Apollonius’ 
extensions of the theory of irrationals took two directions : (1) generalising 
the media/ straight line of Euclid, and (2) forming compound irrationals by the 
addition and subtraction of more than two terms of the sort composing the 
a apotomes, etc. The commentator writes (Woepcke’s article, pp. 694 
sqq.): 
“Tt is also necessary that we should know that, not only when we join 
together two straight lines rational and commensurable in square do we obtain 
the binomial straight line, but three or four lines produce in an analogous 
manner the same thing. In the first case, we obtain the trinomial straight 
line, since the whole line is irrational ; and in the second case we obtain the 
quadrinomial, and so on ad infinitum. The proof of the (irrationality of the) 
line composed of three lines rational and commensurable in square is exactly 
the same as the proof relating to the combination of two lines. 

“ But we must start afresh and remark that not only can we take one sole 
medial line between two lines commensurable in square, but we can take three 
or four of them and so on ad infinitum, since we can take, between any two 
given straight lines, as many lines as we wish in continued proportion. 

* Likewise, in the lines formed by addition not only can we construct the 
binomial straight line, but we can also construct the trinomial, as well as the 
first and second trimedial ; and, further, the line composed of three straight 
lines incommensurable in square and such that the one of them gives with 
each of the two others a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial, so that there results a major (irrational) 
composed of three lines. 

* And, in an analogous manner, we obtain the straight line which is the 
‘side’ of a rational plus a medial area, composed of three straight lines, and, 
likewise, that which is the ‘side’ of (the sum of) two medials." 

The generalisation of the medial is apparently after the following manner. 
Let x, y be two straight lines rational and commensurable in square only and 
suppose that 7; means are interposed, so that 


. . x x r 
We easily derive herefrom > = (=) : 
X; Xi 
x eM +1 
Fa ME 
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and hence LS aa, 
We bey m 
so that (XA Soe"), 
and therefore qu P en, IET 
1 
Or aX cy" n yrs 


which is the generalised medial. 


We now pass to the trinomial etc., with the commentator's further remarks 
about them. 


(1) The trinomial. “Suppose three rational straight lines commensurable in 
square only. The line composed of two of these lines, that is, the binomial 
straight line, is irrational, and, in consequence, the area contained by this line 
and the remaining line is irrational, and, likewise, the double of the area 
contained by these two lines will be irrational. Thus the square on the 
whole line composed of three lines is irrational and consequently the line is 
irrational, and it is called a trinomial straight line.” 

It is easy to see that this * proof" is not conclusive as stated. Nor does 
Woepcke seem to show how the proposition can be proved on Euclidean 
lines. But I think it would be somewhat as follows. 


Suppose x, y, z to be rational and ~. 

Then x’, y’, z? are rational, and 2yz, 2zx, 2xy are all medial. 

First, (2yz + 22x + 2xy) cannot be rational. 

For suppose this sum equal to a rational area, say o°. 

Since 2y2 + 223% + 2xy = 0°, 

22% + 2xy = 07 — 2y2, 
or the sum of two medial areas incommensurable with one another is equal to 
the difference between a rational area and a medial area. 

But the “side” of the sum of the two medial areas must [x. 72] be one of 
two irrationals with a positive sign; and the “side” of the difference between a 
rational area and a medial area must [x. 108] be one of two irrationals with a 
negative sign. 

And the first “side” cannot be the same as the second [x. 111 and ex- 
planation following}. 


Therefore 22% + 2xy + 0? — 2y2, 
and 2y£ + 22x + 2xy is consequently irrational. 
Therefore (23 +9? + 37) o (2yz + 22x + 2xy), 
whence (x y zy u (x* + y' + 2°), 


so that (x + y + z}, and therefore also (x +y + z), is irrational. 


The commentator goes on: 


“ And, if we have four lines commensurable in square, as we have said, the 
procedure will be exactly the same; and we shall treat the succeeding lines in 
an analogous manner." 

Without speculating further as to how the extension was made to the 
quadrinomial etc., we may suppose with Woepcke that Apollonius probably 
investigated the multinomial 


p* kp JA.p p.p... 
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(2) The frst trimedial straight line. 


The commentator here says: “Suppose we have three medial lines com- 
mensurable in square [only], one of which contains with each of the two others 
a rational rectangle; then the straight line composed of the two lines is 
irrational and is called the first bimedial ; the remaining line is medial, and 


' the area contained by these. two lines is irrational. Consequently the square 


on the whole line ts irrational.” 
To begin with, the conditions here given are incompatible. If x, y, z be 
medial straight lines such that xy, xz are both rational, 


y:g—Xxy:xz—m:n, 


and y, z are commensurable in length and not in square only. 

Hence it seems that we must, with Woepcke, understand “three medial 
straight lines such that owe is commensurable with each of the other two in 
square only and makes with it a rational rectangle." 

If x, y, z be the three medial straight lines, 

(x? + y? + 23) ^ 2, 


so that (x? + y* + 2°) is medial. 

Also we have 2xy, 2xz both rational and 2yz medial, 

Now (x° + y! + 2") + 2ys + 2xy + 2x2 cannot be rational, for, if it were, the 
sum of two medial areas, (x° + y+ 2°), 2yz, would be rational: which is im- 
possible. [Cf. x. 72.] 


Hence (x y ^2) is irrational. 


(3) The second trimedial straight line. 

Suppose x, y, z to be medial straight lines commensurable in square only 
and containing with each other medial rectangles. 

Then (x? + y? + 2°) ^ x?, and is medial. 

Also 2y2, 22x, 2xy are all medial areas. 


To prove the irrationality in this case I presume that the method would 
be like that of x. 38 about the second bimedtal. 
Suppose o to be a rational straight line and let 


(x? + y! -2)2of 


2y = CU 
22X = 07 
2Xy = TW 
Here, since, e.g., XZ: XY =V: W, 
or ZSiY=U:B, 
and similarly X:2—1:M, 
u, v, w are commensurable in square only. 
Also, since (x? + y? -2)^3x 
bod XY, 


7 is incommensurable with w. 


H. E. III. 17 
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Similarly fis incommensurable with x, v. 
But £, u, v, w are all rational and ~ o. 
Therefore (f+ u +v + 20) is a quadrinomial and therefore irrational. 
Therefore o (+ u - v -- w), or (x 4 y t 2), is irrational, 
whence (x +y +2) is irrational. 


(4) The major made up of three straight lines. 


The commentator describes this as “the line composed of three straight 
lines incommensurable in square and such that one of them gives with each 
of the other two a sum of squares (which is) rational, while the rectangle 
contained by the two lines is medial." 

If x, y, z are the three straight lines, this would indicate 


(x° + y*) rational, 
(x? + 2?) rational, 
2yz medial. 


Woepcke points out (pp. 696—8, note) the difficulties connected with this 
supposition or the supposition of l 


(x? + y*) rationa 
(x° + 2*) rational, 
2xy (or 2x) medial, 
and concludes that what is meant is the supposition 


(x* + »*) rational 
xy medial 
xs medial 

(though the text is against this). 

The assumption of (3*- 5?) and (x*-- 2*) being concurrently rational is 
certainly further removed from Euclid, for x. 33 only enables us to find one 
pair of lines having the property, as x, y. 

But we will not pursue these speculations further. 


As regards further irrationals formed by subtraction the commentator 
writes as follows. 

* Again, it is not necessary that, in the irrational straight lines formed by 
means of subtraction, we should confine ourselves to making one subtraction 
only, so as to obtain the apotome, or the first apotome of the medial, or the 
second apotome of the medial, or the minor, or the straight line which 
produces with a rational area a medial whole, or that which produces with a 
medial area a medial whole; but we shall be able here to make two or three 
or four subtractions. 

* When we do that, we show in manner analogous to the foregoing that 
the lines which remain are irrational and that each of them is one of the lines 
formed by subtraction. That is to say that, if from a rational line we cut off 
another rational line commensurable with the whole line in square, we obtain, 
for remainder, an apotome; and, if we subtract from this line (which is) 
cut off and rational—that which Euclid calls the aanex (xpooappofovca)— 
another rational line which is commensurable with it in square, we obtain, as 
the remainder, an apotome ; likewise, if we cut off from the rational line cut 














ANCIENT EXTENSIONS 259 


off from this line (i.e. the annex of the apotome last arrived at) another line 
which is commensurable with it in square, the remainder is an apotome. The 
same thing occurs in the subtraction of the other lines." 

As Woepcke remarks, the idea is the formation of the successive apotomes 


ja — Jb, JO — Ja Je—./d, etc. We should naturally have expected to see 
the writer form and discuss the following expressions 


(Ja K /6) = VG 
(( Ja — Jb) - Je] —- Jd, etc. 


17—2 


BOOK XI. 


DEFINITIONS. 
1. A solid is that which has length, breadth, and depth. 
2. An extremity of a solid is a surface. 


3. A straight line is at right angles to a plane, 
when it makes right angles with all the straight lines which 
meet it and are in the plane. 


4. A plane is at right angles to a plane when the 
straight lines drawn, in one of the planes, at right angles to 
the common section of the planes are at right angles to the 
remaining plane. 


5. The inclination of a straight line to a plane 
is, assuming a perpendicular drawn from the extremity of 
the straight line which is elevated above the plane to the 
plane, and a straight line joined from the point thus arising 
to the extremity of the straight line which is in the plane, 
the angle contained by the straight line so drawn and the 
straight line standing up. 


6. The inclination of a plane to a plane is the acute 
angle contained by the straight lines drawn at right angles 
to thé common section at the same point, one in each of the 
planes. 


7. A plane is said to be similarly inclined to a plane 
as another is to another when the said angles of the inclina- 
tions are equal to one another. 


8. Parallel planes are those which do not meet. 
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9. Similar solid figures are those contained by similar 
planes equal in multitude. 


10. Equal and similar solid figures are those con- 
tained by similar planes equal in multitude and in magnitude. 


11, A solid angle is the inclination constituted by more 
than two lines which meet one another and are not in the 
same surface, towards all the lines. 

Otherwise: A solid angle is that which is contained by 
more than two plane angles which are not in the same plane 
and are constructed to one point. 


12. A pyramid is a solid figure, contained by planes, 
which is constructed from one plane to one point. 


13. A prism is a solid figure contained by planes two 
of which, namely those which are opposite, are equal, similar 
and parallel, while the rest are parallelograms. 


14. When, the diameter of a semicircle remaining fixed, 
the semicircle is carried round and restored again to the same 
position from which it began to be moved, the figure so 
comprehended is a sphere. 


15. The axis of the sphere is the straight line which 
remains fixed and about which the semicircle is turned. 


16. The centre of the sphere is the same as that 
of the semicircle. 


17. A diameter of the sphere is any straight line 
drawn through the centre and terminated in both directions 
by the surface of the sphere. 


18. When, one side of those about the right angle in a 
right-angled triangle remaining fixed, the triangle is carried 
round and restored again to the same position from which it 
began to be moved, the figure so comprehended is a cone. 

And, if the straight line which remains fixed be equal to 
the remaining side about the right angle which is carried 
round, the cone will be right-angled; if less, obtuse-angled ; 
and if greater, acute-angled. 


19. The axis of the cone is the straight line which 
remains fixed and about which the triangle is turned. 
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20. And the base is the circle described by the straight 
line which is carried round. 


21. When, one side of those about the right angle in a 
rectangular parallelogram remaining fixed, the parallelogram 
is carried round and restored again to the same position from 
which it began to be moved, the figure so comprehended is a 
cylinder. 


22. The axis of the cylinder is the straight line which 
remains fixed and about which the parallelogram is turned. 


23. And the bases are the circles described by the two 
sides opposite to one another which are carried round. 


24. Similar cones and cylinders are those in which 
the axes and the diameters of the bases are proportional. 


25. A cube is a solid figure contained by six equal 
squares. 


26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 


27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 


28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 


DEFINITION 1. 

Srepeov core TÒ prkos kai mAÀdáros xai Balos éyov. 

This definition was evidently traditional, as may be inferred from a number 
of passages in Plato and Aristotle. Thus Plato speaks (.SopAist, 235 D) of 
making an imitation of a model (wapadeyya) “in length and breadth and 
depth” and (Zaws, 817 E) of “the art of measuring length, surface and depth” 
as one of three pa@ypara. Depth, the third dimension, is used alone as a 
description of “body” by Aristotle, the term being regarded as connoting the 
other two dimensions ; thus (Metaph. 1020a 13, 11) “length is a line, breadth a 
surface, and depth body" ; **that which is continuous in one direction is length, 
in two directions breadth, and in three depth." Similarly Plato (Rep. 528 B, D), 
when reconsidering his classification of astronomy as next to (plane) geometry: 
*although the science dealing with the additional dimension of depth is next in 
order, yet, owing to the fact that it is studied absurdly, I passed it over and 
put next to geometry astronomy, the motion of (bodies having) depth." In 
Aristotle ( Topics vi. 5, 142 b 24) we find “the definition of body, that which 
has three dimensions (dtacraves)” ; elsewhere he speaks of it as “that which 
has all the dimensions” (De caelo 1. 1, 268 b 6), “that which has dimension 
every way” (tò wavry Sudoracw &xyov, Metaph. 1066 b 32)etc. In the Physics 
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(Iv. 1, 208 b 13 sqq.) he speaks of the “dimensions” as six, dividing each of 
the three into two opposites, “ up and down, before and behind, right and left,” 
though of course, as he explains, these terms are relative. 

Heron, as might be expected, combines the two forms of the definition. 
* A solid body is that which has length, breadth, and depth: or that which 
possesses the three dimensions." (Def. 13.) 

Similarly Theon of Smyrna (p. 111, 19, a Hiller): “ that which is extended 
(ĉtaoraróv) and divisible in three directions is solid, having length, breadth 
and depth.” 


DEFINITION 2. 

Zrep«oU St wépas émipdvea. 

In like manner Aristotle says (Metaph. 1066 b 23) that the notion (Aoyos) 
of body is “that which is bounded by surfaces” (éruréóo«s in this case) and 
(Metaph. 1060 b 15) “surfaces (értpdvetat) are divisions of bodies." 

So Heron (Def. 13): “ Every solid is bounded (zeparotra:) by surfaces, and 
is produced when a surface is moved from a forward position in a backward 
direction." 


DEFINITION 3. 


EvÓ eia. wpds érímreOov ôphý otw, drav xpos máras tàs ámrropévas abris eü0«ías 
kai ovcas èv TẸ éruréóv ópÜüs mo yeovias. 

This definition and the next are given almost word for word by Heron 
(Def. 115). 

That a straight line can be so related to a plane as described in Def. 3 is 
established in xt. 4. The fact has been made the basis of a definition of a 
plane which is attributed by Crelle to Fourier, and is as follows. ‘A plane is 
formed by the totality of all the straight lines which, passing through one and 
the same point of a straight line in space, stand perpendicular to it.” Stated 
in this form, the definition is open to the objection that the conception of a 
right angle, involving the measurement of angles, presupposes a plane, inasmuch 
as the measurement of angles depends ultimately upon the superposition of two 
planes and their coincidence throughout when two lines in one coincide with 
two lines in the other respectively. Cf. my note on 1. Def. 7, Vol. 1. pp. 173—5. 


DEFINITION 4. 


"Esrésreboy spós éwiredov ópÜóv tore, oray al rfj kow]j trop tay éxurédwy mpòs 
ópÜàs ayópeva: ebben dy évi trav émurédwv TQ Norma eximédp mpós ópÜàs dow. 

Both this definition and Def. 6 use the common section of two planes, 
though it is not till x1. 3 that this common section is proved to be a straight 
line. The definition however, just like Def. 3, is legitimate, because the object 
is to explain the meaning of terms, not to prove anything. 

The definition of perpendicular planes is made by Legendre a particular 
case of Def. 6, the limiting case, namely, where the angle representing the 
“inclination of a plane to a plane” is a right angle. 


DEFINITION 5. 


Eleias xpos éxiredov kriisis lero, Gray dmó ToU perewpov TépaTos HS 
eieias ixi TÒ éwiredov xdÜeros axÜjj, xai dard rod yevop.évov onpatou éri rò ev Tẹ 
i dmir és mépas Tis «DÜcíac ebia éxiLery Oy, 9) weptexopévy yovía trò rijs áx0elans 
«ai TNS («ora ys. 
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In other words, the inclination of a straight line to a plane is the angle 
between the straight line and its projection on the plane. This angle is of 
course less than the angle between the straight line and any other straight line 
in the plane through the intersection of the straight line and plane; and the 
fact is sometimes made the subject of a proposition in modern text-books. It 
is easily proved by means of the propositions x1. 4, 1. 19 and 18. 


DEFINITION 6. 

"Emcrédou pos éxixeddov kMois dai 7 weprexopevn ofeia ywvia bro rv pos 
opbas rjj kow] Top d'yopévov mpòs TH aùr onpeip èv éxarépo trav émirduv. 

When two planes meet in a straight line, they form what is called in 
modern text-books a dihedral angle, which is defined as the opening or angular 
opening between the two planes. This dihedral angle is an “angle” altogether 
different in kind from a plane angle, as again it is different from a solid angle 
as defined by Euclid (i.e. a trihedral, tetrahedral, etc. angle). Adopting for 
the moment Apollonius’ conception of an angle as the “bringing together of a 
surface or solid towards one point under a broken line or surface” (Proclus, 
p. 123, 16), we may regard a dihedral angle as the bringing together of the 
broken surface formed by two intersecting planes not to a point but to a straight 
line, namely the intersection of the planes. Legendre, in a proposition on the 
subject, applied provisionally the term corner to describe the dihedral angle 
between two planes; and this would be a better word, I think, than opening 
to use in the definition. 

The distinct species of “angle” which we call dihedral is, however, 
measured by a certain plane angle, namely that which Euclid describes in the 
present definition and calls the inclination of a plane to a plane, and which in 
some modern text-books is called the p/ane angle of the dihedral angle. 

It is necessary to show that this plane angle is a proper measure of the 
dihedral angle, and accordingly Legendre has a proposition to this effect. In 
order to prove it, it is necessary to show that, given two planes meeting in a 
straight line, 

(1) the plane angle in question is the same at all points of the straight line 
forming the common section ; 

(2) if the dihedral angle between two planes increases or diminishes in a 
certain ratio, the plane angle in question will increase or diminish in the same 
ratio. 

(1) If MAN, MAP be two planes intersecting in MA, and if AN, AP 
be drawn in the planes respectively and at right angles to 
MA, the angle VAP is the inclination of the plane to the 
plane or the plane angle of the dihedral angle. M C 


Let MC, MB be also drawn in the respective planes bM, 
at right angles to MA. 


Then since, in the plane MAN, MC and AN are 
drawn at right angles to the same straight line MA, 


MC, AN are parallel. 


For the same reason, MB, A are parallel. A N 
Therefore [x1. 10] the angle BMC is equal to the 
angle PAN. 4 


And M may be any point on MA. Therefore the 
plane angle described in the definition is the same at all 
points of 4M. 
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(2) In the plane VAP draw the arc VDF of any circle with centre A, 
and draw the radius 4D. 
Now the planes VAP, CM B, being both at right angles to the straight 


line MA, are parallel ; [xi. 14] 
therefore the intersections 4D, ME of these planes with the plane MAD are 
parallel, [x1. 16] 
and consequently the angles BME, PAD are equal. [x1. 10] 


If now the plane angle WAD were equal to the plane angle DAP, the 
dihedral angle A4 M D would be equal to the dihedral angle DAMP; 


for, if the angle PAD were applied to the angle DAN, AM remaining the 
same, the corresponding dihedral angles would coincide. 


Successive applications of this result show that, if the angles VAD, DAP 
each contain a certain angle a certain number of times, the dihedral angles 
NAMD, DAMP will contain the corresponding dihedral angle the same 
number of times respectively. 

Hence, where the angles VAD, DAP are commensurable, the dihedral 
angles corresponding to them are in the same ratio. 

Legendre then extends the proof to the case where the plane angles are 
incommensurable by reference to an exactly similar extension in his proposition 
corresponding to Euclid vi. 1, for which see the note on that proposition. 

Modern text-books make the extension by an appeal to Amits. 


DEFINITION 7. 
"Extredov mpos énimedov Gpotws kexMaÜa« Aéyerac kai érepoy mpòs &repov, orav 
ai cipnpevat TOV kMaeoy ywviat icat àVXyjÀaus ow. 


DEFINITION 8. 
IlapáAAqAa rimed oTi rà dovprrwra. 
Heron has the same definition of parallel planes (Def. 115). The Greek 


word which is translated “which do not meet” is dovpmrrwra, the term which 
has been adopted for the asymptotes of a curve. 


DEFINITION 9. 


@ A , , 9 a € vs € , , [4 , v, * 
Opow orepea oyxnpara érte Ta bTÓ Gpoiwy émuréóov mepuexópeva. toov. TÒ 
wA7Gos. 


DEFINITION IO. 

"Iva dé xai ópoux oreped oxýpartd gore rà Ùrò Gpoiwy éruréduv reprexoueva 
(cov te mÀyÜe xoi rQ peyda. 

These definitions, the second of which practically only substitutes the 
words “equal and similar” for the word “similar” in the first, have been the 
mark of much criticism. 

Simson holds that the equality of solid figures is a thing which ought to be 
proved, by the method of superposition, or otherwise, and hence that Def. 1o 
is not a definition but a ¢Aeorem which ought not to haye been placed among 
the definitions. Secondly, he gives an example to show that the definition or 
theorem is not universally true. He takes a pyramid and then erects on the 
base, on opposite sides of it, two equal pyramids smaller than the first. The 
addition and subtraction of these pyramids respectively from the first give two 
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solid figures which satisfy the definition but are clearly not equal (the smaller 
having a re-entrant angle); whence it also appears that two unequal solid 
angles may be contained by the same number of equal plane angles. 

Maintaining then that Def. 10 is an interpolation by “an unskilful hand,” 
Simson transfers to a place before Def. 9 the definition of a solid angle, and 
then defines similar solid figures as follows : 

Similar solid figures are such as have all their solid angles equal, each to each, 
and which are contained by the same number of similar planes. 

Legendre has an invaluable discussion of the whole subject of these 
definitions (Note x11., pp. 323—336, of the 14th edition of his E/éments de 
Géométrie). He remarks in the first place that, as Simson said, Def. ro is not 
properly a definition, but a theorem which it is necessary to prove ; for it is 
not evident that two solids are equal for the sole reason that they have an 
equal number of equal faces, and, if true, the fact should be proved by super- 
position or otherwise. The fault of Def. 10 is also common to Def. 9. For, 
if Def. ro is not proved, one might suppose that there exist two unequal and 
dissimilar solids with equal faces; but, in that case, according to Definition 9, 
a solid having faces similar to those of the two first would be similar to both 
of them, ie. to two solids of different form: a conclusion implying a con- 
tradiction or at least not according with the natural meaning of the word 
* similar." 

What then is to be said in defence of the two definitions as given by 
Euclid? It is to be observed that the figures which Euclid actually proves 
equal or similar by reference to Deff. 9, 10 are such that their solid angles do 
not consist of more than /Aree plane angles ; and he proves sufficiently clearly 
that, if three plane angles forming one solid angle be respectively equal to 
three plane angles forming another solid angle, the two solid angles are equal. 
If now two polyhedra have their faces equal respectively, the corresponding 
solid angles will be made up of the same number of plane angles, and the 
plane angles forming each solid angle in one polyhedron will be respectively 
equal to the plane angles forming the corresponding solid angle in the other. 
Therefore, if the plane angles in each solid angle are not more than three in 
number, the corresponding solid angles will be equal. But if the correspond- 
ing faces are equal, and the corresponding solid angles equal, the solids must 
be equal; for they can be superposed, or at least they will be symmetrical 
with one another. Hence the statement of Deff. 9, 10 is true and admissible 
at all events in the case of figures with trihedral angles, which is the only case 
taken by Euclid. 

Again, the example given by Simson to prove the incorrectness of Def. 1o 
introduces a solid with a re-entrant angle. But it is more than probable that 
Euclid deliberately intended to exclude such solids and to take cognizance of 
convex polyhedra only ; hence Simson's example is not conclusive against the 
definition. 

Legendre observes that Simson's own definition, though true, has the 
disadvantage that it contains a number of superfluous conditions. To get 
over the difficulties, Legendre himself divides the definition of similar solids 
into two, the first of which defines similar ¢riangular pyramids only, and the 
second (which defines similar polyhedra in general) is based on the first. 

Two triangular pyramids are similar when they have pairs of faces respectively 
similar, similarly placed and equally inclined to one another. 

Then, having formed a triangle with the vertices of three angles taken on 
the same face or base of a polyhedron, we may imagine the vertices of the 
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different solid angles of the polyhedron situated outside of the plane of this 
base to be the vertices of as many triangular pyramids which have the triangle 
` for common base, and each of these pyramids will determine the position of 
one solid angle of the polyhedron. This being so, 

Two polyhedra are similar when they have similar bases, and the vertices of 
their corresponding solid angles outside the bases are determined by triangular 
pyramids similar each to cach. 

As a matter of fact, Cauchy proved that two convex solid figures are equal 
if they are contained by equal plane figures similarly arranged. Legendre 
gives a proof which, he says, is nearly the same as Cauchy’s, depending on two 
lemmas which lead to the theorem that, Given a convex polyhedron in which all 
the solid angles are made up of more than three plane angles, tt 1s impossible to 
vary the inclinations of the planes of this solid so as to produce a second polyhe- 
dron formed by the same planes arranged in the same manner as in the given 
polyhedron. The convex polyhedron in which all the solid angles are made up 
of more than three plane angles is obtained by cutting off from any given 
polyhedron all the triangular pyramids forming trihedral angles (if one and the 
same edge is common to ‘wo trihedral angles, only one of these angles is 
suppressed in the first operation). This is legitimate because trihedral angles 
are invariable from their nature. 

Hence it would appear that Heron's definition of equal solid figures, which 
adds “ similarly situated " to Euclid's ** similar ” is correct, if it be understood to 
apply to convex polyhedra only: gual solid figures are those which are 
contained by equal and similarly situated planes, equal in number and magnitude: 
where, however, the words “equal and " before “similarly situated " might be 
dispensed with. 

Heron (Def. 118) defines similar solid figures as those which are contained 
by planes similar and similarly situated. If understood of convex polyhedra, 
there would not appear to be any objection to this, in view of the truth of 
Cauchy’s proposition about equal solid figures. 


DEFINITION II. 


Xrepeà yov érti K bro mXeióvoy 1j 7 9vo  ypappàv Amropévav Ajay Kai po) 
év Tj aur} éripaveig ovo OV mpós magus TALS ypappats Khions. "AM os ° oTepeà 
yovía égTiv y bro mAÀevov 7 7 óvo yovv érurébov Tepiexouéry py ovady iv TQ 
abrQ érirédw mpós évi onueiy ovvwrrapévov. 


‘Heiberg conjectures that the first of these two definitions, which is not in 
Euclid’s manner, was perhaps taken by him from some earlier Elements. 

The phraseology of the second definition is exactly that of Plato when he 
is speaking of solid angles in the 77»aevs (p. 55). Thus he speaks (1) of four 
equilateral triangles so put together (f£vvwrrapeva) that each set of three plane 
angles makes one solid angle, (2) of eight equilateral triangles put together so 
that each set of four plane angles makes one solid angle, and (3) of six squares 
making eight solid angles, each composed of three plane right angles. 

As we know, Apollonius defined an angle as the *' bringing together of a 
surface or solid to one point under a broken line or surface." Heron (Def. 24) 
even omits the word “ broken” and says that 4 solid angle is in general (xowds) 
the bringing together of a surface which has its concavity in one and the same 
direction to one point. It is clear from an allusion in Proclus (p. 123, 1—6) to 
the half of a cone cut off by a triangle through the axis, and from a scholium to 
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this definition, that there was controversy as to the correctness of describing as a 
solid angle the “angle ” enclosed by fewer than three surfaces (including curved 
surfaces). Thus the scholiast says that Euclid's definition of a solid angle as 
made up of three or more plane angles is deficient because it does not e.g. cover 
the case of the angle of a * fourth part of a sphere," which is contained by more 
than two surfaces, though not all plane. But he declines to admit that the 
half-cone forms a solid angle at the vertex, for in that case the vertex of the 
cone would itself be an angle, and a solid angle would then be formed both 
by two surfaces and by one surface: “which is not true.” Heron on the 
other hand (Def. 24) distinctly speaks of solid angles which are not contained 
by plane rectilineal angles, “e.g. the angles of cones.” The conception of the 
latter “angles” as the Zit of solid angles with an infinite number of infinitely 
small constituent plane angles does not appear in the Greek geometers so far 
as I know. 

In modern text-books a polyhedral angle is usually spoken of as formed 
(or bounded) by three or more planes meeting at a point, or it is the angular 
opening between such planes at the point where they meet. 


DEFINITION I2. 


IIvpajus ¿ori oynpa oTepeóv érimédors weptexouevov amo évós émuréóov mpòs évi 
cei TVVETTWS. 


This definition is by no means too clear, nor is the slightly amplified 
definition added to it by Heron (Def. 100). A pyramid ts the figure brought 
together to one point, by putting together triangles, from a triangular, quadri- 
lateral or polygonal, that is, any rectilineal, base. 

As we might expect, there is great variety in the definitions given in 
modern text-books. Legendre says a pyramid ts the solid formed when several 
triangular planes start from one point and are terminated at the different sides 
of one polygonal plane. 

Mr H. M. Taylor and Smith and Bryant call it a polyhedron all but one of 
whose faces meet in a point. 

Mehler reverses Legendre’s form and gives the content of Euclid’s in 
clearer language. “An n-sided pyramid ts bounded by an n-sided polygon as base 
and n triangles which connect its sides with one and the same point outside it.” 

Rausenberger points out that a pyramid is the figure cut off from a solid 
angle formed of any number of plane angles by a plane which intersects the 
solid angle. 


DEFINITION 13. 


Lpiopa iot. ox). orepedv éemimédors meprexdpevov, àv Svo rà dmevayrioy ica 
T€ Kal Opoud OTi Kat mapadAyAa, tà 0€ Xourà wapadAyAcypaypa. 


Mr H. M. Taylor, followed by Smith and Bryant, defines a prism as a 
polyhedron all but two of the faces of which are parallel to one straight line. 

Mehler calls an #-sided prism a body contained between two parallel planes 
and enclosed by n other planes with parallel lines of intersection. 

Heron’s definition of a prism is much wider (Def. 105). Prisms are those 
figures which are connected (avvarrovra) from a rectilinal base to a rectilineal 
area by rectilineal collocation (kar eiOiypappov avvO«aw). By this Heron must 


i P anha 
ere 
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apparently mean any convex solid formed by connecting the sides and angles 
of two polygons in different planes, and 
each having any number of sides, by 


F 
straight lines forming triangular faces G 
(where of course two adjacent triangles 
may be in one plane and so form one 
quadrilateral face) in the manner shown 
in the annexed figure, where ABCD, 
D 


EFG represent the base and its 


opposite. 
Heron goes on to explain that, if 


the face opposite to the base reduces to C 
a straight line, and a solid is formed by 
connecting the base to its extremities by 

A B 


straight lines, as in the other case, the 
resulting figure is neither a pyramid nor 
a prism. 

Further, he defines parallelogrammic (in the body of the definition parallel- 
sided) prisms as being those prisms which have six faces and have their 
opposite planes parallel. 


DEFINITION 14. 


Shaipd écTw, dray ypixvxAiov pevovons Ts Stapérpov epuevexÜiv rÒ 
npixtndsoy els TÒ aùrò máy droxatactay, 00ev yp~ato péperOar, Tò wreprrnpOer 
oxĝpa. 

The scholiast observes that this definition is not properly a definition of a 
sphere but a description of the mode of generating it. But it will be seen, in 
the last propositions of Book x111., why Euclid put the definition in this form. 
It is because it is this particular view of a sphere which he uses to prove that 
the vertices of the regular solids which he wishes to ** comprehend " in certain 
spheres do lie on the surfaces of those spheres. He proves in fact that the 
said vertices lie on semicircles described on certain diameters of the spheres. For 
the real definition the scholiast refers to Theodosius’ SpAaerica. But of course 
the proper definition was given much earlier. In Aristotle the characteristic 
of a sphere is that s¢s extremity is equally distant from tts centre (tò (oov áméxew 
TOU pévov TÒ €oxaTov, De caelo 11. 14, 297 a 24). Heron (Def. 77) uses the 
same form as that in which Euclid defines the circle: 4 sphere ts a solid 
figure bounded by one surface, such that all the straight lines falling on it from 
one point of those which lie within the figure are equal to one another. So the 
usual definition in the text-books: 4 sphere is a closed surface such that all 
points of it are equidistant from a fixed point within it. 


DEFINITION I5. 
“Aéwv 96 rijs aatpas eoriv 9 pévovoa ebÜeta, rept Ñv TO NptxKALov orpédperat. 


That any diameter of a sphere may be called an axis is made clear by 
Heron (Def. 79). The diameter of the sphere is called an axis, and is any 
straight line drawn through the centre and bounded in both directions by the 


sphere, immovable, about which the sphere is moved and turned. Cf. Euclid’s 


Def. 17. 
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DEFINITION 16. 
Kévrpov dé rs opaipas éaTi rò avro, Ó kai roô xguvkAMov. 


Heron, Def. 78. The middle ( point) of the sphere is called tts centre; and 
this same point is also the centre of the hemisphere. 


DEFINITION 17. 


Aiduerpos 06 TNS oaipas doriy ebad tis Sta ToU Kévrpov ype xai repa- 
Toupevy eb éxárepa Trà pép vmó THS émipaveias THs Thaipas. 


DEFINITION 18. 


Kavos dori, Óray épGoywriov Tpryóvov pevoúons pâs mÀeupâs TOv wept Tv 
opOiv wviay weptevexGev Tò Tptywvoy eis TÓ avrò wad &mokoraa roD, ev parto 
piper ar, TÒ weprnpberv oXipa. kay pay "7 pévovra eia i ion ] TH ory | r5] 
mepi Tiv opÜiv Tepubepojéy, opĥoywvios gora: 6 kavos, ày 8& eAdrrwv, upv- 
yovios, dav Se pekov, ofvydveos. 


This definition, or rather description of the genesis, of a (right) cone is 
interesting on account of the second sentence distinguishing between right- 
angled, obtuse-angled and acute-angled cones. This- distinction is quite 
unnecessary for Euclid’s purpose and is not used by him in Book xi1.; it is no 
doubt a relic of the method, still in use in Euclid's time, by which the earlier 
Greek geometers produced conic sections, namely, by cutting right cones only 
by sections always perpendicular to an edge. With this system the parabola 
was a section of a right-angled cone, the hyperbola a section of an obtuse-anglead 
cone, and the ellipse a section of an acute-angled cone. ‘The conic sections were 
so called by Archimedes, and generally until Apollonius, who was the first to 
give the complete theory of their generation by means of sections not perpen- 
dicular to an edge, and from cones which are in general obligue circular cones. 
Thus Apollonius begins his Cosics with the more scientific definition of a cone. 
If, he says, a straight line infinite in length, and passing always through a fixed 
point, be made to move round the circumference of a circle which is not in the 
same plane with the point, so as to pass successively through every point of 
that circumference, the moving straight line will trace out the surface of a double 
cone, or two similar cones lying in opposite directions and meeting in the fixed 
point, which is the afex of each cone. The circle about which the straight line 
moves is called the dase of the cone lying between the said circle and the fixed 
point, and the axis is defined as the straight line drawn from the fixed point, 
or the apex, to the centre of the circle forming the base. Apollonius goes on 
to say that the cone is a scalene or obligue cone except in the particular case 
where the axis is perpendicular to the base. In this latter case it is a right 
cone. 

Archimedes called the right cone an ¢soseeles cone. This fact, upon 
with the appearance in his treatise On Conoids and Spheroids (7, 8, 9) of 
sections of acute-angled cones (ellipses) as sections of conical surfaces which are 
proved to be oblique circular cones by finding their circular sections, makes it 
sufficiently clear that Archimedes, if he had defined a cone, would have 
defined it in the same way as Apollonius does. 


am b- R0 
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DEFINITION 19. 


"“Atwv & ToU xuvou éoriv 5j pévovoa eUÜeia, wept Fv TO tpiywvov oTpéperac. 


DEFINITION 20. 
Baars 88 ô kukXos ó two Tis wepupepopévyns eifeias ypaddpevos. 


DEFINITION 21. 

Kúuvõpós dei, Grav opÜeyavíov mapad\nhoypappou pevos pâs whevpais 
TOV Tepi Thy pyy yoviay weprevexOev TÒ TapadAndoypappov els TO aùrò maddy 
dwroxaractaby, o0«v ypgaro déperOai, Tò reprndbey expa. 

DEFINITION 22. 
"Agwy 82 ToU xvAivdpou deriv 4 pévovoa eùbcia, wepi Fv TÒ wapadAnAdypappov 


, 
orTpedperat. 


DEFINITION 23. 


Bdoeas 82 of xvixAoe of imrÓ rv dmevavríov wepayopévow úo wievpay 
ypadopevos. 


DEFINITION 24. 


"Oporot xwvor Kai kvAuwOpot elow, av of T€ doves xai ai Siderpor Tay Bacewv 


ávdXoyóv elec. 


DEFINITION 25. 
KvBos dori oxĝpa orepedv urd t£ rerpaywvuv lrwy mepuexópevov. 


DEFINITION 26. 
"OxrdeDpóy èrtre expa cTepeóv tro oxta tprydvwv low xai lcomAevpav 
Teputxop.evov. 
DEFINITION 27. 


Eixocd«0póy écrit expa orepedy td «(xoci tprywvwv irwy Kai igomAeUpov 
WEptexojevoy. 


DEFINITION 28. 


Ausexcedpov dort exüpe orepedv td Sudexa Tevra-yovuy lowv kai iromAevpuvy 
xai lroywviwv Tepiexóp.evov. 


BOOK XI. PROPOSITIONS. 


PROPOSITION I. 


A part of a straight line cannot be in the plane of reference 
and a part in a plane more elevated. 


For, if possible, let a part 4B of the straight line 4BC 
be in the plane of reference, and a part 
BC in a plane more elevated. C 

There will then be in the plane of 
reference some straight line continuous 
with 4B in a straight line. 

Let it be BD ; 
therefore 42 is a common segment of the -~ 
two straight lines JBC, ABD: 
which is impossible, inasmuch as, if we 
describe a circle with centre B and distance 
A B, the diameters will cut off unequal circumferences of the 
circle. 

Therefore a part of a straight line cannot be in the plane 
of reference, and a part in a plane more elevated. 

Q. E. D. 





I. the plane of reference, rò broxelueror éxlxedov, the plane laid down or assumed. 
2. more elevated, perewporépy. 


There is no doubt that the proofs of the first three propositions are 
unsatisfactory owing to the fact that Euclid is not able to make any use of his 
definition of a plane for the purpose of these proofs, and they really depend 
upon truths which can only be assumed as axiomatic. The definition of a plane 
as that surface which lies evenly with the straight lines on itself, whatever its 
exact meaning may be, is nowhere appealed to as a criterion to show whether 
a particular surface is or is not a plane. If the meaning of it is what I conjec- 
ture in the note on Book r., Def. 7 (Vol. 1. p. 171), if, namely, it only tries to 
express without an appeal to sight what Plato meant by the “ middle covering 
the extremities " (i.e. apparently, in the case of a plane, the fact that a plane 
looked at edgewise takes the form of a straight line), then it is perhaps 
possible to connect the definition with a method of generating a plane which 
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has commended itself to many writers as giving a better definition. Thus, if 
we conceive a straight line in space and a point outside it placed so that, in 
Plato's words, the line “covers” the point as we look at them, the line will 
also “cover” every straight line which passes through the given point and 
some one point on the given straight line. Hence, if a straight line passing 
always through a fixed point moves in such a way as to pass successively 
through every point of a given straight line which does not contain the given 
point, the moving straight line describes a surface which satisfies the Euclidean 
definition of a plane as I have interpreted it. But if we adopt the definition 
of a plane as Zhe surface described by a straight line which, passing through a 
given point, turns about it in such a way as always to intersect a given straight 
line not passing through the given point, this definition, though it would help us 
to prove Eucl. xt. 2, does not give us the fundamental properties of a plane; 
some postulate is necessary in addition. The same is true even if we take a 
definition which gives more than is required to determine a plane, the defini- 
tion known as Simson's, though it is at least as early as the time of Theon of 
Smyrna, who says (p. 112, 5) that a plane is a surface such that, if a straight line 
meet it in two points, the straight line lies wholly in it (6An avrà épappolerar). 
This is also called the axiom of the plane. (For some attempts to prove this on 
the basis of other definitions of a plane see my note on the definition of a plane 
surface, 1. Def. 7.) If this definition or axiom be assumed, Prop. 1 becomes 
evident, for, as Legendre says, ‘In accordance with the definition of the plane, 
when a straight line has two points common with a plane, it lies wholly in the 
plane.” 

Euclid practically assumes the axiom when he says in this proposition 
“there will be in the plane of reference some straight line continuous with 
AB.” Clavius tries, unsuccessfully, to deduce this from Euclid’s own 
definition of a plane; and he seems to admit his 
failure, because he proceeds to try another tack. p 
Draw, he says, in the plane DZ, the straight line 
CG at nght angles to AC, and, again in the plane 
DE, CF at right angles to CG [1. 11]. Then AC, 
CF make nght angles with CG in the same plane ; 
therefore (1. 14) ACF is a straight line. But this 
does not really help, because Euclid assumes tacitly, S 
in Book 1. as well as Book xı., that a straight line joining two points in a 
plane lies wholly in that plane. 

A curious point in Euclid's proof is the reason given why two straight lines 
cannot have a common segment. The argument is precisely that of the 
“proof” of the same thing given by Proclus on 1. 1 (see note on Book 1. 
Post. 2, Vol. 1. p. 197) and is of course inconclusive. The fact that two 
straight lines cannot have a common segment must be taken to be involved 
in the definition of, and the postulates relating to, the straight line; and the 
** proof" given here can hardly, I should say, be Euclid's, though the interpo- 
lation, if it be such, must have been made very early. 

The proof assumes too that a circle can be described so as to cut BA, BC 
and BD, or, in other words, it assumes that 4D, BC are in one plane; that 
is, Prop. 1 as we have it really assumes the result of Prop. 2. "There is there- 
fore ground for Simson's alteration of the proof (after the point where BD has 
been taken in the given plane in a straight line with 4B) to the following: 


* Let any plane pass through the straight line 4D and be turned about it 
until it pass through the point C. 


H. E. III. 18 
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And, because the points 3, C are in this plane, the straight line BC is 
in it. [Simson's def.] 
Therefore there are two straight lines 4C, ABD in the same plane that 
have a common segment AB: 
which is impossible." 

Simson, of course, justifies the last inference by reference to his Corollary 
to 1. 11, which, however, as we have seen, is not a valid proof of the assump- 
tion, which is really implied in 1. Post. 2. 

An alternative reading, perhaps due to Theon, says, after the words 
“which is impossible” in the Greek text, “for a straight line does not meet a 
straight line in more points than one; otherwise the straight lines will 
coincide." Simson (who however does not seem to have had the second 
clause beginning “otherwise” in the text which he used) attacks this alterna- 
tive reading in a rather confused note chiefly directed against a criticism by 
Thomas Simpson, without (as it seems to me) sufficient reason. It contains 
surely a legitimate argument. The supposed straight lines 4C, ABD meet 
in more than two points, namely in all the points between 4 and Z. But two 
straight lines cannot have two points common without coinciding altogether ; 
therefore ABC must coincide with 4BD. 


PROPOSITION 2. 


Jf two straight lines cut one another, they are in one plane, 
and every triangle ts in one plane. 

For let the two straight lines 42, CD cut one another at 
the point Æ ; 

I say that 42, CD are in one plane, 
and every triangle is in one plane. 

For let points F, G be taken at 
random on ÆC, £P, 
let CB, FG be joined, 
and let FH, GK be drawn across ; 

I say first that the triangle ECP is 
in one plane. 

For, if part of the triangle ECS, 
either FHC or GBK, is in the plane of reference, and the rest 
in another, 

a part also of one of the straight lines EC, EZ will be in the 
plane of reference, and a part in another. 

But, if the part FCBG of the triangle ECF be in the 
plane of reference, and the rest in another, 

a part also of both the straight lines EC, EZ will be in the 
plane of reference and a part in another : 
which was proved absurd. [xi. 1] 
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Therefore the triangle Z C7 is in one plane. 
But, in whatever plane the triangle ECB is, in that plane 
also is each of the straight lines EC, £P, 


and, in whatever plane each of the straight lines EC, EB is, 
in that plane are AB, CD also. [x1. 1] 


Therefore the straight lines 4B, CD are in one plane, 


and every triangle is in one plane. 
Q. E. D. 


It must be admitted that the “proof” of this proposition is not of any 
value. For one thing, Euclid only takes certain triangles and a certain 
quadrilateral respectively forming part of the original triangle, and argues 
about these. But, for anything we are supposed to know, there may be some 
part of the triangle bounded (let us say) by some curve which is not in the 
same plane with the triangle. 

We may agree with Simson that it would be preferable to enunciate the 
proposition as follows. 

Two straight lines which intersect are in one plane, and three straight lines 
whith intersect two and two are in one plane. 

Adopting Smith and Bryant’s figure in preference to Simson’s, we suppose 
three straight lines PQ, RS, X Y to intersect 
two and two in 4, B, C. R 

Then Simson’s proof (adopted by Legen- 
dre also) proceeds thus. 

Let any plane pass through the straight 
line PQ, and let this plane be turned about 
PQ (produced indefinitely) as axis until it 

passes through the point C. 
| Then, since the points 4, C are in this 
plane, the straight line 4C (and therefore 
the straight line AS produced indefinitely) 
lies wholly in the plane. [Simson's def.] 

For the same reason, since the points Z, C are in the plane, the straight 
line X Y lies wholly in the plane. 

Hence all three straight lines PQ, RS, X Y (and of course any pair of 
them) lie in one plane. 

But it has still to be proved that there is oz/y one plane passing through 
the three straight lines. 

This may be done, as in Mr Taylor's Euclid, thus. 

Suppose, if possible, that there are zwo different planes through 4, B, C. 

The straight lines BC, CA, AB then lie wholly in each of the two planes. 

Now any straight line in one of the two planes must intersect at least two 
of the straight lines (produced if necessary) ; 


let it intersect two of them in K, Z. 


Then, since K, Z are also in the second plane, the line KZ lies wholly in 
that plane. 

Hence every straight line in either of the planes lies wholly in the other 
also; and therefore the planes are coincident throughout their whole surface. 
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It follows from the above that 
A plane is determined (i.e. uniquely determined) by any of the following data: 
(1) by three straight lines meeting one another two and two, 
(2) dy three points not in a straight line, 
(3) dy two straight lines meeting one another, 
(4) dy a straight line and a point without it. 


PROPOSITION 3. 


Jf two planes cut one another, their common section ts a 
straight line. 


For let the two planes 44, BC cut one another, 
and let the line DB be their common 
section ; 
I say that the line DZ is a straight line. 


For, if not, from D to 7 let the straight 

line DEB be joined in the plane AZ, and 

in the plane AC the straight line DFB. D A 
Then the two straight lines DEB, DFB 

will have the same extremities, and will ó 

clearly enclose an area: 


which is absurd. 
Therefore DEB, DFB are not straight lines. 


Similarly we can prove that neither will there be any 
other-straight line joined from D to Z except DB the common 
section of the planes AB, BC. 

Therefore etc. 

Q. E. D. 


I think Simson is right in objecting to the words after ** which is absurd," 
to the effect that DEB, DB are not straight lines, and that neither can there 
be any other straight line joined from D to B except DB, as being unneces- 
sary. It is right to conclude at once from the absurdity that BD cannot but 
be a straight line. 

Legendre makes his proof depend on Prop. 2. “ For, if, among the points 
common to the two planes, three should be found which are not in a straight 
line, the two planes in question, each passing through three points, would only 
amount to one and the same plane.” [This of course assumes that three 
points determine one and oz/y one plane, which, strictly speaking, involves 
more than Prop. 2 itself, as shown in the last note.] 

A favourite proposition in modern text-books is the following. The proof 
seems to be due to von Staudt (Killing, Grundlagen der Geometrie, Vol. 11. 


P. 43). 
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Jf two planes meet in a point, they meet in a straight line. 
Let ABC, ADE be two given planes meeting 

at A. C 
Take any points Z, C lying on the plane 4 BC, E: 

and not on the plane ADE but on the same side 


of it. D 
Join AB, AC, and produce BA to F. 
Join CF. 
Then, since Z, Fare on opposite sides of the 
plane ADE, E 
C, Fare also on opposite sides of it. \/ 
Therefore CF must meet the plane ADE in F 


some point, say G. 
Then, since A, G are both in each of the planes ABC, ADE, the straight 
line 4G is in both planes. [Simson's def. ] 


This is also the place to insert the proposition that, Zf three planes intersect 
two and two, their lines of intersection either meet in a point or are parallel two 
and two. 

Let there be three planes intersecting in the straight lines 48, CD, EF. 


os B A 
NENNEN 
F E 





E 


Now 4B, EF are in a plane; therefore they either meet in a point or are 
parallel. 
(1) Let them meet in O. 

Then O, being a point in AZ, lies in the plane 4D, and, being also a 
point in £, lies also in the plane ED. 

Therefore O, being common to the planes 4D, DE, must lie on CD, the 
line of their intersection ; 
i.e. CD, if produced, passes through O. 
(2) Let AB, EF not meet, but let them be parallel. 

Then CD cannot meet 4AB ; for, if it did, it must necessarily meet E, 
by the first case. 

Therefore CD, 4 B, being in one plane, are parallel. 

Similarly CD, EF are parallel. 


PROPOSITION 4. 


Jf a straight line be set up at right angles to two straight 
lines which cut one another, at their common point of section, 
zt will also be at right angles to the plane through them. 
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For let a straight line E be set up at right angles to the 
two straight lines 42, CD, which 
cut one another at the point Z, 
from Æ; 


I say that EF is also at right 
angles to the plane through AB, 
CD. 


For let AE, EB, CE, ED be 
cut off equal to one another, 


and let any straight line GEA be drawn across through Æ, 
at random ; 


let AD, CB be joined, 
and further let FA, FG, FD, FC, FH, FB be joined from 
the point F taken at random «on £7». 

Now, since the two straight lines Æ, ÆD are equal to 
the two straight lines CE, EP, and contain equal angles, [1. 15] 
therefore the base 4D is equal to the base CB, 
and the triangle 4 E D will be equal to the triangle CE; [1. 4] 
so that the angle DAZ is also equal to the angle EC. 

But the angle A4 ZG is also equal to the angle BEH ; [1.15] 


therefore AGE, BEH are two triangles which have two 
angles equal to two angles respectively, and one side equal 
to one side, namely that adjacent to the equal angles, that 
is to say, AF to EP; 

therefore they will also have the remaining sides equal to the 
remaining sides. [1. 26] 


Therefore GË is equal to EZ, and AG to BA. 
And, since 74 E is equal to ZZ, 


while FE is common and at right angles, 

therefore the base 774 is equal to the base FB. [1. 4] 
For the same reason 

FC is also equal to FD. 
And, since 4D is equal to CB, 

and FA is also equal to FB, 

the two sides F4, AD are equal to the two sides FB, BC 

respectively ; 

and the base FD was proved equal to the base FC ; 

therefore the angle 774 D is also equal to the angle FBC. [1.8] 
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And since, again, 4G was proved equal to BH, 
and further FA also equal to FB, 
the two sides F4, AG are equal to the two sides FB, BH. 
And the angle FAG was proved equal to the angle PBL; 
therefore the base FG is equal to the base FA. [1. 4] 


Now since, again, GE was proved equal to £A, 
and £F is common, 
the two sides GE, £7 are equal to the two sides HZ, EF; 
and the base FG is equal to the base FH ; 
therefore the angle GE is equal to the angle HEF. [1 8] 
Therefore each of the angles GE, HEF is right. 


Therefore FE is at right angles to GH drawn at random 
through Z. 


Similarly we can prove that FZ will also make right 
angles with all the straight lines which meet it and are in the 
plane of reference. 

But a straight line is at right angles to a plane when it 
makes right angles with all the straight lines which meet it 
and are in that same plane ; [x1. Def. 3] 


therefore FE is at right angles to the plane of reference. 


But the plane of reference is the plane through the straight 
lines. AB, CD. 
Therefore FE is at right angles to the plane through 
AB, CD. 
Therefore etc. 
Q. E. D. 


The steps to be successively proved in order to establish this proposition 
by Euclid's method are 


(1) triangles 4E D, BEC equal in all respects, [by 1. 4] 


.(2) triangles 4EG, BEH equal in all respects, [by 1. 26] 


so that AG is equal to BH, and GE to EZ, 

(3) triangles AEF, BEF equal in all respects, [t. 4] 
so that AF is equal to BA, 

(4) likewise triangles CEF, DEF, 

so that CF is equal to DA, 


(5) triangles 4D, FBC equal in all respects, [1. 8] 
so that the angles FAG, F7 are equal, 
(6) triangles FAG, FBA equal in all respects, [by (2), (3), (5) and r. 4] 


so that FG is equal to FA, 
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(7) triangles FEG, FEH equal in all respects, [by (2), (6) and 1. 8] 
so that the angles FEG, FEH are equal, 
and therefore FZ is at right angles to GH. 

In consequence of the length of the above proof others have been 
suggested, and the proof which now finds most general acceptance is that of 
Cauchy, which is as follows. 

Let AB be perpendicular to two straight lines BC, BD in the plane MN 
at their point of intersection B. 

In the plane MN draw BE, any straight line A 
through 2. 

Join CD, and let CD meet BE in £. 

Produce 4B to F so that BF is equal to AB. 

Join 4C, AE, AD, CF, EF, DF. 

Since BC is perpendicular to 4 at its 
middle point 2, 

AC is equal to CF. 

Similarly 4D is equal to DE 

Since in the triangles 4 CD, FCD the two 
sides 4C, CD are respectively equal to the two 
sides FC, CD, and the third sides 4D, FD are 


also equal, 
the angles ACD, FCD are equal. [1. 8] 
The triangles 4 CZ, FCE thus have two sides and the included angle 
equal, whence 





EA is equal to EF. [t. 4] 
The triangles 4 BE, FBE have now all their sides equal respectively ; 
therefore the angles ABZ, FBE are equal, [1. 8] 


and AJB is perpendicular to BE. 
And BE is in any straight line through Z in the plane MN. 


Legendre's proof is not so easy, but it is interesting. We are first required 
to draw through any point E within the angle 
CBD a straight line CD bisected at Æ. B D 

To do this we draw ÆĶ parallel to DB 
meeting BC in K, and then mark off AC equal K 
to BK. E 

CE is then joined and produced to D; and Q 
CD is the straight line required. 

Now, joining 4C, AE, AD in the figure 
above, we have, since C2 is bisected at Æ, 
(1) in the triangle ACD, 

AC? - ADP = 2AE*+2ED, 
and also (2) in the triangle BCD, 
BC? + BD? =2BE*+2ED. 

Subtracting, and remembering that the triangles ABC, ABD are right- 

angled, so that 
AC* — BC = AB, 

and ADP-—- BD = AP, 
we have 2AB = 24E -2 BE, 
or AFE = AP + BE, 
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whence [1. 48] the angle ABE is a right angle, and 4B is perpendicular 
to BE. 


It follows of course from this proposition that the perpendicular 4B is the 
shortest distance from A to the plane MN. 
And it can readily be proved that, 


Jf from a point without a plane oblique straight lines be drawn to the plane, 


(1) those meeting the plane at equal distances from the foot of the perpendicular 
are equal, and 


(2) of two straight lines meeting the plane at unequal distances from the foot of 
the perpendicular, the more remote is the greater. 

Lastly, it is easily seen that 

From a point outside a plane only one perpendicular can be drawn to that 
plane. 


For, if possible, let there be two perpendiculars. Then a plane can be 
drawn through them, and this will cut the original plane in a straight line. 

This straight line and the two perpendiculars will form a plane triangle 
which has two right angles: which is impossible. 


PROPOSITION 5. 


Jf a straight line be set up at right angles to three straight 
lines which meet one another, at their common point of sectzon, 
the three straight lines are tn one plane. 


For let a straight line 4B be set up at right angles to the 
three straight lines BC, BD, BE, at 
their point of meeting at B; 

I say that BC, BD, BE are in one plane. 

For suppose they are not, but, if 
possible, let BD, BE be in the plane of 
reference and AC in one more elevated ; 
let the plane through AB, BC be 
produced ; 
it will thus make, as common section in the plane of reference, 
a straight line. [x1. 3] 

Let it make BF: 

Therefore the three straight lines 432, BC, BF are in one 
plane, namely that drawn through AB, BC. 





Now, since AB is at right angles to each of the straight 
lines BD, BE, 


therefore 447 is also at right angles to the plane through 
BD, BE. [xi 4] 
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But the plane through BD, BE is the plane of reference ; 
therefore AZ is at right angles to the plane of reference. 


Thus AB will also make right angles with all the straight 
: lines which meet it and are in the plane of reference. 

. [xr. Def. 3] 
But BF which is in the plane of reference meets it ; 


therefore the angle ABF is right. 

But, by hypothesis, the angle 4BC is also right ; 
therefore the angle ABF is equal to the angle ABC. 

And they are in one plane: 
which is impossible. 

Therefore the straight line BC is not in a more elevated 

plane ; 
cR the three straight lines BC, BD, BE are in one 
plane. 


Therefore, if a straight line be set up at right angles to 
three straight lines, at their point of meeting, the three straight 
lines are in one plane. Q. E. D. 


It follows that, ¿f a right angle be turned about one of the straight lines 
containing tt the other will describe a plane. 

At any point in a straight line it is possible to draw only one plane which 
is at right angles to the straight line. 

One such plane can be found by taking any two planes through the given 
straight line, drawing perpendiculars to the straight 
line in the respective planes, e.g. BO, CO in the 
planes AOB, AOC, each perpendicular to 40, 
and then drawing a plane (BOC) through the 
perpendiculars. 

If there were another plane through O per- 
pendicular to 4O, it must meet the plane through 
AO and some perpendicular to it as OC in a 
straight line OC’ different from OC. 

Then, by xi. 4, 4OC' is a right angle, and in 
the same plane with the right angle 4OC: which is impossible. 


Next, one plane and only one can be drawn through a point outside a straight 
line at right angles to that line. 

Let P be the given point, AB the given straight 
line. 

In the plane through P and AS, draw PO per- 
pendicular to 4B, and through O draw another straight 
line OQ at right angles to 4B. l 

Then the plane through OP, OQ is perpendicular 
to AB. 

If there were another plane through P perpendicular 
to AB, either 
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(1) it would intersect 48 at O but not pass through OQ, or 
(2) it would intersect 44 Z at a point different from O. 
In either case, an absurdity would result. — 


PROPOSITION 6. 


Jf two straight lines be at right angles to the same plane, 
the straight lines will be parallel. 


For let the two straight lines 4B, CD be at right angles 
to the plane of reference ; 
I say that 4B is parallel to CD. 


For let them meet the plane of 
reference at the points 4, D, 


let the straight line BD be joined, 


let DE be drawn, in the plane of D 
reference, at right angles to BD, 


let DE be made equal to 4B, 
and let BE, AE, AD be joined. 


Now, since 44 Z is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [xi. Def. 3] 

But each of the straight lines BD, BE is in the plane of 
reference and meets 447 ; 


therefore each of the angles ABD, ABE is right. 
For the same reason 
each of the angles CDB, CDE is also right. 


And, since AB is equal to DE, 
and BD is common, 
the two sides 4B, BD are equal to the two sides ED, DB; 
and they include right angles ; 
therefore the base 4D is equal to the base BE. [1. 4] 


And, since AB is equal to DE, 
while 4D is also equal to FZ, 
the two sides 4B, BE are equal to the two sides ED, DA ; 
and AZ is their common base ; 
therefore the angle ABE is equal to the ndi EDA.  [.8] 
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But the angle 4 BE is right; 
therefore the angle EDA is also right; 
therefore ED is at right angles to DA. 

But it is also at right angles to each of the straight lines 
BD, DC; 
therefore ED is set up at right angles to the three straight 
lines BD, DA, DC at their point of meeting ; 
therefore the three straight lines BD, DA, DC are in one 
plane. [xt. 5] 

But, in whatever plane DB, DA are, in that plane is 4B 

also, 


for every triangle is in one plane ; [x1. 2] 

therefore the straight lines 48, BD, DC are in one plane. 
And each of the angles 4 BD, BDC is right ; 

therefore AZ is parallel to CD. (1. 28] 
Therefore etc. Q. E. D. 


If anyone wishes to convince himself of the real necessity for some 
general agreement as to the order in which propositions in elementary 
geometry should be taken, let him contemplate the hopeless result of too 
much independence on the part of editors in the matter of this proposition 
and its converse, XI. 8. 

Legendre adopts a different, and elegant, method of proof ; but he applies 
it to x1. 8, which he gives first, and then deduces xı. 6 from it by reductio ad 
absurdum. Dr Mehler uses Legendre's method of proof but applies it to 
XI. 6, and then gives x1. 8 as a deduction from it. Lardner follows Legendre. 
Holgate, the editor of a recent American book, gives Euclid's proof of x1. 6 
and deduces xi. 8 by reductio ad absurdum. | His countrymen, Schultze and 
Sevenoak, give x1. 8 first, but put it after, and deduce it from, Eucl. xr. 10; 
they then give x1. 6, practically as a deduction from xi. 8 by reductio ad 
absurdum, after a proposition corresponding to Eucl. xi. 11 and 12, and a 
corollary to the effect that through a given point one and only one perpen- 
dicular can be drawn to a given plane. 

We will now give the proof of xi. 6 by Legendre's method (adopted by 
Smith and Bryant as well as by Mehler). 

Let AB, CD be both perpendicular to the 
same plane MN. 

Join BD. 

Now, since BD meets AB, CD, both of 
which are perpendicular to the plane MN in 
which BD is, 


the angles 4BD, CDB are right angles. 


AB, CD will therefore be parallel provided 
that they are in the same plane. 

Through D draw £.DF, in the plane MN, 
at right angles to BD, and make £D equal to DF. 


A CG 





xt. 6, 7| PROPOSITIONS 6, 7 285 


Join BE, BF, AE, AD, AF. 
Then the triangles BDZ, BDF are equal in all respects (by 1. 4), so that 
BE is equal to BF. 
It follows, since the angles ABE, ABF are right, that the triangles 4 BZ, 
A BF are equal in all respects, and 
AE is equal to AF. 
[Mehler now argues elegantly thus. If CZ, C be also joined, it is clear 


that 
CE is equal to CF. 


Hence each of the four points 4, B, C, D is equidistant from the two 
points Æ, F. 

Therefore the points A, B, C, D are in one plane, so that AB, CD are 
parallel. 

If, however, we do not use the locus of points equidistant from two fixed 
points, we proceed as follows. ] 

The triangles 4.£ D, AFD have their sides equal respectively ; 


hence [1. 8] the angles 4DE, ADF are equal, 
so that E is at right angles to 4D. 
Thus Z2 is at right angles to BD, AD, CD; 
therefore CD is in the plane through AD, BD. [xu 5] 
But AZ is in that same plane; [x1. 2] 
therefore 4B, CD are in the same plane. 
And the angles 4BD, CDB are right ; 
therefore 42, CD are parallel. 


PROPOSITION 7. 


If two straight lines be parallel and points be taken at 
random on each of them, the straight line zorning the points ts 
im the same plane with the parallel straight lines. 


Let AB, CD be two parallel straight lines, 


and let points Æ, F be taken at random 
on them respectively ; E 


I say that the straight line joining the 


points Æ, F is in the same plane with 3 
the parallel straight lines. 
For suppose it is not, but, if possible, € F D 
let it be in a more elevated plane as 
EGF, 


and let a plane be drawn through EGF ; 
it will then make, as section in the plane of reference, a 
straight line. [xr. 3] 
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Let it make it, as EF; 
therefore the two straight lines EGF, EF will enclose an 
area : 
which is impossible. 

Therefore the straight line joined from Æ to F is not in a 
plane more elevated ; 
therefore the straight line joined from Æ to Æ is in the plane 
through the parallel straight lines 48, CD. 


Therefore etc. 
Q. E. D. 


It is true that this proposition, in the form in which Euclid enunciates it, 
is hardly necessary if the plane is defined as a surface such that, if any two 
points be taken in it, the straight line joining them lies wholly in the surface. 
But Euclid did not give this definition ; and, moreover, Prop. 2 would be 
usefully supplemented by a proposition which should prove that zwo parallel 
straight lines determine a plane (i.e. one plane and one only) which also 
contains all the straight lines which join a potnt on one of the parallels to a point 
on the other. ‘That there cannot be zwo planes through a pair of parallels 
would be proved in the same way as we prove that two or three intersecting 
straight lines cannot be in two different planes, inasmuch as each transversal 
lying in one of the two supposed planes through the parallels would lie wholly 
in the other also, so that the two supposed planes must coincide throughout 
(cf. note on Prop. 2 above). 

But, whatever be the value of the proposition as it is, Simson seems to 
have spoilt it completely. He leaves out the construction of a plane through 
EGF, which, as Euclid says, must cut the plane containing the parallels in 
a straight line; and, instead, he says, “In the plane ABCD in which the 
parallels are draw the straight line EHF from E to Æ” Now, although we 
can easily draw a straight line from Æ to 7, to claim that we can draw it in 
the plane in which the parallels are is surely to assume the very result which is 
to be proved. All that we could properly say is that the straight line joining 
E to Fis in some plane which contains the parallels; we do not know that 
there is no more than one such plane, or that the parallels determine a plane 
uniquely, without some such argument as that which Euclid gives. 

Nor can I subscribe to the remarks in Simson's note on the proposition. 
He says (1) * This proposition has been put into this book by some unskilful 
editor, as is evident from this, that straight lines which are drawn from one 
point to another in a plane are, in the preceding books, supposed to be in that 
plane; and if they were not, some demonstrations in which one straight line 
is supposed to meet another would not be conclusive. For instance, in 
Prop. 30, Book 1, the straight line GX would not meet EZ, if GX were not in 
the plane in which are the parallels 4.3, CD, and in which, by hypothesis, the 
straight line Fis.” But the subject-matter of Book t. and Book xı. is quite 
different ; in Book 1. everything is in one plane, and when Euclid, in defining 
parallels, says they are straight lines in the same plane etc., he only does so 
because he must, in order to exclude non-intersecting straight lines which are 
not parallel. Thus in t. 30 there is nothing wrong in assuming that there may 
be three parallels in one plane, and that the straight line GZZK cuts all three. 
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But in Book xı. it becomes a question whether there can be more than one 
plane through parallel straight lines. 

Simson goes on to say (2) “ Besides, this 7th Proposition is demonstrated 
by the preceding 3rd ; in which the very same thing which is proposed to be 
demonstrated in the 7th is twice assumed, viz., that the straight line drawn 
from one point to another in a plane is in that plane." But there is nothing 
in Prop. 3 about a plane in which two parallel straight lines are; therefore 
there is no assumption of the result of Prop. 7. What is assumed is that, 
given two points in a plane, they can be joined by a straight line in the plane: 
a legitimate assumption. 

Lastly, says Simson, ** And the same thing is assumed in the preceding 
6th Prop. in which the straight line which joins the points Z, D that are in 
the plane to which 47 and C are at right angles is supposed to be in that 
plane.” Here again there is no question of a plane in which two parallels are ; 
so that the criticism here, as with reference to Prop. 3, appears to rest on a 
misapprehension. 


PROPOSITION 8. 


Jf two straight lines be parallel, and one of them be at 
right angles to any plane, the remaining one will also be at 
right angles to the same plane. 

Let AB, CD be two parallel straight lines, 


and let one of them, AZ, be at right 
angles to the plane of reference ; 


I say that the remaining one, CD, will 
also be at right angles to the same 
plane. 
For let AB, CD meet the plane of 
reference at the points B, D, 
and let BD be joined ; 
therefore 44 B, CD, BD are in one plane. (xn. 7] 
Let DE be drawn, in the plane of reference, at right angles 
to BD, 
let DE be made equal to 4B, 
and let BE, AE, AD be joined. 


A C 





Now, since 4B is at right angles to the plane of reference, 
therefore 4B is also at right angles to all the straight lines 
which meet it and are in the plane of reference ; [x1. Def. 3] 


therefore each of the angles ABD, ABE is right. 


And, since the straight line BD has fallen on the parallels 
AB, CD, 
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therefore the angles ABD, CDB are equal to two right 

angles. [t. 29] 
But the angle ABD is right; 

therefore the angle CDB is also right ; 

therefore CD is at right angles to BD. 


And, since AB is equal to DE, 
and BD is common, 
the two sides 4B, BD are equal to the two sides ED, DB; 
and the angle ABD is equal to the angle EB, 
for each is right ; 
therefore the base 4D is equal to the base BL. 


And, since AB is equal to DE, 
and BE to AD, 
the two sides AB, BE are equal to the two sides ED, DA 


respectively, 

and AF is their common base ; 

therefore the angle ABE is equal to the angle EDA. 
But the angle ABE is right ; 

therefore the angle £A is also right; 

therefore £D is at right angles to 4D. 


But it is also at right angles to DB; 
therefore E is also at right angles to the plane through 
BD, DA. [x1. 4] 

Therefore £D will also make right angles with all the 
straight lines which meet it and are in the plane Proun 
BD, DA. 

But DC is in the plane through BD, DA, inasmuch as 
AB, BD are in the plane through BD, DA, [x1. 2] 
and DC is also in the plane in which AB, BD are. 

Therefore E is at right angles to DC, 
so that C2 is also at right angles to DE. 


But CD is also at right angles to BD. 
Therefore C2 is set up at right angles to the two straight 


lines DE, DB which cut one another, from the point of section 
at D; 


eee WIR wm = 
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so that CD is also at right angles to the plane through 
DE, DB. [xt. 4] 


But the plane through DE, DB is the plane of reference; 
therefore CD is at right angles to the plane of reference. 


Therefore etc. 
Q. E. D. 


Simson objects to the words which explain why DC is in the plane through 
BD, DA, viz. “inasmuch as 42, BD are in the plane through BD, DA, and 
DC is also in the plane in which 4B, BD are," as being too roundabout. 
He concludes that they are corrupt or interpolated, and that we ought only to 
have the words “‘ because all three are in the plane in which are the parallels 
4B, CD" (by Prop. 7 preceding). But I think Euclid's words can be 
defended. Prop. 7 says nothing of a plane determined by fwo transversals as 
BD, DA are. Hence it is natural to say that DC is in the same plane in 
which 4B, BD are [Prop. 7], and 4B, BD are in the same plane as BD, 
DA [Prop. 2], so that DC is in the plane through BD, DA. 

Legendre's alternative proof is split by him into two propositions. 


(1) Let AB be a perpendicular to the plane MN and EF a line situated in that 
plane ; if from B, the foot of the perpendicular, BD be drawn perpendicular to 
EF, and AD be joined, I say that AD will be perpendicular to EF. 


(2) Jf AB ts perpendicular to the plane MN, every straight line CD parallel fo 
AB will be perpendicular to the same plane. 


To prove both propositions together we suppose C2 given, join BD, 
and draw EF perpendicular to BD in the 
plane MN. 

(1) As before, we make DZ equal to DF and 
join BE, BF, AE, AF. 

Then, since the angles BDE, BDF are 
right, and DE, DF equal, 

BE is equal to BF. (1. 4] 

And, since 4B is perpendicular to the 
plane, 





the angles ABE, ABF are both right. 
Therefore, in the triangles ABE, ABF, 
AE is equal to AF. [1. 4] 


Lastly, in the triangles 4 DE, ADF, since AE is equal to 447, and DE 
to DF, while 4D is common, 


the angle ADE is equal to the angle ADA, [1. 8] 
"so that 4D is perpendicular to EZ 


(2 ÆD being thus perpendicular to DA, and also (by construction) 
perpendicular to DÐ, | 


ED is perpendicular to the plane 427. [x1. 4] 
But CD, being parallel to 4B, is in the plane 452; 
therefore ED is perpendicular to CD. (x1. Def. 3] 
H. E. III. I9 
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Also, since 4B, CD are parallel, 
and ABD is a right angle, 
CDB is also a right angle. 

Thus CD is perpendicular to both DE and DB, and therefore to the 
plane MN through DE, DB. 


PROPOSITION 9. 


Straight lines which are parallel to the same straight line 
and are not in the same plane with it are also parallel to one 
another. 


For let each of the straight lines 442, CD be parallel to 
EF, not being in the same plane 
with it; 

I say that 48 is parallel to CD. 

For let a point G be taken at 
random on EF, 
and from it let there be drawn D K C 
GH, in the plane through £F, 

AB, at right angles to EZ, and CK in the plane through 
FE, CD again at right angles to E. 





Now, since £F is at right angles to each of the straight 
lines GZZ, GK, 


therefore EF is also at right angles to the plane through 
GH, GK. [x1. 4] 
And £F is parallel to 4B; 


therefore AZ is also at right angles to the plane through 
HG, GK. [xr. 8] 


For the same reason 
CD is also at right angles to the plane through HG, GK ; 


therefore each of the straight lines 42, CD is at right angles 
to the plane through HÆG, GK. ` 


But, if two straight lines be at right angles to the same 
plane, the straight lines are parallel ; [x1. 6] 


therefore 74 B is parallel to CD. 
Q.E.D | — j 


—-—— m 
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PROPOSITION 10. 


Jf two straight lines meeting one another be parallel to 
two straight lines meeting one another not in the same plane, 
they will contain equal angles. 


For let the two straight lines 42, BC meeting one 
another be parallel to the two straight lines DE, EF meeting 
one another, not in the same plane ; 

I say that the angle AAC is equal to the angle DEF. 





For let BA, BC, ED, EF be cut off equal to one another, 
and let 44D, CF, BE, AC, DF be joined. 


Now, since BA is equal and parallel to ED, 

therefore AD is also equal and parallel to BE. [1. 33] 
For the same reason 

CF is also equal and parallel to BZ. 


Therefore each of the straight lines 4D, CF is equal and 
parallel to. BL. 

But straight lines which are parallel to the same straight 
line and are not in the same plane with it are parallel to one 
another ; [x1. 9] 


therefore AD is parallel and equal to CF. 
And AC, DF join them ; 
therefore AC is also equal and parallel to DF. [1. 33] 
Now, since the two sides 4B, BC are equal to the two 
sides DE, EF, 
and the base AC is equal to the base DF, 
therefore the angle 4 AC is equal to the angle DEF. [r. 8] 
Therefore etc. 
Q. E. D. 


I9—2 
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The result of this proposition does not appear to be quoted in Euclid until 
XIL. 3; but Euclid no doubt inserted it here advisedly, because it has the 
effect of incidentally proving that the “inclination of two planes to one 
another," as defined in xi. Def. 6, is one and the same angle at whatever 
point of the common section the plane angle measuring it is drawn. 


PROPOSITION II. 


From a given elevated point to draw a straight line perpen- 
dicular to a given plane. 


Let “4 be the given elevated point, and the plane of 
reference the given plane; 
thus it is required to draw from the 
point 4 a straight line perpendicular to 
the plane of reference. 

Let any straight line BC be drawn, 
at random, in the plane of reference, 
and let 4D be drawn from the point 4 
perpendicular to BC. -[r. 12] 

If then AD is also perpendicular to 
the plane of reference, that which was 
enjoined will have been done. 





But, if not, let DZ be drawn from the point D at right 


angles to BC and in the plane of reference, (1. 11] 
let AF be drawn from 4 perpendicular to DZ, [1. 12] 
and let GH be drawn through the point F parallel to BC. 

[r. 31] 


Now, since AC is at right angles to each of the straight 
lines DA, DE, 


therefore BC is also at right angles to the plane through 

ED, DA. [xi. 4] 
And GH is parallel to it ; 

but, if two straight lines be parallel, and one of them be at 


right angles to any plane, the remaining one will also be at 
right angles to the same plane; [x1. 8] 


therefore G/7 is also at right angles to the plane through 
ED, DA. 
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Therefore GĦ is also at right angles to all the straight 
lines which meet it and are in the plane through ED, DA. 
(x1. Def. 3] 
But AF meets it and is in the plane through ED, DA; 
therefore GA is at right angles to F4, 
so that FA is also at right angles to GH. 
But 4F is also at right angles to DE ; 


therefore AF is at right angles to each of the straight lines 
GH, DE. 


But, if a straight line be set up at right angles to two 
straight lines which cut one another, at the point of section, 
it will also be at right angles to the plane through them ; [xr. 4] 


therefore FA is at right angles to the plane through £D, GH. 
But the plane through 4D, GH is the plane of reference; 
therefore AF is at right angles to the plane of reference. 


Therefore from the given elevated point 4 the straight 
line AF has been drawn perpendicular to the plane of 
reference. 


Q. E. F. 


The text-books differ in the form which they give to this proposition rather 
than in substance. They commonly assume the construction of a plane 
through the point 4 at right angles to any straight line BC in the given plane 
(the construction being effected in the manner shown at the end of the note 
on XL. 5 above) The advantage of this method is that it enables a 
perpendicular to be drawn from a point z# the plane also, by the same 
construction. (Where the letters for the two figures differ, those referring to 
the second figure are put in brackets.) 





We can include the construction of the plane through 4 perpendicular to 
BC, and make the whole into one proposition, thus. 

BC being any straight line in the given plane MN, draw 4D perpendicu- 
lar to BC. 

In any plane passing through ZC but not through 4 draw DE at right 
angles to BC. 

Through DA, DE draw a plane; this will intersect the given plane MN 
in a straight line, as FD (4D). 

In the plane 4G draw 4477 perpendicular to FG (AD). 

Then 4H is the perpendicular required. 
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In the plane MN, through H in the first figure and 4 in the second, draw 
KL parallel to BC. 

Now, since BC is perpendicular to both D4 and DE, BC is perpendicular 
to the plane 4G. [xr. 4] 

Therefore XZ, being parallel to BC, is also perpendicular to the plane 
AG [x1. 8], and therefore to 477 which meets it and is in that plane. 

Therefore AH is perpendicular to both FD (AD) and XZ at their point 
of intersection. 

Therefore AH is perpendicular to the plane MN. 


Thus we have solved the problem in XI. 12 as well as that in Xi. 11 ; and 
this direct method of drawing a perpendicular to a plane from a point ¢x it is 
obviously preferable to Euclid’s method by which the construction of a 
perpendicular to a plane from a point without it is assumed, and a line is 
merely drawn from a point in the plane parallel to the perpendicular obtained 
in XI. 11. 


PROPOSITION 12. 
To set up a straight line at right angles to a given plane 
from a given point in zt. 
Let the plane of reference be the given plane, 
and A the point in it ; 


thus it is required to set up from the point 
A a straight line at right angles to the 
plane of reference. 


Let any elevated point B be conceived, 
from B let BC be drawn perpendicular to 


the plane of reference, [xi. 11] 
and through the point 4 let 4D be drawn 
parallel to BC. [1. 31] 


Then, since 4D, CB are two parallel straight lines, 
while one of them, BC, is at right angles to the plane of 
reference, 


therefore the remaining one, AJ, is also at right angles to 
the plane of reference. [x1. 8] 


Therefore 4D has been set up at right angles to the given 
plane from the point 4 in it. 
Q. E. F. 
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PROPOSITION 13. 


From the same point two straight lines cannot be set up at 
right angles to the same plane on the same side. 


For, if possible, from the same point 4 let the two straight 
lines AB, AC be set up at right 
angles to the plane of reference and on 
the same side, 


and let a plane be drawn through BA, 
AC; 


it will then make, as section through 4 
in the plane of reference, a straight line. 
[x1. 3] 





Let it make DAE; 
therefore the straight lines 4B, AC, DAE are in one plane. 


And, since CA is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference. [x1. Def. 3] 

But DAE meets it and is in the plane of reference; 


therefore the angle CAE is right. 


For the same reason 

the angle BAZ is also right; 

therefore the angle CA E is equal to the angle BAZ. 
And they are in one plane: 

which is impossible. 


T herefore etc. 
Q. E. D. 


Simson added words to this as follows: 


* Also, from a point above a plane there can be but one perpendicular to 
that plane; for, if there could be two, they would be parallel to one another 
[xr. 6], which is absurd." | 


Euclid does not give this result, but we have already had it in the note 
above to XI. 4 (ad fin.). 
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PROPOSITION 14. 


Planes to which the same straight line ts at right angles 
will be parallel. 


For let any straight line AZ be at right angles to each of 
the planes CD, EF; 


I say that the planes are 
parallel. 


For, if not, they will meet 
when produced. 
Let them meet ; 





they wil then make, as 
common section, a straight line. [xt. 3] 


Let them make GĦ ; 
let a point Æ be taken at random on GH, 
and let 44K, BK be joined. 
Now, since 4 is at right angles to the plane EF, 


therefore 4B is also at right angles to AK which is a straight 
line in the plane £F produced ; [x1. Def. 3] 


therefore the angle ABK is right. 


For the same reason 
the angle BAX is also right. 


Thus, in the triangle ABK, the two angles ABK, BAK 
are equal to two right angles : 


which is impossible. [r. 17] 


Therefore the planes CD, £F wil not meet when 
produced ; 


therefore the planes CD, £F are parallel. [x1. Def. 8] 


Therefore planes to which the same straight line is at right 
angles are parallel. 
Q. E. D. 
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PROPOSITION 15. 


Lf two straight lines meeting one another be parallel to two 
straight lines meeting one another, not being 1n the same plane, 
the planes through them are parallel. | 

For let the two straight lines 4B, BC meeting one another 
be parallel to the two straight lines 


DE, EF meeting one another, not 
being in the same plane ; 
I say that the planes produced | AN 
through 4B, BC and DE, EF will 
not meet one another. 
For let BG be drawn from the 
point B perpendicular to the plane 
through DE, £F [xı. 11], and let it : 
meet the plane at the point G;  : 
through G let G/7 be drawn 
parallel to ED, and GK parallel to EF. (1. 31] 
Now, since BG is at right angles to the plane through 
DE, EF, | 
therefore it will also make right angles with all the straight 
lines which meet it and are in the plane through DZ, £F. 
[x1. Def. 3] 


But each of the straight lines GH, GX meets it and is in 
the plane through DZ, EF; 
therefore each of the angles BGH, BG is right. 


And, since BA is parallel to G//, [xt. 9] 
therefore the angles GBA, BGH are equal to two right angles. 


- [1. 29] 
But the angle BGH is right ; 
therefore the angle GBA is also right ; 
therefore GZ is at right angles to BA. 


For the same reason 
GB is also at right angles to BC. 


Since then the straight line GA is set up at right angles 
to the two straight lines B4, BC which cut one another, 
therefore GB is also at right angles to the plane through 
BA, BC. [x1. 4] 
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But planes to which the same straight line is at right 
angles are parallel ; [xi 14] - 


therefore the plane through 4B, BC is parallel to the plane 
through DZ, EF. 


Therefore, if two straight lines meeting one another be 
parallel to two straight lines meeting one another, not in the 
same plane, the planes through them are parallel. 

Q. E. D. 


This result is arrived at in the American text-books already quoted by 
starting from the relation between a plane and a straight line parallel to it. 
The series of propositions is worth giving. A straight line and a plane being 
parallel if they do not meet however far they may be produced, we have the 
following propositions. 


I. Any plane containing one, and only one, of two parallel straight lines is 
parallel to the other. 

For suppose AB, CD to be parallel and CD to lie in the plane MN. 

Then 4B, CD determine a plane intersecting ACN in the straight line CD. 

Thus, if 48 meets MN, it must meet 
it at some point in CD. 

But this is impossible, since 4B is 
parallel to CD. 

Therefore 4B will not meet the plane 
MN, and is therefore parallel to it. 

[This proposition and the proof are in 
tependre | 

The following theorems follow as corollaries. 





2. Through a given straight line a plane can be drawn parallel to any other 
given straight line; and, if the lines are not parallel, only one such plane can be 
drawn. 

We have simply to draw through any point on the first line a straight line 
parallel to the second line and then pass a plane through these two intersecting 
lines. This plane is then, by the above proposition, parallel to the second 
given straight line. 


3. Through a given point a plane can be drawn parallel to any two straight 
lines in space; and, if the latter are not parallel, only one such plane can be 
drawn. 

Here we draw through the point straight lines parallel respectively to the 
given straight lines and then draw a plane through the lines so drawn. 

Next we have the partial converse of the first proposition above. 


4. Lf a straight line is parallel to a plane, it is also parallel to the inter- 
section of any plane through it with the given plane. 


B 
Let AB be parallel to the plane MN, and let 
any plane through 4B intersect MN in CD. 


Now AB and CD cannot meet, because, if A à 
they did, 47 would meet the plane MN. 
And ABS, CD are in one plane. 


Therefore 4B, CD are parallel. 
From this follows as a corollary : 


NY 7 x 
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s. Lf each of two intersecting straight lines is parallel to a given plane, 
the plane containing them is parallel to the given 
plane. 


Let AB, AC be parallel to the plane 
MN. 


ol 
n C 
Then, if the plane 442 C were to meet the à 
plane MN, the intersection would be parallel 
both to 4B and to AC: which is impossible. 
Lastly, we have Euclid's proposition. M 


6. If two straight lines forming an angle are respectively parallel to two 
other straight lines forming an angle, the plane of 
the first angle is parallel to the plane of the second. 


Let ABC, DEF be the angles formed by toe 
straight lines parallel to one another respectively. 


Then, since 4B is parallel to DZ, 


the plane of DEF is parallel to 4B [(1) above]. 
Similarly the plane of DEF is parallel to 
BC 


Hence the plane of DEF is parallel to the 
plane of ABC |(5)]. 


Legendre arrives at the result by yet another method. He first proves 
Eucl. x1. 16 to the effect that, if two parallel planes are cut by a third, the lines 
of intersection are parallel, and then deduces from this that, if two parallel 
straight lines are terminated by two parallel planes, the straight lines are equal 
in length. : 

(The latter inference is obvious because the plane through the parallels 
cuts the parallel planes in parallel lines, which 
therefore, with the given parallel lines, form a 
parallelogram.) 

Legendre is now in a position to prove 
Euclid's proposition XI. 15. 

If ABC, DEF be the angles, make AB 
equal to DE, and AC equal to E, and join 
CA, FD, BE, CF, AD. 

Then, as in Eucl x1. ro, the triangles 
ABC, DEF are equal in all respects ; 

and AD, BE, CF are all equal. 

It is now proved that the planes are 
parallel by reductio ad absurdum from the 
last preceding result. For, if the plane 4BC 
is not parallel to the plane DEF, let the plane drawn through B parallel to the 
plane DEF meet CF, AD in H, G respectively. 

Then, by the last result BZ, HF, GD will all be equal. 

But BE, CF, AD are all equal: 
which is impossible. 

Therefore etc. 
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PROPOSITION 16. 
If two parallel planes be cut by any plane, their common 
sections are parallel, 


For let the two parallel. planes 4B, CD be cut by the 
plane EFGH, 


and let EF, GH be their common sections ; 
I say that ZF is parallel to GH. 
B 


E 
AA 


| 


For, if not, EF, GH will, when produced, meet either in 
the direction of F, H or of E, G. 

Let them be produced, as in the direction of F, 77, and 
let them, first, meet at A. 


Now, since EFK is in the plane 4B, 

therefore all the points on EZ are also in the plane 4B. 
XI. I 

But Æ is one of the points on the straight line EFK ; 
therefore X is in the plane AZ. 

For the same reason 
K is also in the plane CD ; 
therefore the planes 4B, CD will meet when produced. 

But they do not meet, because they are, by hypothesis, 
parallel ; 
therefore the straight lines EZ, GH will not meet when 
produced in the direction of 7, 77. 

Similarly we can prove that neither will the straight lines 
EF, GH meet when produced in the direction of Æ, G. 

But straight lines which do not meet in either direction 
are parallel. [1. Def. 23] 

Therefore E is parallel to GH. 

Therefore etc. Q. E. D. 
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Simson points out that, in here quoting 1. Def. 23, Euclid should have 
said “ But straight lines zs one plane which do not meet in either direction are 
parallel.” 

From this proposition is deduced the converse of x1. 14. 

Jf a straight line is perpendicular to one of two parallel planes, it. is 
perpendicular to the other also. 

For suppose that MN, PQ are two parallel planes, and that 4B is perpen- 
dicular to MN. 

Through A Z draw any plane, and let it intersect 


the planes MN, PQ in AC, BD respectively. N 
Therefore 4 C, BD are parallel. [x1. 16] 
But AC is perpendicular to AB; M 


therefore 4B is also perpendicular to BD. 

That is, 4B is perpendicular to any line in PQ 
passing through Z ; P 
therefore 4B is perpendicular to PQ. 

It follows as a corollary that 


Through a given point one plane, and only one, can be drawn parallel to a 
given plane. 

In the above figure let 4 be the given point and PQ the given plane. 

Draw AB perpendicular to PQ. 

ES ddr A draw a plane MN at right angles to 4B (see note on XI. 5 

above 

Then MN is parallel to PQ. (x1. 14] 

If there could pass through 44 a second plane parallel to PQ, AB would 
also be perpendicular to it. 

That is, AB would be perpendicular to two different planes through 4 : 
which is impossible (see the same note). 

Also it is readily proved that, 


Jf two planes are parallel to a third plane, they are parallel to one another. 


PROPOSITION 17. 


Jf two straight lines be cut by parallel planes, they will be 
cut in the same ratios. 


For let the’ two straight 
lines AB, CD be cut by the 
parallel planes GH, KL, MN 
at the points 4, E, B and C, 
FD; 

I say that, as the straight line 
AE is to EB, so is CF to FD. 

For let AC, BD, AD be 
joined, 
let 44D meet the plane KZ 
at the point O, 
and let EO, OF be joined. 
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Now, since the two parallel planes KZ, MN are cut by 
the plane EBDO, 


their common sections ZO, BD are parallel. [xi. 16] 


For the same reason, since the two parallel planes G//, 
KL are cut by the plane 4 OFC, | 
their common sections 4C, OF are parallel. [i2] 


And, since the straight line EO has been drawn parallel to 
BD, one of the sides of the triangle 4BD, 
therefore, proportionally, as AZ is to EB, so is AO yet 
vi. 2] 
Again, since the straight line OF has been drawn parallel 
to AC, one of the sides of the triangle ADC, 
proportionally, as 4O is to OD, so is CF to FD. [#d.] 


But it was also proved that, as 40 is to OD, so is AE 
to EB; 
therefore also, as AZ is to EB, so is CF to FD. [v. 11] 


Therefore etc. 
Q. E. D. 


PROPOSITION 18. 


Jf a straight line be at right angles to any plane, all the 
planes through wt will also be at right angles to the same plane. 


For let any straight line 42 be at right angles to the 
plane of reference; 
I say that all the planes through 
AB are also at right angles to the 
plane of reference. 

For let the plane DE be drawn 
through 447, 
let CE be the common section of 
the plane DE and the plane of 
reference, 
let a point F be taken at random on CZ, 
and from F let FG be drawn in the plane DE at right 
angles to CZ. [r. 11] 





Now, since 4B is at right angles to the plane of reference, 
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AB is also at right angles to all the straight lines which meet 
it and are in the plane of reference ; . [xr. Def. 3] 


so that it is also at right angles to CZ ; 

therefore the angle ABE is right. 
But the angle GFB is also right ; 

therefore 4B is parallel to FG. [1. 28] 
But AZ is at right angles to the plane of reference; 


therefore FG is also at right angles to the plane of reference. 

(x1. 8] 

Now a plane is at right angles to a plane, when the 

straight lines drawn, in one of the planes, at right angles to 

the common section of the planes are at right angles to the 

remaining plane. [x1. Def. 4] 

And FG, drawn in one of the planes DÆ at right angles 

to C£, the common section of the planes, was proved to be 
at right angles to the plane of reference ; 


therefore the plane DÆ is at right angles to the plane of 
reference. 


Similarly also it can be proved that all the planes through 
AB are at right angles to the plane of reference. 
Therefore etc. 
Q. E. D. 


Starting as Euclid does from the definition of perpendicular planes as 
planes such that all straight lines drawn in one of the planes at right angles to 
the common section are at right angles to the other plane, it is necessary for 
him to show that, if F be any point in CZ, and FG be drawn in the plane 
DE at right angles to CE, FG will be perpendicular to the plane to which 
AB is perpendicular. 

It is perhaps more scientific to make the definition, as Legendre makes it, 
a particular case of the definition of the inclination of planes. Perpendicular 
planes would thus be planes such that the angle which (when it is acute) 
Euclid calls the inclination of a plane to a plane is a right angle. When to this 
is added the fact incidentally proved in x1. 1o that the “inclination of a plane to 
a plane" is the same at whatever point in their common section it is drawn, it 
is sufficient to prove the perpendicularity of two planes if one straight line 
drawn, in one of them, perpendicular to their common section is perpendicular 
to the other. 

If this point of view is taken, Props. 18, r9 are much simplified (cf. 
Legendre, H. M. Taylor, Smith and Bryant, Rausenberger, Schultze and 
Sevenoak, Holgate). The alternative proof is as follows. 

Let AB be perpendicular to the plane MN; and CE any plane through 
AB, meeting the plane MN in the straight line CD. 

In the plane MN draw BF at right angles to CD. 
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Then ABF is the angle which Euclid calls (in the case where it is acute) 
the “inclination of the plane to the plane." 





But, since AB is perpendicular to the plane MN, it is perpendicular to 
BF in it. 

Therefore the angle ABF is a right angle ; 
whence the plane CZ is perpendicular to the plane M. 


PROPOSITION 19. 


Jf two planes which cut one another be at right angles to 
any plane, their common section will also be at right angles to 


the same plane. 


For let the two planes 42, BC be at right angles to the 
plane of reference, 
and let BL be their common section ; 
I say that BD is at right angles to the B 
plane of reference. 
For suppose it is not, and from the 
point D let DE be drawn in the plane 
A B at right angles to the straight line 
AD, and DF in the plane AC at right 
angles to CD. 


Now, since the plane /4Z is at right 
angles to the plane of reference, 
and DE has been drawn in the plane 4B at right angles to 
AD, their common section, 


therefore DE is at right angles to the plane of reference. 
[x1. Def. 4] 
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Similarly we can prove that 
DF is also at right angles to the plane of reference. 


Therefore from the same point D two straight lines have 
been set up at right angles to the plane of reference on the 
same side : 


which is impossible. [xi. 13] 


Therefore no straight line except the common section DB 
of the planes 4B, BC can be set up from the point D at right 
angles to the plane of reference. 

Therefore etc. 

Q. E. D. 


Legendre, followed by other writers already quoted, uses a preliminary 
proposition equivalent to Euclid's definition of planes at right angles to one 
another. 


Lf two planes are perpendicular fo one another, a straight line drawn in one 
of them perpendicular to their common section will be perpendicular to the other. 


Let the perpendicular planes CE, MN (figure of last note) intersect in 
CD, and let AB be drawn in CE perpendicular to CD. 

In the plane MN draw BF at right angles to CD. 

Then, since the planes are perpendicular, the angle ABF (their inclination) 
is a right angle. 

Therefore AB is perpendicular to both CD and 7, and therefore to the 
plane ALN. 

We are now in a position to prove XI. 19, viz. Zf two planes be perpendicular 
fo a third, their intersection is also perpen- 
dicular to that third plane. 

Let each of the two planes AC, AD 
. intersecting in 4B be perpendicular to the 
plane MN. 

Let AC, AD intersect MN in BC, BD 
respectively. 

In the plane MN draw BE at right 
angles to BC and BF at right angles to 
BD. 





Now, since the planes AC, MN are at 
right angles, and BZ is drawn in the latter perpendicular to BC, BE is 
perpendicular to the plane 4C. 

Hence AB is perpendicular to BE. [x1. 4] 

Similarly 4B is perpendicular to BF. 

Therefore 47 is perpendicular to the plane through BL, BA; i.e. to the 
plane MN. 


An useful problem is that of drawing a common perpendicular to two 
straight lines not in one plane, and in connexion with this the following 
proposition may be given. 


H. E. III. 20 
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Given a plane and a straight line not perpendicular to if, one plane, and only 
one, can be drawn through the straight line perpen- 
dicular to the plane. 


Let AB be the given straight line, MN the 
given plane. 

From any point C in AB draw CD perpen- 
dicular to the plane MN. 

Through 4B and CD draw a plane AL. 

Then the plane AZ is perpendicular to the 
plane MN. [xı 18] 

If any other plane could be drawn through 
AB perpendicular to AZM, the intersection 4B of 
the two planes perpendicular to MN would itself 
be perpendicular to MN: [xi. 19] 
which contradicts the hypothesis. 

To draw a common perpendicular to two straight lines not in the same plane. 

Let AB, CD be the given straight lines. 

Through CD draw the plane MN parallel to AB (Prop. 2 in note 
to XI. 15). 

Through AZ draw the plane AF perpendicular to the plane MN (see the 
last preceding proposition). 





"D M X 





Let the planes 4/, MN intersect in EF, and let EF meet CD in G. 

From G, in the plane AF, draw GĦ at right angles to EF, meeting AZ in 77. 

GH is then the required perpendicular. 

For 47 is parallel to EZ (Prop. 4 in note to xr. 15); therefore GH, 
being perpendicular to E, is also perpendicular to 4B. 

But, the plane 4 being perpendicular to the plane MN, and GH being 
perpendicular to EZ, their intersection, 

GH is perpendicular to the plane MN, and therefore to CD. 

Therefore GZ is perpendicular to both 4B and CD. 


Only one common perpendicular can be drawn to two straight lines not in 
one plane. 

For, if possible, let XZ also be perpendicular to both AB and CD. 

Let the plane through KZ, AB meet the plane JMN in LQ. 

Then AB is parallel to ZQ (Prop. 4 in note to x1. 15), so that XZ, being 
perpendicular to 4B, is also perpendicular to ZQ. 

Therefore KZ is perpendicular to both CZ and ZQ, and consequently to 
the plane MN. 

But, if XP be drawn in the plane 4F perpendicular to EZ, KP is also 
perpendicular to the plane MN. 
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Thus there are two perpendiculars from the point Æ to the plane MN : 
which is impossible. 


Rausenberger’s construction for the same problem is more elegant. Draw, 
he says, through each straight line a plane parallel 
to the other. Then draw through each straight line 
a plane perpendicular to the plane through the 
other. The two planes last drawn will intersect 
in a straight line, and this straight line is the 
common perpendicular required. 


The form of the construction best suited for 
examination purposes, because the most self- 
contained, is doubtless that given by Smith and 
Bryant. 

Let AB, CD be the two given straight lines. 

Through any point Æ in CD draw E parallel to 4 B. 

From any point G in AB draw GAH perpendicular to the plane CDF, 
meeting the plane in 27. 

Through Æ in the plane CDF draw B 
HK parallel to FE or AB, to cut CD 
in K. 

Then, since AB, HK are parallel, 
AGHK is a plane. 

Complete the parallelogram G 77K. 

Now, since LX, GH are parallel, and 
GH is perpendicular to the plane CDA, 


LK is perpendicular to the plane 
CDF. 








. Therefore ZX is perpendicular to CD and KZ, and therefore to AB which 
is parallel to XÆ. 


PROPOSITION 20. 


Jf a solid angle be contained by three plane angles, any two, 
taken together in any manner, are greater than the remaining 
one. 


For let the solid angle at 4 be contained by the three 
plane angles BAC, CAD, DAB; 


] say that any two of the angles 
BAC, CAD, DAB, taken to- 


gether in any manner, are greater 


than the remaining one. — € 
If now the angles BAC, CAD, E 


C 
DAB are equal to one another, 
it is manifest that any two are greater than the remaining one. 
But, if not, let BAC be greater, 


and on the straight line 4B, and at the point 4 on it, let the 


20—2 


D 
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angle BAE be constructed, in the plane through BA, AC, 
equal to the angle DAB; 


let AZ be made equal to 4D, 


and let BEC, drawn across through the point Z, cut the 
straight lines 42, AC at the points B, C; 


let DB, DC be joined. 
Now, since DA is equal to 4 E, 


and AB is common, 
two sides are equal to two sides ; 


and the angle DAB is equal to the angle BAE; 


therefore the base DB is equal to the base ZZ. [1. 4] 
And, since the two sides BD, DC are greater than BC, 
[1. 20] 


and of these DB was proved equal to BE, 
therefore the remainder DC is greater than the remainder EC. 


Now, since DA is equal to AE, 
and AC is common, 
and the base DC is greater than the base EC, 
therefore the angle DAC is greater than the angle FAC. 
[1. 25] 


But the angle DAB was also proved equal to the angle 
BAE; 


therefore the angles DAB, DAC are greater than the angle 
BAC. 


Similarly we can prove that the remaining angles also, 
taken together two and two, are greater than the remaining 
one. 


Therefore etc. 
Q. E. D. 


After excluding the obvious case in which all three angles are equal, 
Euclid goes on to say “If not, let the angle BAC be greater,” without adding 
greater than what. Heiberg is clearly right in saying that he means greater 
than BAD, i.e. greater than one of the adjacent angles. This is proved by 
the words at the end “Similarly we can prove," etc. Euclid thus excludes 
as obvious the case where one of the three angles is not greater than either of 
the other two, but proves the remaining cases. This is scientific, but he might 
further have excluded as obvious the case in which one angle is greater than 
one of the others but equal to or less than the remaining one. 


- Ww. 
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Simson remarks that the angle BAC may happen to be egual to one of 
the other two and writes accordingly “ If they [all three angles] are not [equal], 
let BAC be that angle which is not less than either of the other two, and is 
greater than one of them DAB.” He then proves, in the same way as Euclid 
does, that the angles DAB, DAC are greater than the angle BAC, adding 
finally : ** But BAC is not less than either of the angles DAB, DAC; there- 
fore BAC, with either of them, is greater than the other.” 

It would be better, as indicated by Legendre and Rausenberger, to begin 
by saying that, “If one of the three angles is either equal to or less than either 
of the other two, it is evident that the sum of those two is greater than the 
first. It is therefore only necessary to prove, for the case in which one angle ts 
greater than each of the others, that the sum of the two latter is greater than 
the former. 

Accordingly let BAC be greater than each of the other angles." We then 
proceed as in Euclid. 


PROPOSITION 21. 


Any solid angle 1s contained by plane angles less than four 
right angles. 


Let the angle at 4 be a solid angle contained by the plane 
angles BAC, CAD, DAB; 
I say that the angles BAC, CAD, 
DAB are less than four right angles. 
For let points B, C, D be taken 
at random on the straight lines 42, 
AC, AD respectively, 
and let BC, CD, DB be joined. 9 


c 





Now, since the solid angle at B is contained by the three 
plane angles CBA, ABD, CBD, 
any two are greater than the remaining one ; [x1. 20] 
therefore the angles CBA, ABD are greater than the angle 
CBD. 

For the same reason 
the angles BCA, ACD are also greater than the angle BCD, 
and the angles CDA, ADB are greater than the angle COB ; 
therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than the three angles CBD, BCD, CDB. 

But the three angles CBD, BDC, BCD are equal to two 
right angles ; [1. 32] 
therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are greater than two right angles. 
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And, since the three angles of each of the triangles ABC, 
ACD, ADB are equal to two right angles, 
therefore the nine angles of the three triangles, the angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, BAD 
are equal to six right angles ; 
and of them the six angles ABC, BCA, ACD, CDA, ADB, 
DBA are greater than two right angles ; 


therefore the remaining three angles BAC, CAD, DAB 
containing the solid angle are less than four right angles. 


Therefore etc. 
Q. E. D. 


It will be observed that, although Euclid enunciates this proposition for 
any solid angle, he only proves it for the particular case of a ¢rthedral angle. 
This is in accordance with his manner of proving one case and leaving the 
others to the reader. The omission of the convex polyhedral angle here 
corresponds to the omission, after 1. 32, of the proposition about the interior 
angles of a convex polygon given by Proclus and in most books. The proof 
of the present proposition for any convex polyhedral angle can of course be 
arranged so as not to assume the proposition that the interior angles of a 
convex polygon together with four right angles are equal to twice as many 
right angles as the figure has sides. 

Let there be any convex polyhedral angle with V as vertex, and let it be 
cut by any plane meeting its faces in, say, the 
polygon ABCDE. v 

Take O any point within the polygon, and 
in its plane, and join OA, OB, OC, OD, OE. 

Then all the angles of the triangles with 
vertex O are equal to twice as many right angles 
as the polygon has sides ; [1. 32] 
therefore the interior angles of the polygon to- 9 
gether with all the angles round O are equal to ^ 
twice as many right angles as the polygon has á 
sides. C 

Also the sum of the angles of the triangles 
VA B, VBC, etc., with vertex V are equal to twice as many right angles as the 
polygon has sides ; 
and all the said angles are equal to the sum of (1) the plane angles at V 
forming the polyhedral angle and (2) the base angles of the triangles with 
vertex P. 


This latter sum is therefore equal to the sum of (3) all the angles 
round O and (4) all the interior angles of the polygon. 
Now, by Euclid's proposition, of the three angles forming the solid angle at 
A, the angles VAE, VA B are together greater than the angle £4 7. 
Similarly, at Z, the angles VBA, VBC are together greater than the angle 
BC. 


And so on. 
Therefore, by addition, the base angles of the triangles with vertex V 
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Ik c are together greater than the sum of the angles of the polygon 
4) above]. 

Hence, by way of compensation, the sum of the plane angles at V [(1) 
above] is less than the sum of the angles round O [(3) above]. 

But the latter sum is equal to four right angles; therefore the plane angles 
forming the polyhedral angle are together less than four right angles. 


The proposition is only true of convex polyhedral angles, ie. those in 
which the plane of any face cannot, if produced, ever cut the solid angle. 

There are certain propositions relating to equal (and symmetrical) trihe- 
dral angles which are necessary to the consideration of the polyhedra dealt 
with by Euclid, all of which (as before remarked) have trihedral angles only. 


I. Two trihedral angles are equal if two face angles and the included 
dihedral angle of the one are respectively equal to two face angles and the included 
dihedral angle of the other, the equal parts being arranged in the same order. 


2. Two trihedral angles are equal if two dihedral angles and the included 
face angle of the one are respectively equal to two dihedral angles and the included 
face angle of the other, all equal parts being arranged in the same order. 


These propositions are proved immediately by superposition. 


3. Two trihedral angles are equal if the three face angles of the one are 
respectively equal to the three face angles of the other, and all are arranged in the 
same order. 


Let /—4 BC and V'—4' B'C' be two trihedral angles such that the angle 
A VB is equal to the angle 4’V' 2’, the angle B VC to the angle 5'V'C', and 
the angle CVA to the angle C’ V'A. 





We first prove that corresponding pairs of face angles include equal dihedral 
angles. 

E.g., the dihedral angle formed by the plane angles CVA, A VB is equal 
to that formed by the plane angles C'V'A', A'V'B'. 

Take points 4, B, C on VA, VB, VC and points 4’, B, C' on V'A', 
V'B', V'C', such that VA, VB, VC, V'A', V'B', V'C are all equal. 

Join BC, CA, AB, BC’, C'A, A'S’. 

Take any point D on AV, and measure A'D’ along 4' V" equal to 4D. 

From D draw DE in the plane 477, and DF in the plane CVA, 
perpendicular to AV. Then DE, DF will meet AB, AC respectively, the 
angles VAB, VAC, the base angles of two isosceles triangles, being less than 
right angles. 

Join EF 

Draw the triangle Z'E'F' in the same way. 
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Now, by means of the hypothesis and construction, it appears that the 
triangles VA B, V'A' B' are equal in all respects. 

So are the triangles VAC, V'A'C', and the triangles VBC, V'B'C'. . 

Thus BC, CA, AB are respectively equal to BC’, C’A’, A'B', and the 
triangles ABC, A4'B'C' are equal in all respects. 

Now, in the triangles ADE, A' D'E, 
the angles ADE, DAE are equal to the angles 4'D'E', D' A'E' respectively, 
and AD is equal to 4'Z. 


Therefore the triangles 4 DZ, 4' D'E' are equal in all respects. 
Similarly the triangles 4DF, A'D'F are equal in all respects. 


Thus, in the triangles AEF, A'E F, 
EA, AF are respectively equal to ES’, 4' F, 
and the angle ZAF is equal to the angle E'4' F' (from above) ; 
therefore the triangles AEF, A'E'F' are equal in all respects. 


Lastly, in the triangles DEF, D'E'F, the three sides are respectively 
equal to the three sides; 


therefore the triangles are equal in all respects. 
Therefore the angles EDF, E'D'F' are equal. 


But these angles are the measures of the dihedral angles formed by the 
planes CVA, AVB and by the planes C’ V'A', A’ V'B' respectively. 
Therefore these dihedral angles are equal. 


Similarly for the other two dihedral angles. 
Hence the trihedral angles coincide if one is applied to the other ; 


that is, they are equal. 


To understand what is implied by “taken in the same order” we may 
suppose ourselves to be placed at the vertices, and to take the faces in clock- 
wise direction, or the reverse, for ofA angles. 

If the face angles and dihedral angles are taken in reverse directions, i.e. 
in clockwise direction in one and in counterclockwise direction in the other, 
then, if the other conditions in the above three propositions are fulfilled, the 
trihedral angles are not equal but symmetrical. 

If the faces of a trihedral angle be produced beyond the vertex, they form 
another trihedral angle. It is easily seen that these vertical trihedral angles 
are symmetrical. 


PROPOSITION 22. 


If there be three plane angles of which two, taken together 
in any manner, are greater than the remaining one, and they 
are contained by equal straight lines, it 1s possible to construct 
a triangle out of the straight lines joining the extremities of 
the equal straight lines. 


Let there be three plane angles 4 8C, DEF, GHK, of 
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which two, taken together in any manner, are greater than 
the remaining one, namely 


the angles ABC, DEF greater than the angle G//K, 
the angles DEF, GHK greater than the angle AAC, 
and, further, the angles GK, ABC greater than the angle 

DEF; 

let the straight lines 4B, BC, DE, EF, GH, HE be equal, 
and let 4C, DF, GK be joined ; 

I say that it is possible to construct a triangle out of straight 


lines equal to AC, DF, GK, that is, that any two of the 
straight lines AC, DF, GK are greater than the remaining 


one. 
: H 
C D F Gà K 


Now, if the angles ABC, DEF, GHK are equal to one 
another, it is manifest that, 4C, DF, GK being equal also, 


it is possible to construct a triangle out of straight lines equal 
to AC, DF, GK. 


But, if not, let them be unequal, 


and on the straight line 77K, and at the point Æ on it, let 
the angle K77L be constructed equal 


to the angle ABC; H 
let AZ be made equal to one of the 
straight lines 42, BC, DE, EF, GH, L 
HK, 
and let KZ, GZ be joined. 
Now, since the two sides 4B, BC © K 


are equal to the two sides K77, AL, 
and the angle at B is equal to the angle KAL, 
therefore the base AC is equal to the base KL. [1. 4] 


And, since the angles 482C, GA are greater than the 
angle DEF, 
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while the angle ABC is equal to the angle KAZ, 
therefore the angle GAZ is greater than the angle DEF. 


And, since the two sides GĦ, HZ are equal to the two 
sides DE, EF, 


and the angle G/7Z is greater than the angle DEF, 
therefore the base GZ is greater than the base DF. [n 24] 


But GK, KL are greater than GZ. 
Therefore GK, KL are much greater than DF. 


But AZ is equal to AC; 


therefore AC, GK are greater than the remaining straight 
line DF. 


Similarly we can prove that 
AC, DF are greater than GK, 
and further DF, GK are greater than AC. 


Therefore it is possible to construct a triangle out of 
straight lines equal to 4C, DF, GK. 
Q. E. D. 


The Greek text gives an alternative proof, which is relegated by Heiberg 
to the Appendix. Simson selected the alternative proof in preference to that 
given above; he objected however to words near the beginning, “If not, let 
the angles at the points B, Æ, HÆ be unequal and that at Z greater than either 
of the angles at Æ, Æ,” and altered the words so as to take account of the 
possibility that the angle at B might be equal to one of the other two. 

As will be seen, Euclid takes no account of the relative magnitude of the 
angles except as regards the case when all three are equal. Having proved 
that one base is less than the sum of the two others, he says that “similarly 
we can prove" the same thing for the other two bases. 

If a distinction is to be made according to the relative magnitude of the 
three angles, we may say, as in the corresponding place in xi. 21, that, if one 
of the three angles is either equal to or less than either of the other two, the 
bases subtending those two angles must obviously be together greater than the 
base subtending the first. ‘Thus it is only necessary to prove, for the case in 
which one angle is greater than either of the others, that the sutn of the bases 
subtending those others is greater than that subtending the first. "This is 
practically the course taken in the interpolated alternative proof. 


PROPOSITION 23. 


To construct a solid angle out of three plane angles two of 
which, taken together in any manner, are greater than the 
remaining one: thus the three angles must be less than four 
right angles. 


CN 
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Let the angles ABC, DEF, GHK be the three given 
plane angles, and let two of these, taken together in any 
manner, be greater than the remaining one, while, further, 
the three are less than four right angles; 


thus it is required to construct a solid angle out of angles 
equal to the angles ABC, DEF, GHK. 


AAA 


Let AB, BC, DE, EF, GH, HK be cut off équal to one 


another, 
and let 4C, DF, GK be joined; 


it is therefore possible to construct a triangle out of straight 
lines equal to 4C, DF, GK. [x1. 22] 


Let LMN be so constructed that 
AC is equal to LM, DF to MN, and 


M 
further GK to WZ, | DI aN 
let the circle LMN be described about / n 
the triangle LMN, 


let its centre be taken, and let it be O; 
let LO, MO, NO be joined ; 
I say that 4B is greater than LO. 


For, if not, ÆB is either equal to ZO, or less. 
First, let it be equal. 
Then, since AB is equal to ZO, 


while 4B is equal to BC, and OL to OM, 

the two sides 48, BC are equal to the two sides LO, OM 

respectively ; 

and, by hypothesis, the base AC is equal to the base ZM ; 

therefore the angle ABC is equal to the angle LOM. [1.8] 
For the same reason 

the angle DEF is also equal to the angle MON, 

and further the angle GZZK to the angle VOL ; 
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therefore the three angles 4BC, DEF, GHK are equal to 
the three angles LOM, MON, NOL. 


But the three angles LOM, MON, NOL are equal to 
four right angles ; 
therefore the angles ABC, DEF, GHK are equal to four 
right angles. 

But they are also, by hypothesis, less than four right angles: 
which is absurd. 

Therefore AB is not equal to LO. 

I say next that neither is 4B less than LO. 

For, if possible, let it be so, 
and let OP be made equal to 48, and OQ equal to BC, 
and let PQ be joined. 

Then, since 4B is equal to BC, 
OP is also equal to OQ, 
so that the remainder Z P is equal to QM. 


Therefore LM is parallel to PQ, [vi. 2] 
and MO is equiangular with PQO ; [1. 29] 
therefore, as OL is to LM, so is OP to PQ; [vi. 4] 


and alternately, as ZO is to OP, so is LM to PQ. [v. 16] 
But ZO is greater than OP ; | 
therefore LM is also greater than PQ. 
But LM was made equal to AC; 
therefore AC is also greater than PQ. 
Since, then, the two sides 48, BC are equal to the two 
sides PO, OQ, 
and the base AC is greater than the base PQ, 
therefore the angle ABC is greater than the angle oc i 
L 25 


Similarly we can prove that 
the angle DEF is also greater than the angle WON, 
and the angle GZZK greater than the angle VOL. 

Therefore the three angles dBC, DEF, GHK are greater 
than the three angles LOM, MON, NOL. 

But, by hypothesis, the angles ABC, DEF, GHK are 
less than four right angles; 
therefore the angles LOM, MON, NOL are much less than 
four right angles. 
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But they are also equal to four right angles: 
which is absurd. 


Therefore AB is not less than ZO. 
And it was proved that neither is it equal ; 


therefore AB is greater than ZO. 


Let then OX be set up from the point O at right angles 
to the plane of the circle L MN, (x1. 12] 


and let the square on OR be equal to that area by which 
the square on 74 Z is greater than the square on LO; [Lemma] 


let RL, RM, RN be joined. 


Then, since AO is at right angles to the plane of the circle 
LMN, 


therefore AO is also at right angles to each of the straight 
lines LO, MO, NO. 


And, since ZO is equal to OM, 
while OR is common and at right angles, 
therefore the base AZ is equal to the base RM. (1. 4] 


For the same reason 
RN is also equal to each of the straight lines AZ, RM; 


therefore the three straight lines AZ, RM, RN are equal to 
one another. 


Next, since by hypothesis the square on OR is equal to 
that area by which the square on AB is greater than the 
square on LO, 


therefore the square on 4B is equal to the squares on LO, OR. 

But the square on £A is equal to the squares on LO, OR, 
for the angle LOR is right; [1. 47] 
therefore the square on 4B is equal to the square on AL; 
therefore 44 B is equal to AL. 


But each of the straight lines BC, DE, EF, GH, HK is 
equal to AB, i 


while each of the straight lines RM, RN is equal to AZ ; 


therefore each of the straight lines 4B, BC, DE, EF, GA, 
HK is equal to each of the straight lines RL, RM, RN. 
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And, since the two sides LA, RM are equal to the two 
sides AB, AC, 
and the base LM is by hypothesis equal to the base AC, 
therefore the angle LRM is equal to the angle ABC. — [r. 8] 


For the same reason ! 
the angle MRN is also equal to the angle DEF, 
and the angle LAM to the angle GHK. 


Therefore, out of the three plane angles LRM, MRN, 
L RN, which are equal to the three given angles ABC, DEF, 
GHK, the solid angle at Æ has been constructed, which is 
contained by the angles LRM, MRN, LRN. 
Q. E. F. 


LEMMA. 
But how it is possible to take the square on OR equal to 


that area by which the square on ABP is 
greater than the square on LO, we can show C 


as follows. 
Let the straight lines 4B, LO be 
set out, 


and let AZ be the greater ; à j 
let the semicircle ABC be described on 4B, 
and into the semicircle ABC let AC be fitted equal to the 
straight line Z O, not being greater than the diameter 74 2; [1v. 1] 
let CB be joined. 

Since then the angle ACB is an angle in the semicircle 
ACB, 


therefore the angle ACB is right. [m. 31] 
Therefore the square on 4B is equal to the squares on 
AC, CB. [t. 47] 


Hence the square on AZ is greater than the square on 
AC by the square on CZ. 

But AC is equal to LO. 

Therefore the square on 4B is greater than the square on 
LO by the square on CZ. 

If then we cut off OR equal to BC, the square on AZ will 
be greater than the square on LO by the square on OR. 

Q. E. F. 


The whole difficulty in this proposition is the proof of a fact which makes 
the construction possible, viz. the fact that, if ZMN be a triangle with sides 
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respectively equal to the bases of the isosceles triangles which have the 
given angles as vertical angles and the equal sides all of the same length, then 
one of these equal sides, as AZ, is greater than the radius ZO of the circle 
circumscribing the triangle LMN. 

Assuming that AB is greater than ZO, we have only to draw from Oa 
perpendicular OZ to the plane of the triangle ZMN, to make OR of such a 
length that the sum of the squares on ZO, OR is equal to the square on 4B, 
and to join RZ, RM, RN. (The manner of finding OX such that the square 
on it is equal to the difference between the squares on AB and ZO is shown 
in the Lemma at the end of the text of the proposition. We have already 
had the same construction in the Lemma after x. 13.) 

roo d RL, RM, RN are equal to AB and to one another [1. 4 
and 1. 47]. 

Therefore the triangles LRM, MAN, NRE have their three sides 
respectively equal to those of the triangles ABC, DEF, GHK respectively. 

Hence their vertical angles are equal to the three given angles respectively; 
and the required solid angle is constructed. 


We return now to the proposition to be proved as a preliminary to the 
construction, viz. that, in the figures, 42 is greater than ZO. 

It will be observed that Euclid, as his manner is, proves it for one case 
only, that, namely, in which O, the centre of the circle circumscribing the 
triangle LMN, falls within the triangle, leaving the other cases for the reader 
to prove. As usual, however, the two other cases are found in the Greek text, 
after the formal conclusion of the proposition, as above, ending with the words 
óTep Set woujoat This position for the proofs itself suggests that they are not 
Euclid's but are interpolated ; and this is rendered certain by the fact that 
words distinguishing three cases at the point where the centre O of the 
circumscribing circle is found, “It [the centre] will then be either within the 
triangle LMN or on one of its sides or without. First let it be within,” are 
found in the Mss. B and V only and are manifestly interpolated. Nevertheless 
the additional two cases must have been inserted very early, as they are found 
in all the best Mss. 

In order to give a clear view of the proof of all three cases as given in the 
text, we will reproduce all three (Euclid's as well as the others) with abbrevia- 
tions to make them catch the eye better. 

In all three cases the proof is by reductio ad absurdum, and it is proved 
first that 42 cannot be egual to LO, and secondly that AB cannot be Zess 
than ZO. 

Case I. 

(1) Suppose, if possible, that 47 = ZO. 

Then AB, BC are respectively equal to ZO, OM; 
and AC = LM (by construction). 

Therefore | ABC =L LOM. 

Similarly L DEF=L MON, 

L GHK = L NOL. 
Adding, we have 
LABC +L DEF+ L GHK=L LOM +L MON * - NOL 
= four right angles : 


which contradicts the hypothesis. 
Therefore 4B + LO. 
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(2) - Suppose that 4B < ZO. 

Make OP, OQ (measured along OZ, OM) each equal to AB. 

Thus, OZ, OM being equal also, it follows that 

PQ is || to ZM. 

Hence ' LM:PQ-LO:OP; 
and, since ZO > OP, 
LM, ie. AC, > PQ. 

Thus, in ^s POQ, ABC, two sides are equal to two sides, and base 
AC » base PQ; 


therefore LABC-L.POQ, ie L LOM. 
Similarly L DEF> L MON, 
L GHK > NOL, 


and it follows by addition that 
L ABC+LDEF+ 4 GHK > (four right angles): 
which again contradicts the hypothesis. 


Case II. 
(1) Suppose, if possible, that 4B = ZO. 


L 
Then (48+ BC), or (DE + EF) = MO+0L 
TDF: /N 
= DF: M N 


which contradicts the hypothesis. 
(2) The supposition that 442 < LO is even more 
impossible ; for in this case it would result that 


DE + EF< DF. 


Case III. 


(1) Suppose, if possible, that 42 = ZO. 

Then, in the triangles ABC, LOM, two sides AB, BC are respectively 
equal to two sides ZO, OM, and the bases 
4 C, LM are equal ; 
therefore L ABC = - LOM. 

Similarly GHK = 4 NOL. 

Therefore, by addition, 

L MON=L ABC+ L GHK 
> L DEF (by hypothesis). 

But, in the triangles DEF, MON, which 

are equal in all respects, 
L MON= 1. DEF. 

But it was proved that MON > L DEF: 

which is impossible. 





(2) Suppose, if possible, that 42 < ZO. 
Along OZ, OM measure OP, OQ each equal to 4B. 
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Then ZM, PQ are parallel, and 
LM : PQ= LO : OP, 
whence, since ZO > OP, 

LM, or AC, > PQ. 

Thus, in the triangles 4BC, POQ, 
L ABC > POQ, i.e. 2 LOM. 

Similarly, by taking OA along ON equal to AB, we prove that 

L GHK > LON. 
Now, at O, make 2 POS equal to L ABC, and L POT equal to 


LGHK. 
Make OS, OT each equal to OP, and join ST, SP, TP. 
Then, in the equal triangles 4BC, POS, 


AC « PS, 
so that LM = PS. 
Similarly LN = PT. 


Therefore in the triangles MZN, SPT, since 4 MLN > 4 SPT (this is 
assumed, but should have been explained], 


MN > ST, 
or DF > ST. 
Lastly, in As DEF, SOT, which have two sides equal to two sides, since 
DF» ST, 
L DEF>t SOT 


>L ABC+ GHK (by construction) : 
which contradicts the hypothesis. 


Simson gives rather different proofs for all three cases; but the essence of 
them can be put, I think, a little more shortly than in his text, as well as more 
clearly. 


Case I. (O within A ZMN.) 
(1) Let AB be, if possible, equal to ZO. 


Then the As ABC, DEF, GHK must be identically equal to the As 
LOM, MON, NOL respectively. 


AAA 


Therefore the vertical angles at O in the 
latter triangles are equal respectively to the angles 
at B, E, A. 

The latter are therefore together equal to four 

right angles : 
which is impossible. 
(2) If AB be less than ZO, construct on the 
bases LM, MN, NL triangles with vertices 
P,Q, R and identically equal to the As ABC, 
DEF, GHK respectively. 


H. E. III. 21 
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Then P, Q, & will fall within the respective angles at O, since PZ = PM 
and « ZO, and similarly in the other cases. 

Thus [1. 21] the angles at P, Q, R are respectively greater than the angles 
at O in which they lie. 

Therefore the sum of the angles at P, Q, A, i.e. the sum of the angles at 
B, E, H, is greater than four right angles : 


which again contradicts the hypothesis. 


Case II. (O lying on MN.) 


In this case, whether (1) AB = LO, or (2) AB < LO, a triangle cannot 
be formed with MAN as base and each of the other sides equal to 4B. In other 
words, the triangle DEF either reduces to a straight line or is impossible. 


AAA 





Case III. (O lying outside the A ZMN.) 
(1) Suppose, if possible, that 42 = ZO. 
Then the triangles LOM, MON, NOL are identically equal to the 
triangles ABC, DEF, GHK. 
Since LLOM -*LLON -L MON, 
LABC+LGHK=LDEF: 
which contradicts the hypothesis. 


(2) Suppose that AB < OL. 


Draw, as before, on ZLM, MN, NL as bases triangles with vertices P Q, R 
and identically equal to the ^s ABC, DEF, GHK. oo 
Next, at V on the straight line VR, make 2 RNS equal to the angle 
PLM, cut off MS equal to ZM and join RS, ZS. 8 
Then A VÈS is identically equal to A ZPM or ^ ABC. 


Now (LNR +L RNS) <(L NLO + OLM), 
that is, LLNS < 2 NLM. 


Thus, in As ZNS, NLM, two sides are equal to two sides, and the ; 
angle in the former is less than the included angle in the other. e included 


Therefore LS < MN. 


r A PR 
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Hence, in the triangles MQN, ZRS, two sides are equal to two sides, and 


MN> LS. 
Therefore LMQN-.LRS 
>(LLRN +L SRN) 
>(LLRN+4 LPM). 
That is, LDEF>(LGHK+LABC): 
which is impossible. 
B 
E 
A C o F 





PROPOSITION 24. 


Lf a solid be contained by parallel planes, the opposite planes 
zn tt are equal and parallelogrammic. 


For let the solid CDHG be contained by the parallel planes 
AC, GF, AH, DF, BF, AE; 
I say that the opposite planes 
s in it are equal and parallelo- 

grammic. 
For, since the two parallel 
planes BG, C£ are cut by the 





_ Plane AC, 
C^ their common sections are 
parallel. [x1. 16] 


21—2 
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Therefore AZ is parallel to DC. 


Again, since the two parallel planes BF, AZ are cut by 
the plane 4C, 
their common sections are parallel. [x1. 16] 
Therefore BC is parallel to 4D. 
But AB was also proved parallel to DC; 
therefore AC is a parallelogram. 


Similarly we can prove that each of the planes DF, FG, 
GB, BF, AE is a parallelogram. 


Let AH, DF be joined. 

Then, since AZ is parallel to DC, and BH to CF, 
the two straight lines 4B, BH which meet one another are 
parallel to the two straight lines DC, CF which meet one 
another, not in the same plane ; 
therefore they will contain equal angles ; [x1. 10] 
therefore the angle ABH is equal to the angle DCF. 

And, since the two sides 48, BH are equal to the two 
sides DC, CF, [r. 34] 
and the angle ABH is equal to the angle DCF, 
therefore the base 7477 is equal to the base DF, 
and the triangle ABH is equal to the triangle DCF. [1. 4] 

And the parallelogram G is double of the triangle 4 BH, 
and the parallelogram C double of the triangle DCF’; [1. 34] 


therefore the parallelogram ZG is equal to the parallelo- 
gram CZ. 


Similarly we can prove that 
AC is also equal to GF, 
and AE to BF. 


Therefore etc. 
Q. E. D. 


As Heiberg says, this proposition is carelessly enunciated. Euclid means 
a solid contained by sx planes and not more, the planes are parallel Avo and 
two, and the opposite faces are equal in the sense of identically equal, or, as 
Simson puts it, equal and similar. The similarity is necessary in order to 
enable the equality of the parallelepipeds in the next proposition to be inferred 
from the roth definition of Book xr. Hence a better enunciation would be: 

Lf a solid be contained by six planes parallel two and two, the opposite faces 
respectively are equal and similar parallelograms. 

The proof is simple and requires no elucidation. 


am 


y 
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PROPOSITION 25. 


Jf a parallelepipedal solid be cut by a plane which ts 
parallel to the opposite planes, then, as the base is to the base, so 
will the solid be to the solid. 


For let the parallelepipedal solid ABCD be cut by the 
plane FG which is parallel to the opposite planes RA, DH; 


I say that, as the base 4 EF V is to the base EHCAF, so is the 
solid ABFU to the solid EGCD. 





For let 4477 be produced in each direction, 


let any number of straight lines whatever, 44 K, KZ, be inde 
equal to 44 £, 


and any number whatever, HM, MN, equal to FA; 


and let the parallelograms LP, KV, HW, MS and the solids 
LQ, KR, DM, MT be completed. 


Then, since the straight lines ZX, KA, AE are equal to 


one another, 
the parallelograms Z P, KV, AF are also equal to one another, 
KO, KB, AG are equal to one anotlfer, 


and further LX, KQ, AR are equal to one another, for they 
are opposite. [x1. 24] 


For the same reason 
the parallelograms EC, H W, MS are also equal to.one another, 
HG, HI, IN are equal to one another, 
and further DH, MY, NT are equal to one another. 


Therefore in the solids LQ, KR, AU three planes are 
equal to three planes. 











326 BOOK XI [x1. 25 


But the three planes are equal to the three opposite ; 


therefore the three solids LQ, KR, AU are equal to one 
another. 


For the same reason 
the three solids ED, DM, MT are also equal to one another. 


Therefore, whatever multiple the base ZF is of the base 
AF, the same multiple also is the solid L U of the solid 4 U. 


For the same reason, 


whatever multiple the base VF is of the base FH, the same 
multiple also is the solid VU of the solid HU. 


And, if the base ZF is equal to the base VF, the solid ZU 
is also equal to the solid VU; 


if the base ZF exceeds the base VF, the solid ZU also 
exceeds the solid VU; 


and, if one falls short, the other falls short. 


Therefore, there being four magnitudes, the two bases 
AF, FH, and the two solids 4 U, UH, 


equimultiples have been taken of the base 74 F and the solid 
AU, namely the base ZF and the solid ZU, 


and equimultiples of the base ÆF and the solid HU, namely 
the base VF and the solid VU, 


and it has been proved that, if the base £F exceeds the base 
FN, the solid Z U also exceeds the solid VU, 


if the bases are equal, the solids are equal, 
and if the base falls short, the solid falls short. 


Therefore, as the base 4F is to the base FA, so is the 
solid A U to the solid UH. [v. Def. 5] 


Q. E. D. 


It is to be observed that, as the word parallelogrammic was used in Book 1. 
without any definition of its meaning, so zapadAnAewiredos, parallelepipedal, is 
here used without explanation. While it means simply “with parallel planes,” 
ie. “faces,” the term is appropriated to the particular solid which has six 
plane faces parallel two and two. The proper translation of «repeóv 
wapadrAnreriredov is parallelepipedal solid, not solid parallelepiped, as it is 
usually translated. Still less is the solid a parallelopiped, as the word is not 
uncommonly written. 

The opposite faces in each set of parallelepipedal solids in this proposition 
are not only equal but equal and similar. Euclid infers that the solids in each 
set are equal from Def. 10; but, as we have seen in the note on Deff. 9, 10, 


XI. 25, 26] PROPOSITIONS 25, 26 327 


though it is true, where no solid angle in the figures is contained by more 
than three plane angles, that two solid figures are equal and similar which are 
contained by the same number of equal and similar faces, similarly arranged, 
the fact should have been proved. To do this, we have only to prove the 
proposition, given above in the note on XI. 21, that ‘wo trihedral angles are 
equal if the three face angles of the one are respectively equal to the three face 
angles in the other, and all are arranged in the same order, and then to prove 
equality by applying one figure to the other as is done by Simson in his 
proposition C. 

Application will also, of course, establish what is assumed by Euclid of 
the solids formed by the multiples of the original solids, namely that, if 


LF = NF, the solid ZU 2 the solid VU. 


PROPOSITION 26. 


On a given straight line, and at a given point on it, to 
. construct a solid angle equal to a given solid angle. 


Let AB be the given straight line, 4 the given point on 
it, and the angle at D, contained by the angles EDC, EDF, 
FDC, the given solid angle ; 
thus it is required to construct on the straight line 4B, and at 
the point 4 on it, a solid angle equal to the solid angle at D. 


H 





For let a point F be taken at random on DF, 

let FG be drawn from F perpendicular to the plane through 
ED, DC, and let it meet the plane at G, (x1. r1] 
let DG be joined, 
let there be constructed on the straight line 4475 and at the 
point 4 on it the angle BAL equal to the angle EDC, and 
the angle BAK equal to the angle EDG, [1. 23] 


let AX be made equal to DG, 
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let KZ be set up from the point X at right angles to the 
plane through BA, AL, (x1. 12] 


let XH be made equal to GF, 
and let FA be joined; 


I say that the solid angle at 4, contained by the angles BAZ, 
BAH, ITAL is equal to the solid angle at D contained by 
the angles EDC, EDF, FDC. 


For let 42, DE be cut off equal to one another, 
and let WB, KB, FE, GE be joined. 


Then, since FG is at right angles to the plane of reference, 
it will also make right angles with all the straight lines which 
meet it and are in the plane of reference ; [x1. Def. 3] 


therefore each of the angles FGD, FGE is right. 
For the same reason 
each of the angles HAA, HEB is also right. 


And, since the two sides KA, AB are equal to the two 
sides GD, DE respectively, 


and they contain equal angles, 

therefore the base KB is equal to the base GE. [1. 4] 
But XH is also equal to GF, 

and they contain right angles ; 

therefore 772 is also equal to FE. (1. 4] 


Again, since the two sides 4X, XH are equal to the two 
sides DG, GF, 


and they contain right angles, 
therefore the base 44 77 is equal to the base FD. [r. 4] 
But AZ is also equal to DE ; 


therefore the two sides HA, AB are equal to the two sides 
DF, DE. 


And the base 77Z is equal to the base FE; 
therefore the angle BAH is equal to the angle EDF. — (i.8] 


For the same reason 
the angle HAZ is also equal to the angle FDC. 


And the angle BAL is also equal to the angle EDC, 


TaN a 
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Therefore on the straight line 4B, and at the point 4 on 
it, a solid angle has been constructed equal to the given solid 
angle at D. 

Q. E. F. 


This proposition again assumes the equality of two trihedral angles which 
have the three plane angles of the one respectively equal to the three plane 
angles of the other taken in the same order. 


PROPOSITION 27. 


On a given straight line to describe a parallelepipedal solid 
similar and similarly situated to a given parallelepzpedal solid. 


Let AB be the given straight line and CD the given 
parallelepipedal solid ; 
thus it is required to describe on the given straight line 4B 
a parallelepipedal solid similar and similarly situated to the 
given parallelepipedal solid CD. 


D 
E MAE | 


P+ HE 


C E B 


For on the straight line 42 and at the point 4 on it let 
the solid angle, contained by the angles BAH, HAK, KAB, 
be constructed equal to the solid angle at C, so that the angle 
BAH is equal to the angle ECF, the angle BAK equal to 
the angle ECG, and the angle AAA to the angle GCF; 


and let it be contrived that, 
as EC is to CG, so is BA to AK, 


and, as GC is to CF, so is KA to AZ. [vi. 12] 
Therefore also, ex aegualt, 
as EC is to CF, so is BA to AH. [v. 22] 


Let the parallelogram 777 and the solid AZ be completed. 


Now since, as EC is to CG, so is BA to AK, 
and the sides about the equal angles ECG, BAK are thus 
proportional, 





330 BOOK XI [xr. 27, 28 


therefore the parallelogram G is similar to the parallelo- 
gram KJ. 


For the same reason 
the parallelogram XÆ is also similar to the parallelogram GF, 
and further FZ to HB; 
therefore three parallelograms of the solid CD are similar to 
three parallelograms of the solid AZ. 
But the former three are both. equal and similar to the 
three opposite parallelograms, 
and the latter three are both equal and similar to the three 
opposite parallelograms ; 
therefore the whole solid CD is similar to the whole solid AZ. 
[x1. Def. 9] 
Therefore on the given straight line 447 there has been 
described AZ similar and similarly situated to the given 
parallelepipedal solid C2. 
) Q. E. F. 


PROPOSITION 28. 


Jf a parallelepipeda! solid be cut by a plane through the 
diagonals of the opposite planes, the solid will be bisected by the 
plane. 


For let the parallelepipedal solid 4B be cut by the plane 
CDEF through the diagonals CF, DE of 


opposite planes ; B F 
I say that the solid 42 will be bisected by 
the plane CO EF. H 

For, since the triangle CGF is equal P 
to the triangle CFB, [1. 34] 
and ADE to DEZ, A 


while the parallelogram C is also equal 

to the parallelogram ZZ, for they are opposite, 

and GE to CH, 

therefore the prism contained by the two triangles CGF, 
ADE and the three parallelograms GZ, AC, C£ is also equal 
to the prism contained by the two triangles CFB, DEH and 
the three parallelograms CH, BE, C£ ; 
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for they are contained by planes equal both in multitude and 


in magnitude. [x1. Def. 10] 
Hence the whole solid 44 is bisected by the plane CO EF. 
Q. E. D. 


Simson properly observes that it ought to be proved that the diagonals of 
two opposite faces are in one plane, before we speak of drawing a plane 
through them. Clavius supplied the proof, which is of course simple enough. 

Since EZ, CD are both parallel to 4G or BA, they are parallel to one 
another. 

Consequently a plane can be drawn through CD, EF and the diagonals 
DE, CF are in that plane [xr. 7]. Moreover CD, EF are equal as well as 
parallel; so that CF, DE are also equal and parallel. 


Simson does not, however, seem to have noticed a more serious difficulty. 
The two prisms are shown by Euclid to be contained by equal faces—the faces 
are in fact equal and similar—and Euclid then infers at once that the prisms 
are egual. But they are not equal in the only sense in which we have, at 
present, a right to speak of solids bemg equal, namely in the sense that they 
can be applied, the one to the other. They cannot be so applied because the 
faces, though equal respectively, are not similarly arranged ; consequently the 
prisms are symmetrical, and it ought to be proved that they are, though not 
equal and similar, equal in content, or eyutvalent, as Legendre has it. 

Legendre addressed himself to proving that the two prisms are equivalent, 
and his method has been adopted, though his 
name is not mentioned, by Schultze and Seven- 
oak and by Holgate. Certain preliminary pro- 
positions are necessary. 


I. The sections of a prism made by parallel 
Planes cutting all the lateral edges are equal 
polygons. 

Suppose a prism MN cut by parallel planes 
which make sections ABCDE, A‘B CDE. 

Now 4B, BC, CD, ... arerespectively parallel 
to d'B, P'C,C'D, .... XI. 16] 

Therefore the angles ABC, BCD, ... are 
equal to the angles A'B’ C, B'C'D', ... respec- 





tively. [x1 10] 
Also AB, BC, CD, ... are respectively equal | 
to AB, BC, CD,- (1. 34] 


Thus the polygons ABCDE, A4'B'C'D'E' are equilateral and equiangular 
to one another. 


2. Two prisms are equal when they have a solid angle in each contained by 
three faces equal each to each and similarly arranged. 


Let the faces ABCDE, AG, AL be equal and similarly placed to the 
faces 4'B'C'D'E', A'G', AT. 
Since the three plane angles at 4, A’ are equal respectively and are 
similarly placed, the trihedral angle at 4 is equal to the trihedral angle at £’. 
[(3) in note to x1. 21] 


-— 
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Place the trihedral angle at A on that at A’. 

Then the face ABCDE coincides with the face 4'Z'C' D' E, the face AG 
with the face A’G’, and the face AZ with the face A'Z. 

The point C falls on C’ and D on D. 





Since the lateral edges of a prism are parallel, CH will fall an C' ZZ", and 
DK on DK’. 
And the points Æ G, Z coincide respectively with 7’, G’, Z’, so that 
the planes GX, G'K' coincide. ` 


Hence H, X coincide with 77', K" respectively. 

Thus the prisms coincide throughout and are equal. 

In the same way we can prove that two /vuncated prisms with three faces 
forming a solid angle related to one another as in the above proposition are 
identically equal. 

In particular, 


Cor. Two right prisms having equal bases and equal heights are equal. 


$ An oblique prism is equivalent to a right prism whose base is a right 
section of the oblique prism and whose 
height ts equal to a lateral edge of the 
oblique prism. 


Suppose GZ to be a right section of 
the oblique prism AJ’, and let GZ’ be 
a right prism on GZ as base and with 
height equal to a lateral edge of 4D’. 

Now the lateral edges of GZ' are 
equal to the lateral edges of 442'. 

Therefore 4G- 4'G, BH= BH’, 
CK = C'K’, etc. 

Thus the faces 477, BK, CL are 
equal I to the faces 4 T, 
BR’, 

Therefore [by the proposition 
above | 


(truncated prism 4 Z) = (truncated 
prism 4’Z’). 


Subtracting each from the whole solid AZ’, we see that 
the prisms AD’, GL’ are equivalent. 





^» Oh — 
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Now suppose the parallelepiped of Euclid's proposition to be cut by the 
plane through 4G, DF. 

Let KZM V be a right section of the parallelepiped 
cutting the edges 4D, BC, GF, HE. 

Then KZMXN is a parallelogram; and, if the 
diagonal XM be drawn, 

A KIM=AMNK. 

Now the prism of which the As ABG, DCF are 
the bases is equal to the right prism on A ZM as 
base and of height 4D. 

Similarly the prism of which the As AGH, DFE 
are the bases is equal to the right prism on A MNE 





as base and with height 4D. [(3) above] 
And the right prisms on As KLM, MNK as bases and of equal height 
AD are equal. [(2), Cor. above] 


Consequently the two prisms into which the parallelepiped is divided are 
equivalent. 


PROPOSITION 29. 


Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sudes which 
stand up are on the same straight lines, are equal to one 
another. 


Let CM, CN be parallelepipedal solids on the same base 


AB and of the same height, 


and let the extremities of their E H K 
sides which stand up, namely 
AG, AF, LM, LN, CD, CE, 
B H, B K,be on the same straight 
lines FN, DK; 
I say that the solid CM is equal 
to the solid CW. 

For, since each of the figures A L 
CH, CK is a parallelogram, CB 
is equal to each of the straight lines DH, EK ; [1. 34] 
hence DÆ is also equal to EK. 

Let ÆA be subtracted from each ; 
therefore the remainder DZ is equal to the remainder HAK. 


Hence the triangle DCE is also equal to the triangle 
HBK, (1. 8, 4] 


and the parallelogram DG to the parallelogram ÆN. — [1. 36] 


G M 


' 
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For the same reason 
the triangle AFG is also equal to the triangle MLN. 

But the parallelogram CF is equal to the parallelogram BM, 
and CG to BN, for they are opposite ; 
therefore the prism contained by the two triangles AFG, DCE 
and the three parallelograms 4D, DG, CG is equal to the 
prism contained by the two triangles MLN, HBK and the 
three parallelograms BM, HN, BN. 

Let there be added to each the solid of which the 
parallelogram AZ is the base and GE HM its opposite ; 
therefore the whole parallelepipedal solid CM is equal to the 
whole parallelepipedal solid CN. 


T herefore etc. 
Q. E. D. 


As usual, Euclid takes one case only and leaves the reader to prove for 
himself the two other possible cases shown in the subjoined figures. Euclid’s 
proof holds with a very slight change in each case. With the first figure, the 


K D H E K 


D H 





A L 


only difference is that the prism of which the As GAZ, ECB are the bases 
takes the place of “the solid of which the parallelogram 4B is the base and 
GEHM its opposite"; while with the second figure we have to subtract the 
prisms which are proved equal successively from the solid of which the 
parallelogram AB is the base and FDXW its opposite. 

Simson, as usual, suspects mutilation by * some unskilful editor," but gives 
a curious reason why the case in which the two parallelograms opposite to 
AB have a side common ought not to have been omitted, namely that this 
case “is immediately deduced from the preceding 28th Prop. which seems for 
this purpose to have been premised to the 29th." But, apart from the fact that 
Euclid's Prop. 28 does of prove the theorem which it enunciates (as we have 
seen), that theorem is not in the least necessary for the proof of this case of 
Prop. 29, as Euclid's proof applies to it perfectly well. 


PROPOSITION 30. 


Parallelepipedal solids which are on the same base and of 
the same height, and in which the extremities of the sides which 
stand up are not on the same straight lines, are equal to one 
another. 


& tm 


-- 
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Let CM, CN be parallelepipedal solids on the same base 
AB and of the same height, 
and let the extremities of their 
sides which stand up, namely 
AF, AG, LM, LN, CD, CE, 
BH, BK, not be on the same 
straight lines ; 

I say that the solid CM is 
equal to the solid CNW. 

For let VK, DH be pro- 
duced and meet one another 
at A, 
and further let FM, GE be 
produced to P, Q; 
let 40, LP, CQ, BR be joined. 

Then the solid CM, of which the —— ACBL is 
the base, and 77/4 its opposite, is equal to the solid CP, 
of which the parallelogram 4 CBZ is the base, and OQAP its 
opposite ; 
for they are on the same base 4 CB L and of the same height, 
and the extremities of their sides which stand up, namely A F, 
AO, LM, LP, CD, CQ, BH, BR, are on the same straight 
lines FP, DR. [x1. 29] 

But the solid CP, of which the parallelogram ACBL is 
the base, and OQARP its opposite, is equal to the solid CV, 
of which the parallelogram 44 CL is the base and GEXKN its 
opposite ; 
for they are again on the same base 4C BL and of the same 
height, and the extremities of their sides which stand up, 
namely 4G, AO, CE, CQ, LN, LP, BK, BR, are on the 
same straight lines GO, VR. 

Hence the solid CM is also equal to the solid CN. 

Therefore etc. 





Q. E. D. 
This proposition completes the proof of the theorem that 
Two parallelepipeds on the same base and of the same height are equivalent. 
Legendre deduced the useful theorem that 
Every parallelepiped can be changed into an equivalent rectangular parallele- 
piped having the same height and an equivalent base. 


For suppose we have a parallelepiped on the base ABCD with EFGH for 
the opposite face. 
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Draw 47, BK, CL, DM perpendicular to the plane through EFGH and 
all equal to the height of the parallelepiped 4G. Then, on joining 7X, KZ, 
LM, MI, we have a parallelepiped equivalent to the original one and having 
its lateral faces 4K, BL, CM, D/ rectangles. 





If ABCD is not a rectangle, draw 4O, DN in the plane AC perpendicu- 

lar to BC, and /P, MQ in the plane ZZ perpendicular to KZ. 
. Joining OP, NQ, we have a rectangular parallelepiped on 4 ON as base 
which is equivalent to the parallelepiped with ABCD as base and ZLM as 
opposite face, since we may regard these parallelepipeds as being on the same 
base ADMI and of the same height (40). 

That is, a rectangular parallelepiped has been constructed which is 
equivalent to the given parallelepiped and has (1) the same height, (2) an 
equivalent base. 

The American text-books which I have quoted adopt a somewhat different 
construction shown in the subjoined figure. 





The edges AB, DC, EF, HG of the original parallelepiped are produced 
and cut at right angles by two parallel planes at a distance apart 4'7' equal 
to AB. 

Thus a parallelepiped is formed in which all the faces are rectangles except 
AH, BG. 
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Next produce D’4’, C’B’, G'F', H'E' and cut them perpendicularly by two 
parallel planes at a distance apart B" C" equal to BC’. 

The points of section determine a rectangular parallelepiped. 

The equivalence of the three parallelepipeds is proved, not by Eucl. xı. 
29, 30, but by the proposition about a right section of a prism given above in 
the note to x1. 28 (3 in that note). 


PROPOSITION 31. 
Parallelepipedal solids which are on equal bases and of the 


same height are equal to one another. 

Let the parallelepipedal solids 44 E, CF, of the same height, 
be on equal bases 4B, CD. 

I say that the solid 4Z is equal to the solid CF. 


AZ 
SS 


First, let the sides which stand up, HK, BE, AG, LM, 
PQ, DF, CO, RS, be at right angles to the bases 4B, CD; 
let the straight line AZ be produced in a straight line 
with CA; 
on the straight line RZ, and at the point Æ on it, let the 
angle TRU be constructed equal to the angle AZB, — [x 23] 
let RT be made equal to AL, and RU equal to LZ, 
and let the base A W and the solid X U be completed. 





Now, since the two sides TR, RU are equal to the two 
sides AL, LB, 


and they contain equal angles, 


therefore the parallelogram RW is equal and similar to the 
parallelogram 77Z. 


Since again AL is equal to A7, and LM to RS, 
and they contain right angles, 


H. E. III. l 22 
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therefore the parallelogram AX is equal and similar to the 
parallelogram 4M. 


For the same reason 
LE is also equal and similar to SU; 
therefore three parallelograms of the solid 44 are equal and 
similar to three parallelograms of the solid XU. 

But the former three are equal and similar to the three 
opposite, and the latter three to the three opposite; [xr 24] 
therefore the whole parallelepipedal solid 4 is equal to the 
whole parallelepipedal solid X U. [x1. Def. 1o] 


Let DR, WU be drawn through and meet one another 
at Y, 
let 27? be drawn through T parallel to DY, 
let PD be produced to a, 
and let the solids YX, RZ be completed. 


Then the solid X Y, of which the parallelogram AX is the 
base and Yc its opposite, is equal to the solid X U of which 
the parallelogram AX is the base and UV its opposite, 


for they are on the same base AX and of the same height, and 

the extremities of their sides which stand up, namely RY, RU, 

Tb, TW, Se, Sd, Xc, XV, are on the same straight lines 

YW, eV. [x1. 29] 
But the solid XU is equal to AZ; 

therefore the solid X Y is also equal to the solid AZ. 


And, since the parallelogram RUWT is equal to the 
parallelogram YT, 
for they are on the same base AZ and in the same parallels 
RT, YW, [1 a5] 
while AU WT is equal to CD, since it is also equal to 4B, 
therefore the parallelogram YT is also equal to CD. 

But DT is another parallelogram ; 
therefore, as the base CD is to DT, sois YT to DT. (v. 7] 

And, since the parallelepipedal solid C7 has been cut by 
the plane RF which is parallel to opposite planes, 
as the base CD is to the base DT, so is the solid CF to the 
solid A7. [x1. 25] 
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For the same reason, 


since the parallelepipedal solid Y7 has been cut by the plane 
RX which is parallel to opposite planes, 


as the base YT is to the base ZZ, so is the solid YX to the 
solid AZ. [xi. 25] 
But, as the base CD is to DT, sois YT to DT; 


therefore also, as the solid CF is to the solid AZ, so is the 

solid YX to A7. [v. 11] 
Therefore each of the solids CF, Y X has to A7 the same 

ratio ; 

therefore the solid CF is equal to the solid VX. [v. 9] 
But YX was proved equal to AZ ; 

therefore A Æ is also equal to CF. 


Next, let the sides standing up, AG, HK, BE, LM, CN, 
PQ, DF, RS, not be at right angles to the bases 4B, CD; 


I say again that the solid AZ is equal to the solid CF. 





For from the points K, Æ, G, M, Q, F, N, S let KO, ET, 
GU, MV, QW, FX, NY, SI be drawn perpendicular to the 
plane of reference, and let them meet the plane at the points 
O, T, U, V, W, X, Y, 1, 
and let OT, OU, UV, TV, WX, WY, YI, IX be joined. 

Then the solid A V is equal to the solid QZ, 
for they are on the equal bases XM, QS and of the same 
height, and their sides which stand up are at right angles to 


their bases. [First part of this Prop.] 
But the solid KV is equal to the solid AZ, 
and O/ to CF; 


are on the same base and of the same height, while 
nities of their sides which stand up are not on the 
rht lines. [x1. 30] 


22—2 
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Therefore the solid 4£ is also equal to the solid CF. 
Therefore etc. 
Q. E. D. 


It is interesting to observe that, in the figure of this proposition, the bases 
are represented as lying “in the plane of the paper,” as it were, and the third 
dimension as “standing up” from that plane. The figure is that of the 
manuscript P slightly corrected as regards the solid 4 Æ. 

Nothing could well be more ingenious than the proof of this proposition, 
which recalls the brilliant proposition 1. 44 and the proofs of vi. 14 and 23. 

As the proof occupies considerable space in the text, it will no doubt be 
well to give a summary. 


I. First, suppose that the edges terminating at the angular points of the 
bases are perpendicular to the bases. 

AB, CD being the bases, Euclid constructs a solid identically equal to 
AE (he might simply have moved AE itself), placing it so that AS is the edge 
corresponding to HK (RS= HK because the heights are equal), and the face 
RX corresponding to HE is in the plane of CS. 

The faces CD, R W are in one plane because both are perpendicular to 
RS. Thus DR, WU meet, if produced, in Y say. 

Complete the parallelograms Y7, DZ and the solids YX, FT. 


Then (solid Y.X) = (solid UX), 
because they are on the same base SZ and of the same height. [xt. 29] 
Also, CZ, Y7 being parallelepipeds cut by planes A7, RX parallel to pairs 
of opposite faces respectively, 
(solid CF) : (solid 27) 2 CZ CD:£ DT, (x1. 25] 
and (solid Y X) : (solid RZ) 2 £7 YT:£7 DT. 
But [1. 35] O YT=0 UT 
=O AB 
=[J CD, by hypothesis. 
Therefore (solid CF) = (solid YX) 
= (solid UX) 
= (solid 4 Æ). 
II. If the edges terminating at the base are zof perpendicular to it, turn 
each solid into an equivalent one on the same base with edges perpendicular 
to it (by drawing four perpendiculars from the angular points of the base to 


the plane of the opposite face). (xi. 29, 30 prove the equivalence.) 
Then the equivalent solids are equal, by Part 1.; so that the original solids 


are also equal. 


Simson observes that Euclid has made no mention of the case in which 
the bases of the two solids are egutangular, and he prefixes this case to Part r. 
in the text. This is surely unnecessary, as Part 1. covers it well enough: the 
only difference in the figure is that UW would coincide with Yb and dV 
with e. 

Simson further remarks that in the demonstration of Part 1r. it is not 
proved that the new solids constructed in the manner described are parallele- 
pipeds. The proof is, however, so simple that it scarcely needed insertion 
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into the text. He is correct in his remark that the words “while the 
extremities of their sides which stand up are not on the same straight lines” 
just before the end of the proposition would be better absent, since they may 
be **on the same straight lines." 


PROPOSITION 32. 


Parallelepipedal solids which ave of the same height are to 
one another as their bases. 
Let 4B, CD be parallelepipedal solids of the same height; 


I say that the parallelepipedal solids 48, CD are to one: 
another as their bases, that is, that, as the base 4£ is to the 
base CF; so is the solid AB to the solid CD. 


B D K 
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For let FH equal to AZ be applied to FG, [1. 45] 
and on FH as base, and with the same height as that of CD, 
let the parallelepipedal solid G be completed. 

Then the solid 42 is equal to the solid GX ; 
for they are on equal bases 4£, FH and of the same height. 

[xi. 31] 

And, since the parallelepipedal solid CK is cut by the plane 
DG which is parallel to opposite planes, 
therefore, as the base CF is to the base FH, so is the solid 
CD to the solid DA. [xt. 25] 

But the base FH is equal to the base AZ, 
and the solid GX to the solid 4B; 
therefore also, as the base AF is to the base CF, so is the 
solid AB to the solid CD. 

Therefore etc. 

Q. E. D. 


As Clavius observed, Euclid should have said, in applying the parallelo- 
gram FH to FG, that it should be applied “in the angle FGH equal to the 
angle LCG.” Simson is however, I think, hypercritical when he states as 
regards the completion of the solid GX that it ought to be said, ‘“ complete 
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the solid of which the base is FH, and one of tts insisting straight lines is FD.” 
Surely, when we have two faces DG, FH meeting in an edge, to say “complete 
the solid" is quite sufficient, though the words “on FH as base" might 
perhaps as well be left out. The same “completion” of a parallelepipedal 
solid occurs in XI. 31 and 33. 


| PROPOSITION 33. 
Similar parallelepipedal solids are to one another in the 
triplicate ratio of their corresponding sides. 
Let AB, CD be similar parallelepipedal solids, 
and let AE be the side corresponding to CF’; 


I say that the solid 447 has to the solid CD the ratio triplicate 
of that which AZ has to C. 





For let EK, EL, EM be produced in a straight line with 
AE, GE, HE, 


let EK be made equal to CF, EZ equal to FN, and further 
E M equal to FR, 


and let the parallelogram AZ and the solid KP be completed. 


Now, since the two sides AZ, EZ are equal to the two 
sides CF, FN, 


while the angle KAZ is also equal to the angle CEN, 
inasmuch as the angle AEG is also equal to the angle CEFN 
because of the similarity of the solids 42, CD, 
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therefore the parallelogram AZ is equal < and similar > to the | 


parallelogram CN. 


For the same reason 
the parallelogram XM is also equal and similar to CR, 
and further EP to DF; 
therefore three parallelograms of the solid AP are equal and 
similar to three parallelograms of the solid CD. 

But the former three parallelograms are equal and similar 
to their opposites, and the latter three to their opposites; [x1. 24] 


therefore the whole solid KP is equal and similar to the whole 
solid C2. [xt. Def. 10] 


Let the parallelogram GX be completed, 


and on the parallelograms GA, AZ as bases, and with the 
same height as that of AZ, let the solids EO, LQ be 
completed. 


Then since, owing to the similarity of the solids 42, CD, 
as AE is to CF, so is EG to FN, and EZ to FR, 
while CF is equal to EK, FN to EL, and FR to EM, 
therefore, as AE is to EK, so is GE to EL, and HE to EM. 


But, as AZ is to EK, so is AG to the parallelogram GØ, 
as GE is to EL, sois GK to KL, 
and, as HE is to EM, so is QE to KM; [vi. 1] 
therefore also, as the parallelogram AG is to GK, so is GK 
to KL, and QF to KM. ) 

But, as AG is to GK, so is the solid AB to the solid ZO, 
as GK is to KL, so is the solid OZ to the solid QZ, 
and, as QE is to XM, so is the solid QZ to the solid KP; 

(x1. 32] 

therefore also, as the solid 4B is to £O, so is EO to QL, and 
QL to KP. 


But, if four magnitudes be continuously proportional, the - 


first has to the fourth the ratio triplicate of that which it has 
to the second ; [v. Def. 1o] 
therefore the solid 4B has to AP the ratio triplicate of that 
which AB has to EO. 

But, as ABZ is to EO, so is the parallelogram 4G to G&A, 
and the straight line 4Z to EK [vi. 1]; 
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hence the solid 42 has also to KP the ratio triplicate of that 
which AF has to EK. 


But the solid AF is equal to the solid CD, 
and the straight line EK to CF; 


therefore the solid 4A has also to the solid CD the ratio 
triplicate of that which the corresponding side of it, 4, has 
to the corresponding side CF. 


Therefore etc. 
Q. E. D. 


PorisM. From this it is manifest that, if four straight 
lines be «continuously > proportional, as the first is to the 
fourth, so will a parallelepipedal solid on the first be to the 
similar and similarly described parallelepipedal solid on the 
second, inasmuch as the first has to the fourth the ratio 
triplicate of that which it has to the second. 


The proof may be summarised as follows. 

The three edges AZ, GE, HE of the parallelepiped AB which meet at 
£E, the vertex corresponding to £ in the other parallelepiped, are produced, 
and lengths EK, EL, EM are marked off equal respectively to the edges CF, 
FN, FR of CD. 

The parallelograms and solids are then completed as shown in the figure. 

Euclid first shows that the solid CD and the new solid PX are equal and 
similar according to the criterion in x1. Def. 10, viz. that they are contained 
by the same number of equal and similar planes. (They are arranged in the 
same order, and it would be easy to prove equality by proving the equality of 
a pair of solid angles and then applying one solid to the other.) 

We have now, by hypothesis, 

AE: CF=EG:FN=EH: FR; 
that is, AE: EK=EG:EL=EH: EM. 
But AE: EK - (72 AG :OGK, [vr. 1] 
EG: EL=0 GK:0O KL, 
EH :EM=(CI HK :O KM. 
Again, by XI. 25 or 32, 
O AG :£J GK = (solid 42): (solid EO), 
LJ GK : C7 KL -= (solid EO): (solid QZ), 
O HK :£2 KM = (solid QZ) : (solid KP). 
Therefore 
(solid 48) : (solid EO) = (solid £O): (solid QZ) = (solid QZ) : (solid XP), 
or the solid AB is to the solid XP (that is, CD) in the ratio triplicate of that 
which the solid AZ has to the solid EO, i.e. the ratio triplicate of that which 
AE has to EK (or CF). 


Heiberg doubts whether the Porism appended to this proposition is 
genuine. 


mn 
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Simson adds, as Prop. D, a useful theorem which we should have expected 
to find here, on the analogy of vi. 23 following vi. 19, 20, viz. that Sold 
parallelepipeds contained by parallelograms equiangular to one another, each to 
each, that ts, of which the solid angles are equal, each to each, have to one another 
the ratio compounded of the ratios of thetr sides. 

The proof follows the method of the proposition XI. 33, and we can use 
the same figure. In order to obtain one ratio between lines to represent the 
ratio compounded of the ratios of the sides, after the manner of VI. 23, we 
take any straight line a, and then determine three other straight lines 4, c, d, 
such that 

AE: CF=a: b, 
EG :FN=6:6, 
EH: FR=c: a, 
whence a : d represents the ratio compounded of the ratios of the sides. 
We obtain, in the same manner as above, 


(solid 4B) : (solid EO) =O 4G : O GK- AE: EK- AE: CF 


=4:% 
(solid ZO) : (solid QZ) =O GX: CO KL = GE: EL = GE: FN 

t6 
(solid QZ): (solid KP) = O ZK:L7 KM = EH: EM- EH: FR 

=¢:d, 


whence, by composition [v. 22], 
(solid 4B) : (solid KP) — a : d, 
Or (solid 45) : (solid CD) =a : d. 


PROPOSITION 34. 


In equal parallelepipedal solids the bases are reciprocally 
proportional to the heights; and those parallelepipedal solids zn 
which the bases are reciprocally proportional to the heights are 
equal. 

Let AB, CD be equal parallelepipedal solids ; 

I say that in the parallelepipedal solids 4B, CD the bases are 
reciprocally proportional to the heights, 

that is, as the base EA is to the base VQ, so is the height 
of the solid CD to the height of the solid 74 B. 

First, let the sides which stand up, namely. AG, EF, LB, 
HK, CM, NO, PD, QR, be at right angles to their bases ; 


I say that, as the base AA is to the base VQ, so is CM 
to AG. 


If now the base £7 is equal to the base VQ, 
while the solid AB is also equal to the solid CD, 
CM will also be equal to AG. 


346 BOOK XI [x1. 34 


For parallelepipedal solids of the same height are to 
one another as the bases ; [x1. 32] 
and, as the base E 7Z is to NVQ, so will CM be to AG, 
and it is manifest that in the parallelepipedal solids 42, CD 
the bases are reciprocally proportional to the heights. 

Next, let the base Æ not be equal to the base VQ, 
but let £77 be greater. 





Now the solid 4B is equal to the solid CD ; 
therefore CM is also greater than 4G. 
Let then CT be made equal to 4G, 


and let the parallelepipedal solid VC be completed on VQ as 
base and with C7 as height. 


Now, since the solid 42 is equal to the solid CD, 
and CV is outside them, 
while equals have to the same the same ratio, [v. 7] 
therefore, as the solid 447 is to the solid CV, so is the solid 
CD to the solid CV. 

But, as the solid AV is to the solid CV, so is the base 
EH to the base VQ, 
for the solids 4B, CV are of equal height ; [xr. 32] 


and, as the solid CD is to the solid CV, so is the base MQ to 
the base TỌ [xı. 25) and CM to CT [vı 1]; 
therefore also, as the base EH is to the base VQ, so is MC 
to CT. 

But CT is equal to 4G; 
therefore also, as the base EZ is to the base VQ, so is MC 
to AG. 
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Therefore in the parallelepipedal solids 4B, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 4B, CD let the bases 
be reciprocally proportional to the heights, that is, as the base 
EH is to the base VQ, so let the height of the solid CD be 
to the height of the solid 4B; 


I say that the solid 447 is equal to the solid CD. 


Let the sides which stand up be again at right angles to 
the bases. 
Now, if the base ZZ is equal to the base VQ, 


and, as the base ÆÆ is to the base /VQ, so is the height of 
the solid CD to the height of the solid 4B, 


therefore the height of the solid CD is also equal to the 
height of the solid 4B. 


But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [x1. 31] 


therefore the solid 4B is equal to the solid CD. 
Next, let the base £7 not be equal to the base VQ, 
but let EZ be greater ; 


therefore the height of the solid C2 is also greater than the 
height of the solid 4B, 


that is, CM is greater than AG. 
Let CT be again made equal to AG, 
and let the solid CV be similarly completed. 


Since, as the base A// is to the base VQ, so is MC 
to AG, ; 
while AG is equal to C7, 
"ap as the base ÆÆ is to the base WỌ, so is CM 
to : 

But, as the base ÆÆ is to the base WỌ, so is the solid 
AB to the solid CV, 


for the solids 4B, CV are of equal height ; [x1. 32] 
and, as CM is to CT, so is the base MỌ to the base QT [v1. 1] 
and the solid CD to the solid CV. (x1. 25] 


Therefore also, as the solid 44 P is to the solid CV, so is 
the solid CØ to the solid CV; 


therefore each of the solids 447, CD has to CV the same 


ratio. 
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Therefore the solid AZ is equal to the solid CD. [v. 9] 


Now let the sides which stand up, FE, BL, GA, ALK, 
ON, DP, MC, RQ, not be at right angles to their bases ; 
let perpendiculars be drawn from the points X, G, B, K, O, 
M, D, R to the planes through EAH, NVQ, and let them meet 
the planes at S, 7, U, V, W, X, Y,a, 
and let the solids FV, Oa be completed ; 
I say that, in this case too, if the solids 42, CD are equal, 
the bases are reciprocally proportional to the heights, that is, 
as the base ÆÆ is to the base VQ, so is the height of the 
solid CD to the height of the solid 4B. 





Since the solid 4B is equal to the solid CD, 
while 4B is equal to B7, 
for they are on the same base FK and of the same height; 


[x1. 29, 30] 
and the solid CD is equal to DX, 
for they are again on the same base AO and of the same 
height ; [/2- ] 
therefore the solid ÆT is also equal to the solid DX. 


Therefore, as the base FK is to the base OR, so is the 
height of the solid DX to the height of the solid ZT. 


[ Part 1.] 
But the base FĶ is equal to the base £7, 
and the base OR to the base VQ ; 


therefore, as the base £77 is to the base VQ, so is the height 
of the solid DX to the height of the solid BT. 
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But the solids DX, BT and the solids DC, BA have the 
same heights respectively ; 


therefore, as the base ZH is to the base VQ, so is the height 
of the solid DC to the height of the solid 4B. 


Therefore in the parallelepipedal solids 4B, CD the bases 
are reciprocally proportional to the heights. 


Again, in the parallelepipedal solids 44, CD let the bases 
be reciprocally proportional to the heights, 


that is, as the base E /7 is to the base VQ, so let the height 
of the solid CD be to the height of the solid 4B; 


I say that the solid AB is equal to the solid CD. 
For, with the same construction, 


since, as the base /7 is to the base VQ, so is the height of 
the solid CD to the height of the solid 42, 


while the base £77 is equal to the base FĶ, 
and VQ to OR, 


therefore, as the base FK is to the base OR, so is the height 
of the solid C2 to the height of the solid AZ. 


But the solids 48, CD and BT, DX have the same 
heights respectively ; 


therefore, as the base FK is to the base OR, so is the height 
of the solid DX to the height of the solid BT. 


Therefore in the parallelepipedal solids 87, DX the bases 
are reciprocally proportional to the heights ; 


therefore the solid BZ is equal to the solid DX. [Part 1.] 
But BT is equal to BA, 
for they are on the same base FX and of the same height ; 


[xi. 29, 30] 
and the solid DX is equal to the solid DC. (sa. ] 
Therefore the solid 44 P is also equal to the solid CD. 

Q. E. D. 


In this proposition Euclid makes two assumptions which require notice, 
(1) that, if two parallelepipeds are equal, and have equal bases, their heights 
are equal, and (2) that, if the bases of two equal parallelepipeds are unequal, 
that which has the lesser base has the greater height. In justification of the 
former statement Euclid says, according to what Heiberg holds to be the 
genuine reading, “for parallelepipedal solids of the same height are to one 
another as their bases" [x1. 32]. This apparently struck some very early 
editor as not being sufficient, and he added the explanation appearing in 
Simson’s text, “ For if, the bases ZZ VQ being equal, the heights 4G, CM 
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were not equal, neither would the solid 4B be equal to CD. But it is by 
hypothesis equal. Therefore the height CM is not unequal to the height 4G ; 
therefore it is equal.” Then, it being perceived that there ought not to be two 
explanations, the genuine one was erased from the inferior Mss. While the 
interpolated explanation does not take us very far, the truth of the statement 
may be deduced with perhaps greater ease from xi. 31 than from xi. 32 
quoted by Euclid. For, assuming one height greater than the other, while the 
bases are equal, we have only to cut from the higher solid so much as will 
make its height equal to that of the other. Then this part of the higher solid 
is equal to the whole of the other solid which is by hypothesis equal to the 
higher solid itself. That is, the whole is equal to its part: which is impossible. 

The genuine text contains no explanation of the second assumption that, 
if the base ÆH be greater than the base VQ, while the solids are equal, the 
height CM is greater than the height 4G ; for the added words “ for, if not, 
neither again will the solids 4B, CD be equal; but they are equal by 
hypothesis " are no doubt interpolated. In this case the truth of the assump- 
tion is easily deduced from x1. 32 by reductio ad absurdum. If the height CM 
were egual to the height AG, the solid 4B would be to the solid CD as the 
base £77 is to the base WQ, i.e. as a greater to a less, so that the solids would 
not be equal, as they are by hypothesis Again, if the height CA were /ess 
than the height 4G, we could increase the height of CD till it was equal to 
that of AB, and it would then appear that Æ is greater than the heightened 
solid and a fortiori greater than CD: which contradicts the hypothesis. 

Clavius rather ingeniously puts the first assumption the other way, saying 
that, if the heights are equal in the equal parallelepipeds, the bases must be 
equal. This follows directly from x1. 32, which proves that the parallelepipeds 
are to one another as their bases; though Clavius deduces it indirectly from 
XL 31. The advantage of Clavius’ alternative is that it makes the second 
assumption unnecessary. He merely says, if the heights be not equal, let CM 
be the greater, and then proceeds with Euclid’s construction. 

It is also to be observed that, when Euclid comes to the corresponding 
proposition for cones and cylinders [xit 15} he begins by supposing the 
heights equal, inferring by xu. 11 (corresponding to xt. 32) that, the solids 
being equal, the bases are also equal, and then proceeds to the case where the 
heights are unequal without making any preliminary inference about the 
bases. The analogy then of xir. r5, and the fact that he quotes xr. 32 here 
(which directly proves that, if the solids are equal, and also their heights, their 
bases are also equal), make Clavius’ form the more convenient to adopt. 

The two assumptions being proved as above, the proposition can be put 
shortly as follows. 

I. Suppose the edges terminating at the corners of the base to be per- 
pendicular to it. 

Then (a), if the base ZH be equal to the base VQ, the parallelepipeds 
being also equal, the heights must be equal (converse of x1. 31), so that the 
bases are reciprocally proportional to the heights, the ratio of the bases and 
the ratio of the heights being both ratios of equality. 

(6) If the base £7 be greater than the base VQ, and consequently (by 
deduction from xr. 32) the height CA greater than the height 4G, cut off 
CT from CM equal to AG, and draw the plane ZV through 7' parallel to the 
base VQ, making the parallelepiped CV, with CT (= AG) for its height. 

Then, since the solids 47, CD are equal, 


(solid 45) : (solid CV) = (solid CD): (solid CV). [v. 7] 
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But (solid 48) : (solid CV) - £7 HE : CI NQ, (x1. 32] - 
and (solid CD): (solid CV) 202 MQ:c2 TQ [xi. 25] 
=CM: CT. [vi. 1] 
Therefore O HE:L2NQ- CM:CT 
= CM: AG. 


Conversely (a), if the bases £7, VQ be equal and reciprocally proportional 
to the heights, the heights must be equal. 


Consequently (solid 42) = (solid CD). [x1. 31] 
(4) If the bases EZ, VQ be unequal, if, e.g. O EH >O NQ, 
then, since L2 EH:C1NQ- CM :4AG, 
CM > AG. 
Make the same construction as before. 
Then CO EH :C7 NQ = (solid AB) : (solid CV), (x1. 32] 
and CM:AG=CM:CT 
=O MQ:O TQ [vi. 1] 
— (solid CD) : (solid CV). (xı. 25] 
Therefore 
(solid 4B) : (solid CV) = (solid CD) : (solid CV), 
whence (solid 4B) = solid CD. [v. 9] 


II. Suppose that the edges terminating at the corners of the bases are not 
perpendicular to it. 

Drop perpendiculars on the bases from the corners of the faces opposite 
to the bases. 

We thus have two parallelepipeds equal to 4B, CD respectively, since 
they are on the same bases F, RO and of the same height respectively. 


[x1. 29, 30] 
If then (1) the solid 4B is equal to the solid CD, 


(solid BZ) = (solid DX), 
and, by the first part of this proposition, 
. CV KF :07 OR = MX: GT, 


or LJ HE : 07 NQ= MX: GT. 
(2) If OHE: NQ= MX: GT, 
then CU KF: (7 OR = MX: GT, 


so that, by the first half of the proposition, the solids BZ, DX are equal, and 
consequently 
(solid 4) = (solid CD). 


The text of the second part of the proposition four times contains, after 
the words “of the same height,” the words “in which the sides which stand 
up are not on the same straight lines." As Simson observed, they are inept, 
as the extremities of the edges may or may not be *on the same straight 
lines”; cf. the similar words incorrectly inserted at the end of xi. 31. 

Words purporting to quote the result of the first part of the proposition 
are also twice inserted; but they are rejected as unnecessary and as containing 
an absurd expression—‘“ (solids) in which Ae heights are at right angles to their 
bases,” as if the heights could be otherwise than perpendicular to the bases. 
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PROPOSITION 35. 


If there be two equal plane angles, and on therr vertices 
there be set up elevated straight lines containing equal angles 
with the original straight lines respectively, if on the elevated 
straight lines points be taken at random and perpendiculars be 
drawn from them to the planes in which the original angles 
are, and tf from the points so arising in the planes straight 
«dines be joined to the vertices of the original angles, they will 
contain, with the elevated straight lines, equal angles. 


Let the angles BAC, EDF be two equal rectilineal angles, 
and from the points 4, D let the elevated straight lines AG, 
DM be set up containing, with the original straight lines, 
equal angles respectively, namely, the angle MDE to the 
angle GAB and the angle MDF to the angle GAC, 
let points G, M be taken at random on AG, DM, 
let GZ, MN be drawn from the points G, M perpendicular to 
the planes through BA, AC and £D, DF, and let them meet 
the planes at Z, JV, 
and let L.A, ND be joined ; 

I say that the angle GAZ is equal to the angle MDN. 





Let AH be made equal to DM, 
and let (7K be drawn through the point Æ parallel to GZ. 
But GZ is perpendicular to the plane through BA, AC; 
therefore 77K is also perpendicular to the plane through 
BA, AC. (x1. 8] 
From the points A, N let KC, VF, KB, NE be drawn 
perpendicular to the straight lines 4C, DF, AB, DE, 
and let HC, CB, MF, FE be joined. 
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Since the square on FA is equal to the squares on HK, 

and the squares on KC, CA are equal to thé square on ju 

L 47] 
therefore the square on ÆA is also equal to the squares on 
HK, KC, CA. 

But the square on ÆC is equal to the squares on 
HK, KC; [1. 47] 
therefore the square on ÆA is equal to the squares on 
HC, CA. 

Therefore the angle /7CA is right. (1. 48] 


For the same reason 
the angle DFM is also right. 
Therefore the angle ACH is equal to the angle DFM. 
But the angle A7AC is also equal to the angle MDF. 
Therefore MDF, HAC are two triangles which have two 
angles equal to two angles respectively, and one side equal to 


one side, namely, that subtending one of the equal angles, 
that is, WA equal to MD; 


therefore they will also have the remaining sides equal to the 
remaining sides respectively. ` (t. 26] 


Therefore AC is equal to DF. 


Similarly we can prove that 447 is also equal to DE. 
Since then AC is equal to DF, and AB to DE, 
the two sides CA, AB are equal to the two sides FD, DE. 
But the angle CAB is also equal to the angle FDE ; 
therefore the base AC is equal to the base £7, the triangle to 
the triangle, and the remaining angles to the remaining 
angles ; | (1. 4] 
therefore the angle ACB is equal to the angle DFE. 
But the right angle 4C is also equal to the right angle 
DFN ; 
therefore the remaining angle BCK is also equal to the 
remaining angle EFN. 


For the same reason 


the angle CBK is also equal to the angle FEN. 


H. E. III. 23 
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Therefore BCK, EFN are two triangles which have two 
angles equal to two angles respectively, and one side equal to 


one side, namely, that adjacent to the equal angles, that is, 
BC equal to EF; 


therefore they will also have the remaining sides equal to the 
remaining sides. - | [1. 26] 


Therefore CK is equal to FN. 
But AC is also equal to DF; 


therefore the two sides 4C, CK are equal to the two sides 
DF, FN; 
and they contain right angles. 
Therefore the base AX is equal to the base DN. [r. 4] 
And, since 4477 is equal to DM, 
the square on 2477 is also equal to the square on DM. 


But the squares on AXA, KH are equal to the square 
on AH, 


for the angle AKH is right; [1. 47] 


and the squares on DN, NM are equal to the square 
on DM, 


for the angle DNM is right ; [r. 47] 
therefore the squares on AK, XA are equal to the squares 
on DN, NM ; | 
and of these the square on AX is equal to the square on DN; 
therefore the remaining square on XA is equal to the square 
on NM ; 
therefore 7K is equal to MN. 
And, since the two sides HA, AK are equal to the two 
sides MD, DN respectively, 
and the base HK was proved equal to the base MN, 
therefore the angle 77/4 K is equal to the angle WDN.  [1. 8] 
Therefore etc. 


PorisM. From this it is manifest that, if there be two 
equal plane angles, and if there be set up on them elevated 
straight lines which are equal and contain equal angles with 
the original straight lines respectively, the perpendiculars 
drawn from their extremities to the planes in which are 
the original angles are equal to one another. 

Q. E. D. 


a — . a — . 
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This proposition is required for the next, where it is necessary to know 
that, if in two equiangular parallelepipeds equal angles, one in each, be 
contained by three plane angles respectively, one of which is an angle of the 
parallelogram forming the dase in one parallelepiped, while its equal is likewise 
in the dase of the other, and the edges in which the two remaining angles 
AIDE the solid angles meet are egual, the parallelepipeds are of the same 

ight. 

Bearing in mind the definition of the inclination of a straight line to a 
plane, we might enunciate the proposition more shortly thus. 


Lf there be two trihedral angles identically equal to one another, corresponding 
edges in each are equally inclined to the planes through the other two edges 
respectively, 

The proof, which is necessarily somewhat long, may be summarised thus. 

It is required to prove that the angles GAZ, MDN in the figure are equal, 
G, M being any points on AG, DM, and GZ, MN perpendicular to the 
planes BAC, EDF respectively. 

If 4H is made equal to DM, and HK is drawn in the plane GAZ parallel 
to GZ, 

HK is also perpendicular to the plane BAC. [x1. 8] 


Draw KB, KC perpendicular to 4B, AC respectively and VE, NF 
perpendicular to DZ, DF respectively, and complete the figures. 


Now (1) HA = HK? + KA? 
: = HK"? + KC*+CA® rp. [1. 47] 
= HC? + CA? 
Therefore L HCA =a right angle. 
Similarly; — L MFD =a right angle. 
(2) As HAC, MDF have therefore two angles equal and one side. 
Therefore ^HACZA^MDF, and AC- DF. [t. 26] 


(3) Similarly AHAB=AMDE, and AB = DE. 
(4) Hence As ABC, DEF are equal in all respects, so that BC = EF, 
and | LABCZ-L DEF, 
L ACB = DFE. 
(5) Therefore the complements of these angles are equal, 
i.e. LKBC-.NEF, 
and L KCB = L NFE. 
(6) The ^s KBC, NEF have two angles equal and one side, and are 
therefore equal in all respects, so that 
KB = NE, 
KC= NF. 
The right-angled triangles XAC, NDF are equal in all respects, since 
AC- DF (2) above], KC = NEF. 
Consequently AK - DN. 
(8) In As HAK, MDN, 
HK? + KA* = HA’ 
= MD, by hypothesis, 
= MN’ + ND. 


23—2 
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Subtracting the equals XA’, VD’, 
we have HK = MN, 
or HK = ALN. 
(9) ¿s HAK, MDN are now equal in all respects, by 1. 8 and 1. 4, and 
therefore 
-HAK = MDX. 


The Porism is merely a statement of the result amived at in (8). 


Legendre uses, practically, the construction and argument of this propo- 
sition to prove the theorem given under (3) of the note on xı. 21 above that 
In two equal trihedral angles, corresponding pairs of face angles include equal 
dihedral angles. This fact is readily deduced from the above proposition. 

Since [(1)] ÆC, KC are both perpendicular to AC, and MF, NF both 
perpendicular to DZ, the angles HCK, MFN are the measures of the 
dihedral angles between the planes HAC, BAC, and MDF, EDF respec- 


tively. [x1. Def. 6] 
By (6), KC= NF, 
and, by (8), HK = MN, 
while the angles HAC, MNF, both being right, are equal. 
Consequently the As HCA, MN are equal in all respects, [t- 4] 
so that L HCK =~. MFN. 


Simson substituted a different proof of (1) in the above summary, as 
follows. 

Since 7X is perpendicular to the plane BAC, the plane ZK, passin 
through ZZK, is also perpendicular to the plane BAC. [x1. 18 

And 4B, being drawn in the plane BAC perpendicular to BX, the 
common section of the planes HBA, BAC, is perpendicular to the plane 
HBK (xı. Def. 4] and is therefore perpendicular to every straight line 
meeting it in that plane [xi. Def. 3]. 

Hence the angle ABH is a right angle. 

I think Euclid’s proof much preferable to this with its references to 
definitions which are more of the nature of theorems. 


PROPOSITION 36. 


Jf three straight lines be proportional, the parallelepipeda! 
solid formed out of the three 1s equal to the parallelepipedal 


solid on the mean which is equilateral, but equiangular with 
the aforesaid solid. 


Let 4, B, C be three straight lines in proportion, so that, 
as 4 is to P, so is P to C; 
I say that the solid formed out of 4, B, C is equal to the 
solid on Æ which is equilateral, but equiangular with the 
aforesaid solid. 

Let there be set out the solid angle at Æ contained by the 
angles DEG, GEF, FED, 
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let each of the straight lines DE, GE, EF be made equal to 
B, and let the parallelepipedal solid EK be completed, 

let ZLM be made equal to A, 

and on the straight line LM, and at the point Z on it, let there 
be constructed a solid angle equal to the solid angle at Æ, 
namely that contained by LO, OLM, MLN ; 


let LO be made equal to B, and LN equal to C. 
H 
DA T. 
[of ? 
"vb. 


O © >> 


Now, since, as 4 is to B, so is Z to C, 
while 4 is equal to LM, B to each of the straight lines ZO, 
ED, and C to LN, 
therefore, as LM is to EF, sois DE to LN. 
Thus the sides about the equal angles WZM, DEF are 
reciprocally proportional ; 
therefore the parallelogram MN is equal to the parallelogram 
: VI. 14 
And, since the angles DEF, NLM are two PNE, 
lineal angles, and on them the elevated straight lines LO, EG 
are set up which are equal to one another and contain equal 
angles with the original straight lines respectively, 
therefore the perpendiculars drawn from the points G, O to 
the planes through NZ, LM and DE, EF are equal to one 
another ; [x1. 35, Por.] 
hence the solids £77, EK are of the same height. 
But parallelepipedal solids on equal bases and of the same 
height are equal to one another ; [xi. 31] 


therefore the solid 7ZZ is equal to the solid EK. 


And LZ is the solid formed out of 4, B, C, and EK the 
solid on &; 


358 BOOK XI [x1. 36, 37 


therefore the parallelepipedal solid formed out of 4, B, C is 
equal to the solid on & which is equilateral, but equiangular 
with the aforesaid solid. 

Q. E. D. 


The edges of the parallelepiped 7ZZZ being respectively equal to 4, B, C, 
and those of the equiangular parallelepiped KZ being all equal to Z, we 
regard MN (not containing the edge OZ equal to Z) as the base of the first 
parallelepiped, and consequently FD, equiangular to MN, as the base of KE. 


Then the solids have the same height. [x1. 35, Por.] 

Hence (solid ZZ) : (solid KZ) = O MN: D) FD. {x1. 32] 

But, since 4, B, C are in continued proportion, 

A:B=8B:C, 

or IM: EF=DE: LN. 

Thus the sides of the equiangular (7s MN, FD are reciprocally pro- 
portional, whence 

[C7 MN= 0] FD, [vt. 14] 

and therefore (solid ZZ) = (solid KE). 


PROPOSITION 37. 


Jf four straight lines be proportional, the parallelepipedal . 
solids on them which are similar and stmilarly described will 
also be proportional; and, if the parallelepipedal solids on them 
which are similar and similarly described be proportional, the 
straight lines will themselves also be proportional. 

Let AB, CD, EF, GH be four straight lines in proportion, 
so that, as 4B is to CD, so is EF to GH; 
and let there be described on 48, CD, EF, GH the similar 
and similarly situated parallelepipedal solids KA, LC, ME, 


I say that, as XA is to LC, so is ME to NG. 


N 
! M 
A 8 C D E F G H 
For, since the parallelepipedal solid KA is similar to LC, 


therefore XA has to LC the ratio triplicate of that which 4 8 
has to CD. [x1. 33] 
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For the same reason 
ME also has to NG the ratio triplicate of that which EZ has 
to GH. (id. ] 


And, as AB is to CD, so is EF to GH. 
Therefore also, as AK is to LC, so is WE to NG. 


Next, as the solid 4 is to the solid ZC, so let the solid 
ME be to the solid NG ; 
I say that, as the straight line 42 is to CD, so is EF to GH. 
For since, again, XA has to LC the ratio triplicate of that 


which 4B has to CD, [x1. 33] 
and WE also has to VG the ratio triplicate of that which EF 
has to GH, o [#a. ] 


and, as XA is to LC, so is ME to NG, 
therefore also, as 4B is to CD, so is EF to GH. 


Therefore etc. Q. E. D. 


In this proposition it is assumed that, if two ratios be equal, the ratio 
triplicate of one is equal to the ratio triplicate of the other and, conversely, 
that, if ratios which are the triplicate of two other ratios are equal, those other 
ratios are themselves equal. 

To avoid the necessity for these assumptions Simson adopts the alternative 
proof found in the Ms. which Heiberg calls b, and also adopted by Clavius, 
who, however, gives Euclid's proof as well, attributing it to Theon. The 
alternative proof proceeds after the manner of vi. 22, thus. 

Make AB, CD, O, P continuous proportionals, and also £F, GH, Q, &. 


N 
T M 
A B C D E F G H 
| NUM aga Tee ee eee, ; EVEN 


| 0 | ^ P 


I. Then, since y 
l AB:CD=EF: GH, 
we have, ex aequali, 
AB:P-EF:K. [v. 22] 
But (solid 4 &): (solid CZ) = AB: P, 
[x1. 33 and Por] 8$ T 
and (solid EM) : (solid GV) = EF: R. 


Therefore 
(solid 4X) : (solid CZ) = (solid EAM): (solid GV). 
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II. If the solids are proportional, take .S7'such that 
AB: CD=EF: ST, 

and on SZ describe the parallelepiped SV similar and similarly situated to 
either of the parallelepipeds EM, GN. 

Then, by the first part, 

(solid 4): (solid CZ) = (solid £M) : (solid SV), 
whence it follows that 
(solid GV) = (solid SV). 

But these solids are similar and similarly situated ; 
therefore their faces are similar and equal ; [x1. Def. 10] 
therefore the corresponding sides GH, ST are equal. 

For this inference cf. note on vr. 22. The equality of GH, ST may 
readily be proved by application of the two parallelepipeds to one another, 
since, being similar, they are equiangular.] 

Hence ° AB:CD= EF: GH. 


The text of the mss. has here a proposition which is as badly placed as it 
is unnecessary. Zf a plane be at right angles to a plane, and from any one of the 
points in one of the planes a perpendicular be drawn to the other plane, the 
perpendicular so drawn will fall on the common section of the planes. It is of 
the nature of a lemma to xi. 17, where 
alone the fact is made use of. Heiberg 6 
observes that it is omitted in b and that the 
copyist of P knew other texts which did not D 
contain it. From these facts it is fairly con- A 
cluded that the proposition was interpolated. 8 
The truth of it is of course immediately 
obvious by reductio ad absurdum. Let the plane CAD be perpendicular to 
the plane .4 B, and let a perpendicular be drawn to the latter from any point 
E in the former. 

A it does not fall on 42, the common section, let it meet the plane 4B 
in Z 

Draw FG in AB perpendicular to 4D, and join EG. 

Then FG is perpendicular to the plane CAD [x1. Def. 4], and therefore 
to GE [xi. Def. 3]. Therefore £.EG is right. 

Also, since ZF is perpendicular to AB, 
the angle E FG is right. 


That is, the triangle EGF has two right angles : 
which is impossible. 


PROPOSITION 38. 


; Lf the sides of the opposite planes of a cube be bisected, and 
Planes be carried through the points of section, the common 


section of the planes and th |! 
anothes P e diameter of the cube bisect one 


For let the sides of the o i 
| pposite planes CZ, AH of the 
cube AF be bisected at the points KL. M, N, O, Q, P, R, 
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and through the points of section let the planes KV, OA be 
carried ; 


let US be the common section of the planes, and DG the 
diameter of the cube 44 F. 


I say that UT is equal to ZS, and DT to TG. 


For let DU, UE, BS, SG be joined. 
Then, since DO is parallel to PZ, 


the alternate angles DOU, UPE are equal to one another. 


I. 2 
And, since DO is equal to PZ, and OU to UP, din 
and they contain equal angles, 
therefore the base DU is equal to the base UZ, 
the triangle DOU is equal to the triangle PUE, 
and the remaining angles are equal to the remaining angles; 


(1. 4] 
therefore the angle OUD is equal to the angle PUE. 





For this reason DUE is a straight line. [1. 14] 
For the same reason, BSG is also a straight line, 
and BS is equal to SG. 


Now, since CA is equal and parallel to DB, 
while C4 is also equal and parallel to ZG, 
therefore DB is also equal and parallel to EG. [xi. 9] 
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And the straight lines DZ, BG. join their extremities ; 


therefore DE is parallel to BG. [t. 33] 
Therefore the angle ÆDT is equal to the angle BGT, 

for they are alternate ; [1. 29] 

and the angle DTU is equal to the angle G7S. [1. 15] 


Therefore DTU, GTS are two triangles which have two 
angles equal to two angles, and one side equal to one side, 
namely that subtending one of the equal angles, that is, DU 
equal to GS, 


for they are the halves of DE, BG; 


therefore they will also have the remaining sides equal to the 
remaining sides. [1. 26] 
Therefore DT is equal to 7G, and UT to TS. 
Therefore etc. 
Q. E. D. 


Euclid enunciates this proposition of a asée only, though it is true of any 
parallelepiped, no doubt because its truth for a cube is all that was wanted for 
the only proposition where it is needed, viz. xii. 17. 

Simson remarks that it should be proved that the straight lines bisecting 
the corresponding opposite sides of opposite planes ave in one plane. "This is, 
however, clear because e.g. since DX, CZ are equal and parallel, KZ is equal 
and parallel to CD. And, since KZ, AB are both parallel to DC, KZ is 
parallel to AB. And lastly, since KZ, MN are both parallel to 42, KZ is 
parallel to MN and therefore in one plane with it. 

The essential thing to be proved is that the plane passing through the 
opposite edges DB, EG passes through the straight line US, since, only if 
this be the case, can U.S, DG intersect one another. 

To prove this we have only to prove that, if DU, UE and BS, SG be 
joined, DUE and BSG are both straight lines. 

Now, since DO is parallel to PE, 


LDOU=LEFPU. 


Thus, in the As DUO, EUP, two sides DO, OU are equal to two sides 
EP, PU, and the included angles are equal. 


Therefore ADUO = 4A EUP, 
DU - UE, 
and L DUO = EUP, 


so that DUE is a straight line, bisected at U. Similarly BSG is a straight 
line, bisected at S. 

Thus the plane through DB, EG (DB, EG being equal and parallel) 
contains the straight lines DUE, BSG (which are therefore equal and parallel 
also) and also (xr. 7] the straight lines US, DG (which accordingly intersect). 

In As DTU, GTS, the angles UDT, SGT are equal (being alternate), 
and the angles UTD, STG are also equal (being vertically opposite), while 
DU (half of DE) is equal to GS (half of BG). 
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Therefore [1. 26] the triangles DTU, GTS are equal in all respects, so that 
DT-TG, 
UT- TS. 


PROPOSITION 39. 


Jf there be two prisms of equal height, and one have a 

| parallelogram as base and the other a triangle, and if the 

parallelogram be double of the triangle, the prisms will be 

equal. l 
Let ABCDEF, GHKLMN be two prisms of equal 

height, 

let one have the parallelogram 74 as base, and the other the 

triangle GHK, 

and let the parallelogram AF be double of the triangle GH/K; 


I say that the prism ABCDEF is equal to the prism 
GHKLMN. 





For let the solids 40, GP be completed. 

Since the parallelogram 4 F is double of the triangle GZZK, 
while the parallelogram 7ZK is also double of the triangle 
GHK, [1. 34] 


therefore the parallelogram AF is equal to the parallelogram 
HK. - 


But parallelepipedal solids which are on equal bases and 
of the same height are equal to one another ; [xi. 31] 


therefore the solid 4O is equal to the solid GP. 
And the prism ABCDEF is half of the solid 40, 
and the prism GZZK LM N is half of the solid GP; — (xi. 28] 
therefore the prism ABCDEF is equal to the prism 
GHKLMN. 
Therefore etc. 
Q. E. D. 
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This proposition is made use of in xit. 3, 4. The phraseology is interest- 
ing because we find one of the parallelogrammic faces of one of the triangular 
prisms called its dase, and the perpendicular on this plane from that vertex of 
either /rzangu/ar face which is not in this plane the Aaght. 

The proof is simple because we have only to complete parallelepipeds 
which are double the prisms respectively and then use xı. 3r. It has to be 
borne in mind, however, that, if the parallelepipeds are not rectangular, the 
proof in xi. 28 is not sufficient to establish the fact that the parallelepipeds 
are double of the prisms, but has to be supplemented as shown in the note on 
that proposition. XIL 4 does, however, require the theorem in its general 
form. 


BOOK XII. 


HISTORICAL NOTE. 


The predominant feature of Book x11. is the use of the method of 
exhaustion, which is applied in Propositions 2, 3—5, 10, 11, 12, and (in a 
slightly different form) in Propositions 16—18. We conclude therefore that 
for the content of this Book Euclid was greatly indebted to Eudoxus, to whom 
the discovery of the method of exhaustion is attributed. The evidence for 
this attribution comes mainly from Archimedes. (1) In the preface to On 
the Sphere and Cylinder 1., after stating the main results obtained by himself 
regarding the surface of a sphere or a segment thereof, and the volume and 
surface of a right cylinder with height equal to its diameter as compared with 
those of a sphere with the same diameter, Archimedes adds: * Having now 
discovered that the properties mentioned are true of these figures, I cannot 
feel any hesitation in setting them side by side both with my former investiga- 
tions and with those of the theorems of Eudoxus on solids which are held to be 
most irrefragably established, namely that any pyramid is one third part of the 
prism which has the same base with the pyramid and equal height (i.e. Eucl. 
xil. 7], and that any cone is one third part of the cylinder which has the same 
base with the cone and equal height (i.e. Eucl. xu. 10}. For, though these 
properties also were naturally inherent in the figures all along, yet they were 
in fact unknown to all the many able geometers who lived before Eudoxus 
and had not been observed by any one.” (2) In the preface to the treatise 
known as the Quadrature of the Parabola Archimedes states the “lemma” 
assumed by him and known as the ‘‘Axiom of Archimedes" (see note on x. 1 
above) and proceeds: “ Earlier geometers (oi mporepov yewuérpar) have also 
used this lemma; for it is by the use of this same lemma that they have 
shown that circles are to one another in the duplicate ratio of their diameters 
[Eucl. xit. 2], and that spheres are to one another in the triplicate ratio of their 
diameters | Eucl. xii. 18], and further that every pyramid is one third part of the 
prism which has the same base with the pyramid and equal height | Eucl. xu. 7]; 
also, that every cone is one third part of the cylinder which has the same base 
with the cone and equal height | Eucl. xit. 10] they proved by assuming a certain 
lemma similar to that aforesaid.” ‘Thus in the first passage two theorems of 
Eucl. xu. are definitely attributed to Eudoxus ; and, when Archimedes says, 
in the second passage, that “earlier geometers” proved these two theorems 
by means of the lemma known as the “Axiom of Archimedes” and of a 
lemma similar to it respectively, we can hardly suppose him'to be alluding to 
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any other proof than that given by Eudoxus. As a matter of fact, the lemma 
used by Euclid to prove both propositions (xit. 3—5 and 7, and XII. 10) is the 
theorem of Eucl. x. 1. As regards the connexion between the two “lemmas” 
see note on x. I. 

We are not, however, to suppose that none of the results obtained by 
the method of exhaustion had been discovered before the time of Eudoxus 
(fl. about 368—5 R.c.). Two at least are of earlier date, those of Eucl. xit. 2 
and xii. 7. 


(a) Simplicius (Comment. in Aristot. Phys. p. 61, ed. Diels) quotes 
Eudemus as saying, in his History of Geometry, that Hippocrates of Chios 
(fl. say 430 B.C.) first laid it down (ero) that similar segments of circles are 
in the ratio of the squares on their bases and that he proved this (é5eixvver) by 
proving (èx ro? detfac) that the squares on the diameters have the same ratio 
as the (whole) circles. We know nothing of the method by which Hippo- 
crates proved this proposition; but, having regard to the evidence from 
Archimedes quoted above, it is not permissible to suppose that the method 
was the fully developed method of exhaustion as we know it. 


(^) As regards the two theorems about the volume of a pyramid and of a 
cone respectively, which Eudoxus was the first to prove, a new piece of 
evidence is now forthcoming in the fragment of Archimedes recently brought 
to light at Constantinople and published by Heiberg (for the Greek text see 
Hermes xvi, 1907, pp. 235—303; for Heiberg's translation and Zeuthen's 
notes see Bibliotheca Mathematica v1, 1907, pp. 321—363). This is nothing 
less than a considerable portion of a work under the title "Apxipadous vepi rar 
pynxavixay Oewpynparwv mpos "Eparoc0érgv épodos, which “ Method," addressed 
to Eratosthenes, is the é@cdcov on which, according to Suidas, Theodosius 
wrote a commentary, and which is several times cited by Heron in his 
Metrica; and it adds a new and important chapter to the history of the 
integral calculus. In the preface to this work (Hermes l.c. p. 245, Bibliotheca 
Mathematica l.c. p. 323) Archimedes alludes to the theorems which he first 
discovered by means of mechanical considerations, but proved afterwards by 
geometry because the investigation by means of mechanics did not constitute 
a rigid proof; he observes, however, that the mechanical method is of great 
use for the discovery of theorems, and it is much easier to provide the rigid 
proof when the fact to be proved has once been discovered than it would be 
if nothing were known to begin with. He goes on: “ Hence too, in the case 
of those theorems the proof of which was first discovered by Eudoxus, namely 
those relating to the cone and the pyramid, that the cone is one third part of 
the cylinder, and the pyramid one third part of the prism, having the same base 
and equal height, no small part of the credit will naturally be assigned to 
Democritus, who was the first to make the statement (of the fact) regarding 
the said figure [i.e. property], though without proving it.” Hence the assevvery 
of the two theorems must now be attributed to Democritus (fl. towards the 
end of sth cent. &.C.). The words “without proving it” (xwpis dwrodeifews) do 
not mean that Democritus gave no sort of proof, but only that he did not give 
a proof on the rigorous lines required later; for the same words are used by 
Archimedes of his own investigations by means of mechanics, which, however, 
do constitute a reasoned argument. The character of Archimedes' mechanical 
arguments combined with a passage of Plutarch about a particular question in 
infinitesimals said to have been raised by Democritus may perhaps give a clue 
to the line of Democritus’ argument as regards the prism. The essential 
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feature of Archimedes' mechanical arguments in this tract is that he regards 
an area as the sum of an infinite number of straight lines parallel to one 
another and terminated by the boundary or boundaries of the closed figure 
the area of which is to be found, and a volume as the sum of an infinite 
number of plane sections parallel to one another: which is of course the same 
thing as taking (as we do in the integral calculus) the sum of an infinite 
number of strips of breadth dx (say), when dx becomes indefinitely small, or 
the sum of an infinite number of parallel laminae of depth dz (say), when az 
becomes indefinitely small. To give only one instance, we may take the 
case of the area of a segment of a parabola cut off by a chord. 

Let CBA be the parabolic segment, CE the tangent at C meeting the 





T G 


diameter EZ through the middle point of the chord C4 in Æ, so that 
EB = BD. 

Draw AF parallel to ED meeting CE produced in Æ Produce CB to 
H so that CK = KZ, where X is the point in which CH meets AF; and 
suppose CH to be a lever. 

Let any diameter MNPO be drawn meeting the curve in P and CF, CK, 
CA in M, N, O respectively. 

Archimedes then observes that 

CA:40- MO:OP 
(^ for this is proved in a lemma”), 
whence HK:KN- MO:OP, 
so that, if a straight line 7G equal to PO be placed with its middle point at 
A, the straight line MO with centre of gravity at N, and the straight line 7G 
with centre of gravity at Æ, will balance about K. 

Taking all other parts of diameters like PO intercepted between the curve 
and CA, and placing equal straight lines with their centres of gravity at 77, 
these straight lines collected at 77 will balance (about X) all the lines like 
MO parallel to FA intercepted within the triangle CFA in the positions in 
which they severally lie in the figure. 

Hence Archimedes infers that an area equal to that of the parabolic 
segment hung at Æ will balance (about A) the triangle CFA hung at its 
centre of gravity, the point X (a point on CX such that CK = 3X K), and 
therefore that 

l (area of triangle CFA) : (area of segment) = HX: KX 


=3:1; 
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from which it follows that 
area of parabolic segment = $A ABC. 

The same sort of argument is used for solids, plane sections taking the 
place of straight lines. 

Archimedes is careful to state once more that this method of argument 
does not constitute a proof. Thus, at the end of the above proposition about 
the parabolic segment, he adds: “ This property is of course not proved by 
what has just been said; but it has furnished a sort of indication (€udaciy tiwa) 
that the conclusion is true.” 

Let us now turn to the passage of Plutarch (De Comm.- Not. adv. Stotcos 
XXXIX. 3) about Democritus above referred to. Plutarch speaks of Democritus 
as having raised the question in natural philosophy (vows): “if a cone 
were cut by a plane parallel to the base [by which is clearly meant a plane 
indefinitely near to the base], what must we think of the surfaces of the 
sections, that they are equal or unequal? For, if they are unequal, they will 
make the cone irregular, as having many indentations, like steps, and uneven- 
nesses ; but, if they are equal, the sections will be equal, and the cone will 
appear to have the property of the cylinder and to be made up of equal, not 
unequal circles, which is very absurd." The phrase “made up of equal...circles" 
(€€ ivwy ovyxeipevos...xvkXwv) shows that Democritus already had the idea of 
a solid being the sum of an infinite number of parallel planes, or indefinitely 
thin laminae, indefinitely near together: a most important anticipation of the 
same thought which led to such fruitful results in Archimedes. If then one 
may hazard a conjecture as to Democritus’ argument with regard to a pyramid, 
it seems probable that he would notice that, if two pyramids of the same 
height and equal triangular bases are respectively cut by planes parallel to the 
base and dividing the heights in the same ratio, the corresponding sections of 
the two pyramids are equal, whence he would infer that the pyramids are 
equal as being the sum of the same infinite number of equal plane sections 
or indefinitely thin laminae. (This would be a particular anticipation of 
Cavalieri’s proposition that the areal or solid content of two figures are equal 
if two sections of them taken at the same height, whatever the height may be, 
always give equal straight lines or equal surfaces respectively.) And 
Democritus would of course see that the three pyramids into which a prism 
on the same base and of equal height with the original pyramid is divided (as 
in Eucl. xır. 7) satisfy this test of equality, so that the pyramid would be one 
third part of the prism. The extension to a pyramid with a polygonal base 
would be easy. And Democritus may have stated the proposition for the 
cone (of course without an absolute proof) as a natural inference from the 
result of increasing indefinitely the number of sides in a regular polygon 
forming the base of a pyramid. 
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PROPOSITION I. 


Similar polygons inscribed in circles are to one another as 
the squares on the diameters. 

Let ABC, FGH be circles, 
let ABCDE, FGHKL be similar polygons inscribed in them, 
and let BM, GN be diameters of the circles ; 
I say that, as the square on BM is to the square on GN, so 
is the polygon ABCDE to the polygon FG/7KL. 

A 


C 


For let BE, AM, GL, FN be joined. 


Now, since the polygon ABCDE is similar to the polygon 
FGHKL, | 


the angle BAF is equal to the angle GFZ, 
and, as BA is to AL, so is GF to FL. (vi. Def. 1] 


Thus BA £, GFL are two triangles which have one angle 
equal to one angle, namely the angle BAF to the angle 
GFL, and the sides about the equal angles proportional ; 


therefore the triangle ABE is equiangular with the triangle 
FGL. [vr. 6] 


Therefore the angle AEB is equal to the angle FLG. 


H. E. Ill 24 
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But the angle AEB is equal to the angle AMDB, 
for they stand on the same circumference ; [ur 27] 
and the angle FLG to the angle FNG ; 
therefore the angle AMB is also equal to the angle FNG. 
But the right angle BAM is also equal to the right angle 


GFN ; (ur. 31] 
therefore the remaining angle is equal to the remaining angle. 
[1. 32] 


Therefore the triangle ABM is equiangular with the 
triangle FGN. 

Therefore, proportionally, as BM is to GN, so is BA 
to GF. [vi. 4] 

But the ratio of the square on BM to the square on GN. 
is duplicate of the ratio of BM to GN, 


and the ratio of the polygon ABCDE to the polygon FGZZKL 
is duplicate of the ratio of BA to GF; [vi. 20] 


therefore also, as the square on BM is to the square on GN, 
so is the polygon ABCDE to the polygon FGZZKL. 


Therefore etc. 
Q. E. D. 


As, from this point onward, the text of each proposition usually occupies 
considerable space, I shall generally give in the notes a summary of the 
argument, to enable it to be followed more easily. 

Here we have to prove that a pair of corresponding sides are in the ratio 
of the corresponding diameters. 

Since +s BAE, GFL are equal, and the sides about those angles 
proportional, 

As ABE, FGL are equiangular, 
so that LAEB =L FLG. 


Hence their equals in the same segments, s AMB, FNG, are equal. 
And the right angles BAM, GFN are equal. 
Therefore As ABM, FGN are equiangular, so that 


BM: GN= BA : GF. 
The duplicates of these ratios are therefore equal, 
whence (polygon ABCDE) : (polygon FGHKL) 
= duplicate ratio of BA to GF 
= duplicate ratio of BM to GN 
= BM’ : GN’. 
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PROPOSITION 2. 


Circles are to one another as the squares on the diameters. 


Let ABCD, EFGH be circles, and BD, FH then 
diameters ; 


I say that, as the circle 4 CD is to the circle EFGH, so is 
the square on BD to fhe square on FH. 





For, if the square on BD is not to the square on FA as 
the circle 4 BCD is to the circle £FG/7, 
then, as the square on £D is to the square on 777, so will 
the circle ABCD be either to some less area than the circle 
E FG fT, or to a greater. 

First, let it be in that ratio to a less area SS. 

Let the square E FG77 be inscribed in the circle £FGZ; 
then the inscribed square is greater than the half of the circle 
E FG H, inasmuch as, if through the points Æ, F, G, H we 
draw tangents to the circle, the square E/G// is half the 
square circumscribed about the circle, and the circle is less 
- than the circumscribed square; 
hence the inscribed square EFG is greater than the half of 
the circle EFG/Z7. — 

Let the circumferences EF, FG, GH, HE be bisected at 
the points K, £L, M, N, | 
and let EK, KF, FL, LG, GM, MH, HN, NE be joined ; 
therefore each of the triangles EKF, FLG, GMA, HNE is 
also greater than the half of the segment of the circle about 
it, inasmuch as, if through the points X, Z, M, N we draw 
tangents to the circle and complete the parallelograms on the 
straight lines EF, FG, GH, HE, each of the triangles EK, 


24—2 
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FLG, GMH, HNE will be half of the parallelogram 


about it, 
while the segment about it is less than the parallelogram ; 


hence each of the triangles EKF, FLG, GME, HNE 
is greater than the half of the segment of the circle 
about it. 


Thus, by bisecting the remaining circumferences and 
joining straight lines, and by doing this continually, we shall 
leave some segments of the circle which will be less than the 
excess by which the circle E#GH exceeds the area S. 

For it was proved in the first theorem of the tenth book 
that, if two unequal magnitudes be set out, and if from the 
greater there be subtracted a magnitude greater than the half, 
and from that which is left a greater than the half, and if this 
be done continually, there will be left some magnitude which 
will be less than the lesser magnitude set out. 


Let segments be left such as described, and let the 
segments of the circle EFGH on EK, KF, FL, LG, GM, 
MH, HN, NE be less than the excess by which the circle 
EFGH exceeds the area SS. | 

Therefore the remainder, the polygon EKFLGMAN, is 
greater than the area S. 

Let there be inscribed, also, in the circle ABCD the poly- 
gon AOBPCQDPR similar to the polygon EKFLGMHN; 
therefore, as the square on BD is to the square on 777, so is 
the polygon 402 PCQDR to the polygon EKFLGMHN. 

[xn 1] 

But, as the square on BD is to the square on ZZ, so also 
is the circle ABCD to the area S ; 
therefore also, as the circle ABCD is to the area S, so is the 
polygon AOBPCQDR to the polygon EKFLGMHN ; 

[v. 11] 
therefore, alternately, as the circle ABCD is to the polygon 
inscribed in it, so is the area S to the polygon EKFLGMAN. 


[v. 16] 


, „But the circle 4C is greater than the polygon inscribed 
In it; 


therefore the area S is also greater than th l 
EKFLGMHN. s dia 
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But it is also less: 
which is impossible. 


Therefore, as the square on Z2 is to the square on FA, 
so is not the circle ABCD to any area less than the circle 
EFGH. 

Similarly we can prove that neither is the circle E/}GH 
to any area less than the circle 4 7C as the square on FH 
is to the square on BD. 


I say next that neither is the circle ABCD to any area 
greater than the circle £F G7 as the square on BD is to the 
square on FA. 

For, if possible, let it be in that ratio to a greater area S. 

Therefore, inversely, as the square on FH is to the square 
on DÐ, so is the area S to the circle 4 BCD. 

But, as the area S is to the circle 44 P CD, so is the circle 
E FG H to some area less than the circle 42CD ; 
therefore also, as the square on FH is to the square on BD, 
so is the circle E/GH to some area less than the circle 
ABCD : [V. 11] 
which was proved impossible. 


Therefore, as the square on BD is to the square on FH, 
so is not the circle 4 8CD to any area greater than the circle 
EFGH. 


And it was proved that neither is it in that ratio to any 
area less than the circle EF’ GA ; 


therefore, as the square on BD is to the square on FH, so is 
the circle ABCD to the circle ZG. 


Therefore etc. 
Q. E. D. 


LEMMA. 


| say that, the area S being greater than the circle 
EFGH, as the area S is to the circle 4 BCD, so is the circle 
E FG H to some area less than the circle ABCD. 

For let it be contrived that, as the area S is to the circle 
ABCD, so is the circle £FGZ to the area 7. 

I say that the area 7 is less than the circle 4C. 

For since, as the area S is to the circle 4 BCD, so is the 
circle EGA to the area 7, 
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therefore, alternately, as the area S is to the circle EFG4, so 
is the circle 44 Z CD to the area T. [v. 16] 


But the area S is greater than the circle EFGH ; 
therefore the circle ABCD is also greater than the area 7. 


Hence, as the area S is to the circle BCD, so is the 
circle E/GAH to some area less than the circle ABCD. 
Q. E. D. 


Though this theorem is said to have been proved by Hippocrates, we may 
with tolerable certainty attribute the proof of it given by Euclid to Eudoxus, 
to whom xii. 7 Por. and xu. ro (which Euclid proves in exactly the same 
manner) are specifically attributed by Archimedes. As regards the Jemma 
used herein (Eucl. x. 1) and the somewhat different lemma by means of which 
Archimedes says that the theorems of xu. 2, xu. 7 Por. and xit. 18 were 
proved, see my note on x. 1 above. 

The first essential in this proposition is to prove that we can exhaust a 
circle, in the sense of x. 1, by successively inscribing in it regular polygons, 
each of which has twice as many sides as the preceding one. We take first 
an inscribed square, then bisect the arcs subtended by the sides and so form 
an equilateral polygon of eight sides, then do the same with the latter, forming 
a polygon of 16 sides, and so on. And we have to prove that what is left 
over when any one of these polygons is taken away from the circle is more 
than half exhausted when the next polygon is made and subtracted from the 
circle. 

Euclid proves that the inscribed square is greater than half the circle and 
that the regular octagon when subtracted takes away more than half of what 
was left by the square. He then infers that the same 
thing will happen whenever the number of sides is D c 
doubled. A 

This can be seen generally by taking any arc of a 
circle cut off by a chord 47.  Bisect the arc in C. 

Draw a tangent to the circle at C, and let 42, BE 
be drawn perpendicular to the tangent. Join AC, CB. 

Then DZ is parallel to 4B, since 


L ECB = | CAB, in alternate segment, [1r 32] 
=4 CBA. (u. 29, 1. 5] 
Thus 4BED isa O; 
and it is greater than the segment ACB. 
Therefore its half, the ^ 4 CB, is greater than half the segment. 
Thus, by x. 1, Euclid's construction of successive regular polygons in 
a circle, if continued far enough, will at length leave segments which are 
together less than any given area. 
Now let X, X’ be the areas of the circles, d, d’ their diameters, respectively. 


Then, if X:X' -d*5:q^, 
Pd aX 2S, 
where S is some area either greater or less than X’. 


om 


I. Suppose S « X. 
Continue the construction of polygons in X’ until we arrive at one which 
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leaves over segments together less than the excess of X’ over S, i.e. a polygon 
such that 
X' > (polygon in X") > S. 
Inscribe in the circle X a polygon similar to that in X’. 
Then (polygon in X) : (polygon in X) = 2? : d” [xu. 1] 
= X : S, by hypothesis; 
and, alternately, 
(polygon in X) : X = (polygon in X’): S. 

But (polygon in X) « X ; 
therefore (polygon in X’) < S. 

But, by construction, (polygon in X’)> S: 
which is impossible. 

Hence S cannot be 4ss than X’ as supposed. 


II. Suppose S» X”. 


Since d :d"-X:.$S, 

we have, inversely, d":d*zS:X. 
Suppose that Dow Ld 

whence, since S> X', X » T. [v. 14] 
Consequently gqid-X T 

where Z'« X. 


This can be proved impossible in exactly the same way as shown in Part I. 
Hence S cannot be greater than X’ as supposed. 
Since then .S is neither greater nor less than X’, 


S= xX", 
and therefore ata XX. 
With reference to the assumption that there 7s some space S such that 
d'id?-X:63, 


i.e. that there is a fourth proportional to the areas 4?, d”, X, Simson observes 
that it is sufficient, in this and the like cases, that a thing made use of in the 
reasoning can possibly exist, though it cannot be exhibited by a geometrical 
construction. As regards the assumption see note on v. 18 above. . 


There is grave reason for suspecting the genuineness of the Lemma at the 
end of the proposition ; though, if it be rejected, it will be necessary to delete 
the words “as was before proved” in corresponding places in xit. 5, 18. 


It will be observed that Euclid proves the impossibility in the second case 
by reducing it to the first. If it is desired to prove the second case indepen- 
dently, we must circumscribe successive polygons to the circles instead of 
inscribing them, in the way shown by Archimedes in his first proposition on 
the Measurement of a circle. Of course we require, as a preliminary, the 
proposition corresponding to xu. 1, that A 
Similar polygons circumscribed about ZU 
circles are to one another as the squares C M. 


on the diameters. B NC 
Let AB, A' B' be corresponding sides 

of the two similar polygons. Then zs 

OAB, O'A'# are equal, since 40, A'O' 

bisect equal angles. 
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Similarly 2 ABO =L A' B'O. 
Therefore ^s AOB, A'O'B' are similar, so that their areas are in the 
duplicate ratio of 4B to A'B. 


The radii OC, O'C' drawn to the points of contact are perpendicular to 

AB, A'B', and it follows that 
AB:A4'B'« CO:C'O. 

Thus the polygons are to one another in the duplicate ratio of the radii, 
and therefore of the diameters. 

Now suppose a square ABCD described about A G K D 
a circle. ZU X 

Make an octagon described about the circle by 
drawing tangents at the points Æ etc., where OA etc. 
meet the circle. 

Then shall the tangent at Æ cut off more than 
half of the area between AX, AH and the arc 
HEK. 

For the angle AZG is right, and is therefore 
> LEAG. ' 





Therefore AG> EG 
> GK. 
Therefore LAGE> AEGK. 
Similarly AAFE > OEFH. 
Hence A AFG > $ (re-entrant quadrilateral AHEX), 


and a fortiori, A AFG> XY (area between AH, AK and the arc). 


Thus the octagon takes from the square more than half the space between 
the square and the circle. 

Similarly, if a figure of 16 equal sides be circumscribed by cutting off 
symmetrically the corners of the octagon, it will take away more than half of 
the space between the octagon and circle. 

Suppose now, with the original notation, that 

d? :d”=X_: S, 
where S is greater than X’. 

Continue the construction of circumscribed polygons about X' until the 
total area between the polygon and the circle is less than the difference 
between S and X’, ie. till 


S > (polygon about X’) > X’. 
Circumscribe a similar polygon about X. 
Then (polygon about X) : (polygon about X") = d’: d”? 
=X: S, by hypothesis, 
and, alternately, 
(polygon about X) : X = (polygon about X) : S. 


But (polygon about X) > X. 
Therefore (polygon about X") > S. 
But S> (polygon about X^): [above] 


which is impossible. 
Hence S cannot be greater than X’. 
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Legendre proves this proposition by a method equally rigorous but not, I 
think, possessing any advantages over Euclid’s. It depends on a lemma 
corresponding to Eucl. x11. 16, but with another part added to it. 

Two concentric circles being given, we can always inscribe in the greater a 
regular polygon such that tts sides do not meet the circumference of the lesser, and 
we can also circumscribe about the lesser a regular 
polygon such that tts sides do not meet the circum- 
ference of the greater. 

Let CA, CB be the radii of the circles. 


I. At A on the inner circle draw the tangent 
DE meeting the outer circle in D, £. 

Inscribe in the outer circle any of the regular 
polygons which we can inscribe, e.g. a square. 

Bisect the arc subtended by a side, bisect 
the half, bisect that again, and so on, until we 
arrive at an arc less than the arc DBE. 

Let this arc be MN, and suppose it so placed 
that Z is its middle point. 

Then the chord MN is clearly more distant from the centre C than DE 
is; and the regular polygon, of which MN is a side, does not anywhere meet 
the circumference of the inner circle. 


II. Join CM, CN, meeting DE in. 2, Q. 
Then PQ will be the side of a polygon circumscribed about the inner 
circle and similar to the polygon inscribed in the outer ; 


and the circumscribed polygon of which ZQ is a side will not anywhere meet 
the outer circle. 





Legendre now proves xit. 2 after the following manner. 
For brevity, let us denote the area of the circle with radius C4 by 
(circ. CA). 
Then it is required to prove that, if OB be the radius of a second circle, 
(circ. CA) : (circ. OB) = CA? : OB. 


( FTN 
Nu 


Suppose, if possible, that this relation is not true. Then C4? will be to 
OZ as (circ. CA) is to an area greater or less than (circ. OZ). 
I. Suppose, first, that 
CA’: OB? = (circ. CA) : (circ. OD), 
where OD is less than OB. 
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the triangle ADB is equiangular to the triangle DHK, [1. 29] 
and they have their sides proportional ; 
therefore the triangle 4 DB is similar to the triangle 77K. 
[vr. Def. 1] 
For the same reason 
the triangle DAC is also similar to the triangle DAZ, and 
the triangle ADC to the triangle DZA. 


Now, since the two straight lines BA, AC meeting one 
another are parallel to the two straight lines K 77, HL meeting 
one another, not in the same plane, they will contain equal 
angles. [x1. 1o] 

Therefore the angle BAC is equal to the angle A//ZL. 

And, as BA is to AC, so is KH to HL ; 
therefore the triangle ABC is similar to the triangle /7AZ. 

Therefore also the pyramid of which the triangle ABC is 
the base and the point 2 the vertex is similar to the pyramid 
of which the triangle /7/AZ is the base and the point D the 
vertex. 

But the pyramid of which the triangle ZZKZ is the base 
and the point D the vertex was proved similar to the pyramid 
of which the triangle 44 EG is the base and the point 77 the 
vertex. 

Therefore each of the pyramids 4EGH, HKLD is 
similar to the whole pyramid ABCD. , 


Next, since BF is equal to FC, 
the parallelogram EG is double of the triangle GFC. 

And since, if there be two prisms of equal height, and one 
have a parallelogram as base, and the other a triangle, and if 
the parallelogram be double of the triangle, the prisms are 
equal, [xi. 39] 
therefore the prism contained by the two triangles BAF, 
E HG, and the three parallelograms EZFG, EBKH, HKFG 
is equal to the prism contained by the two triangles GFC, 
HKL and the three parallelograms APCL, LCGH, ZZK FG. 

And it is manifest that each of the prisms, namely that in 
which the parallelogram E.BFG is the base and the straight 
line 77K is its opposite, and that in which the triangle GFC is 
the base and the triangle HAZ its opposite, is greater than 
each of the pyramids of which the triangles 4 EG, HKL are 
the bases and the points Æ, D the vertices, 
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inasmuch as, if we join the straight lines EZ, EK, the prism 
in which the parallelogram E BFG is the base and the straight 
line Æ its opposite is greater than the pyramid of which the 
triangle EB is the base and the point A the vertex. 


But the pyramid of which the triangle Z7 is the base 
and the point A the vertex is equal to the pyramid of which 
the triangle 44 ZG is the base and the point Æ the vertex ; 


for they are contained by equal and similar planes. 


Hence also the prism in which the parallelogram EZFG 
is the base and the straight line Æ its opposite is greater 
than the pyramid of which the triangle 44 EG is the base and 
the point 77 the vertex. 

But the prism in which the parallelogram ÆBFG is the 
base and the straight line 77K its opposite is equal to the 
prism in which the triangle GFC is the base and the triangle 
HKL its opposite, 


and the pyramid of which the triangle ÆG is the base and 
the point 77 the vertex is equal to the pyramid of which the 
triangle /7Z is the base and the point Ø the vertex. 


Therefore the said two prisms are greater than the said 
two pyramids of which the triangles 44 EG, HAL are the 
bases and the points H, D the vertices. 

Therefore the whole pyramid, of which the triangle 48C 
is the base and the point D the vertex, has been divided into 
two pyramids equal to one another and into two equal prisms, 
and the two prisms are greater than the half of the whole 
pyramid. 

Q. E. D. 


We will denote a pyramid with vertex D and base ABC by D (ABC) or 
D-A BC and the triangular prism with triangles GCA, HLK for bases by 
(GCF, HLK). 

The following are the steps of the proof. 

I. To prove pyramid (4 ZG) equal and similar to pyramid D (HKL). 

Since sides of A DAB are bisected at 77, £, K, 

HE || DB, and HK || AB. 

Hence HK-EB-EA, 

HE = KB = DK. 

Therefore (1) As HAZ, DHK are equal and similar. 

Similarly (2) As HAG, DAL are equal and similar. 

Again, ZH, HK are respectively || to GA, AZ in a different plane ; 
therefore L GAE =L LHK. 
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And L4, HK are respectively equal to GA, AE. 

Therefore (3) ^s GAE, LHK are equal and similar. 

Similarly (4) ^s HGE, DLK are equal and similar. 

Therefore [x1. Def. 10] the pyramids H(AZG) and D (HKL) are equal 
and similar. 


II. To prove the pyramid D (HKL) similar to the pyramid D (ABC). 


(1) The As DHK, DAB are equiangular and therefore similar. 
Similarly (2) ^s DLZ, DCA are similar, as also (3) the ^s DLX, DCB. 
Again, BA, AC are respectively parallel to K 77, HZ in a different plane ; 


therefore LBAC-LKHL. 

And BA: AC- KH : HL. 

Therefore (4) ^s BAC, KL are similar. 

Consequently the pyramid (ABC) is similar to the pyramid D (HKI), 
and therefore also to the pyramid ZZ(A4EG). 

III. To prove prism (GCF, HZ) equal to prism (HGE, K FB). 

The prisms may be regarded as having the same AegA/ (the distance 
between the planes ZZKZ, ABC) and having for bases (1) the A CGF and 
(2) the (7 EBFG, which is the double of the ^ CGF. 

Therefore, by x1. 39, the prisms are equal. 


IV. To prove the prisms greater than the small pyramids. 
Prism (ZG, KFB) is clearly greater than pyramid Æ (EF) and there- 
fore greater than pyramid H (AEG). 


Therefore each of the prisms is greater than each of the small pyramids ; 


and the sum of the two prisms is greater than the sum of the two small 
pyramids, which, with the two prisms, make up the whole pyramid. 


PROPOSITION 4. 


Jf there be two pyramids of the same height which have 
triangular bases, and cach of them be divided into two pyramids 
equal to one another and similar to the whole, and into two 
equal prisms, then, as the base of the one pyramid ts to the 
base of the other pyramid, so will all the prisms in the one 
pyramid be to all the prisms, being equal in multitude, in the 
other pyramid. 


Let there be two pyramids of the same height which 
have the triangular bases ABC, DEF, and vertices the 
points G, 77, 
and let each of them be divided into two pyramids equal to 
one another and similar to the whole and into two equal 
prisms ; [xi 3] 
I say that, as the base ABC is to the base DEF, so are 
all the prisms in the pyramid ACG to all the prisms, being 
equal in multitude, in the pyramid DE FH, 
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For, since BO is equal to OC, and AL to LC, 
therefore ZO is parallel to 4B, 
and the triangle 74 BC is similar to the triangle LOC. 


G 





For the same reason 
the triangle DE is also similar to the triangle RVF, 
And, since BC is double of CO, and EF of FV, 
therefore, as BC is to CO, so is EF to FV. 


And on BC, CO are described the similar and similarly 
situated rectilineal figures 44 BC, LOC, 


and on EF, FV the similar and similarly situated figures 
DEF, RVF; 


therefore, as the triangle ABC is to the triangle LOC, so is 
the triangle DEF to the triangle AF; [v1. 22] 


therefore, alternately, as the triangle ABC is to the triangle 
DEF, so is the triangle LOC to the triangle RVF. [v. 16] 


But, as the triangle ZOC is to the triangle AF, so is 
the prism in which the triangle LOC is the base and PMAN its 
opposite to the prism in which the triangle RVF is the base 
and STU its opposite ; [Lemma following] 


therefore also, as the triangle AAC is to the triangle DEF, 
so is the prism in which the triangle ZOC is the base and 
PMN its opposite to the prism in which the triangle RVF 
is the base and S7U its opposite. 


But, as the said prisms are to one another, so is the prism 
in which the parallelogram A BOL is the base and the straight 
line PM its opposite to the prism in which the parallelogram 
QEVR is the base and the straight line SZ its opposite. 

[xt. 39; cf. xir. 3] 
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Therefore also the two prisms, that in which the parallelo- 
gram ABOL is the base and PM its opposite, and that in 
which the triangle ZOC is the base and PMN its opposite, 
are to the prisms in which QE VR is the base and the straight 
line SZ its opposite and in which the triangle RVF is the 
base and STU its opposite in the same ratio. [v- 12] 

Therefore also, as the base ABC is to the base DEF, so 
are the said two prisms to the said two prisms. 


And similarly, if the pyramids PANG, STUH be divided 
into two prisms and two pyramids, 
as the base PMN is to the base STU, so will the two prisms 
in the pyramid PANG be to the two prisms in the pyramid 
STUH. 

But, as the base PMN is to the base STU, so is the base 
ABC to the base DEF: 
for the triangles P/N, STU are equal to the triangles Z OC, 
AR VF respectively. 

Therefore also, as the base AAC is to the base DEF, so 
are the four prisms to the four prisms. 


And similarly also, if we divide the remaining pyramids 
into two pyramids and into two prisms, then, as the base 
ABC is to the base DEF, so will all the prisms in the 
pyramid ABCC be to all the prisms, being equal in multitude, 
in the pyramid DEFA. 


Q. E. D. 


LEMMA. 


But that, as the triangle LOC is to the triangle RVF, 
so is the prism in which the triangle LOC is the base and 
PMN its opposite to the prism in which the triangle RVF is 
the base and STU its opposite, we must prove as follows. 

For in the same figure let perpendiculars be conceived 
drawn from G, H to the planes ABC, DEF: these are of 
course equal because, by hypothesis, the pyramids are of equal 
height. 

N ow, since the two straight lines GC and the perpendicular 
from G are cut by the parallel planes 48C, PMN, 


they will be cut in the same ratios. [xt. 17] 


H 
* 
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And GC is bisected by the plane PMN at N; 


therefore the perpendicular from G to the plane ABC will 
also be bisected by the plane PMN. 


For the same reason 


the perpendicular from Æ to the plane DEF will also be 
bisected by the plane STU. 


And the perpendiculars from G, 77 to the planes ABC, 
DEF are equal ; 


therefore the perpendiculars from the triangles PMN, STU 
to the planes 4 BC, DEF are also equal. 


Therefore the prisms in which the triangles LOC, RVF 
are bases, and PMN, STU their opposites, are of equal 
height. 

Hence also the parallelepipedal solids described from the 
said prisms are of equal height and are to one another as their 
bases ; [x1. 32] 


therefore their halves, namely the said prisms, are to one another 
as the base LOC is to the base AF. 
Q. E. D. 
We can incorporate the lemma at the end of the proposition and sum- 


marise the proof thus. 
Since ZO is parallel to 47, 


As ABC, LOC are similar. 
In like manner As DEF, RVF are similar. 
And, since BC: CO- EF: FV, 


AABC: ALOC=ADEF:ARVF, [vt. 22] 
and, alternately, 
AABC: AS DEF=ALOC: ARVF. 


Now the prisms (LOC, PMN) and (RVF, STU) are equal in height : 


for the perpendiculars from G, H on the bases ABC, DEF are divided by 
the planes PMN, STU (parallel to the bases) in the same proportion as GC, 
HF are divided by those planes [x1. 17], i.e. they are bisected ; 


hence the heights of the prisms, being half the equal heights of the pyramids, 
are equal. 


And the prisms are the halves respectively of parallelepipeds of the same 
height on parallelogrammic bases double of the As ZOC, RVE respectively ; 
[Xi. 28 and note] 


hence they are in the same ratio as those parallelepipeds, and therefore as 
their bases [x1. 32]. 


Therefore 
(prism LOC, PMN) : (prism RVF, STU)=ALOC: ARVF 
=AABC: A DEF. 


H. E. III. 25 
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And since the other prisms in the pyramids are equal to these prisms 
respectively, 
(sum of prisms in GABC): (sum of prisms in ZDEF)-AABC:^DEF. 


Similarly, if the pyramids GPMN, ZZSTU be divided in like manner, and 
also the pyramids PAXZ, SDQR, we shall have e.g. 


(sum of prisms in GPAMN): (sum of prisms in HSTU)=A PMN:ASTU 
-AABC:ADEF, 


and similarly for the second pair of pyramids. 
The process may be continued indefinitely, and we shall always have 
(sum of prisms in GAZ C): (sum of prisms in HDEF) =A ABC:4 DEF. 


PROPOSITION 5. 


Pyramids which are of the same height and have triangular 
bases are to one another as the bases. 

Let there be pyramids of the same height, of which the 
triangles 4BC, DEF are the bases and the points G, Æ the 
vertices ; 

I say that, as the base ABC is to the base DEF, so is the 
pyramid 44 EJ CG to the pyramid DEFZ. 





For, if the pyramid 44 B CG is not to the pyramid DE FH 
as the base AAC is to the base DEF, 
then, as the base AAC is to the base DEF, so will the 
pyramid 44 Z2 CG be either to some solid less than the pyramid 
D EF'H or to a greater. 

Let it, first, be in that ratio to a less solid W, and let the 
pyramid DEF FH be divided into two pyramids equal to one 
another and similar to the whole and into two equal prisms ; 
then the two prisms are greater than the half of the whole 
pyramid. [x 3] 
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Again, let the pyramids arising from the division be 
similarly divided, 
and let this be done continually until there are left over from 
the pyramid DEFH some pyramids which are less than the 
excess by which the pyramid DEF exceeds the solid W. 
[x. 1] 
Let such be left, and let them be, for the sake of argument, 
DORS, STUH; 
therefore the remainders, the prisms in the pyramid DEFZ, 
are greater than the solid J7. 


Let the pyramid BCG also be divided similarly, and a 
similar number of times, with the pyramid DEZ77; 
therefore, as the base AAC is to the base DEF, so are the 
prisms in the pyramid ACG to the prisms in the pyramid 
DEFKH. [xu 4] 

But, as the base AAC is to the base DEF, so also is the 
pyramid BCG to the solid W; 
therefore also, as the pyramid ABCG is to the solid W, so 
are the prisms in the pyramid BCG to the prisms in the 
pyramid DEFH ; [v. 11] 
therefore, alternately, as the pyramid ABCG is to the prisms 
in it, so is the solid W to the prisms in the pyramid DE FH. 

[v. 16]: 

But the pyramid BCG is greater than the prisms in it ; 
therefore the solid W is also greater than the prisms in the 
pyramid DEF7T. 

But it is also less: 
which is impossible. 

Therefore the prism BCG is not to any solid less than 
the pyramid DE FF as the base 4 BC is to the base DEF. 

Similarly it can be proved that neither is the pyramid 
IDE FH to any solid less than the pyramid 44 B CG as the base 
DEF is to the base ABC. 


I say next that neither is the pyramid BCG to any 
solid greater than the pyramid DEZ Z as the base ABC is 
to the base DEF. 

For, if possible, let it be in that ratio to a greater solid W; 
therefore, inversely, as the base DEF is to the base ARC, 
so is the solid W to the pyramid ABCG. 


25—2 
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— But, as the solid W is to the solid ABCG, so is the 
pyramid DEFH to some solid less than the pyramid 4 ACG, 
as was before proved ; [xı 2, Lemma] 


therefore also, as the base DEF is to the base ABC, so is 
the pyramid DEFH to some solid less than the pyramid 
ABCG : [v. 11] 


which was proved absurd. 


Therefore the pyramid BCG is not to any solid greater 
than the pyramid DEFZ as the base ABC is to the base 
DEF. 

But it was proved that neither is it in that ratio to a less 
solid. 

Therefore, as the base ARC is to the base DEF, so is 
the pyramid ABCG to the pyramid DEFA. 

Q. E. D. 


In the two preceding propositions it has been shown how we can divide a 
pyramid with a triangular base into (1) two equal prisms which are together 
greater than half the pyramid and (2) two equal pyramids similar to the 
original one, and that, if this process be continued with the two pyramids, 
then with the four resulting pyramids, and so on, and if, further, another 
pyramid of the same height as the original one be similarly divided, the sub- 
division being made the same number of times, the sum of all the prisms in 
one pyramid is to the sum of all the prisms in the other as the base of the 
first is to the base of the second. 

‘We can now prove in the manner of xit. 2 that the volumes of the 
pyramids themselves are as the bases. 

Let us call the pyramids 2, P’ and their respective bases Z, Z”. 


If P:P+B:B, 
suppose that B:B=P: W. 
L Let Whe < P". 
Divide P" into two prisms and two pyramids, subdivide the latter similarly, 


and so on, until the sum of the pyramids remaining is less than the difference 
between P’ and W [x. 1], so that 


P' > (prisms in P) > W. 
Then divide 2 similarly, the same number of times. 
Now (prisms in P) : (prisms in 7) = B: B (xu. 4] 
=P: W, by hypothesis, 


and, alternately, 
(prisms in P) : P = (prisms in P): W. 


But (prisms in P) < P; 

therefore (prisms in P’) < W. 
But, by construction, (prisms in P) > W. 
Hence W cannot be less than Z”. 
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II. Suppose, if possible, that W> P'. 
Then, inversely, B':B-W:£F 
zRP:E 
where V is some solid less than P. (Cf. xm. 2, Lemma, and note.] 
But this can be proved impossible exactly as in Part I. 
Therefore W is neither less nor greater than 7", 
so that B:B'zPiP. 


Legendre, followed by the American editors already mentioned, and by 
others, approaches the subject by a different route, proving the following 
propositions. 


I. Lf a pyramid be cut by a plane parallel to the base, (a) the lateral edges 
and the height will be cut in the same proportion, (b) the section by the plane 
will be a polygon similar to the base. 





(a) Since a lateral face VAB of the pyramid V(A BCDE) is cut by two 
parallel planes in 4B, ab, 
AB || ab; 
Similarly ZC || dc, and so on. 
Therefore VA: Va= VB: Vb= VC: Ve=.... 
And, if VO the height be cut in O, o, 


BO || čo; and each of the above ratios is equal to VO : Vo. 


(6) Since BA || da, and BC || dc, 
L ABC - c ak. [x1. 10] 


Similarly for all the other angles of the polygons, which are therefore 
equiangular. 
Also, by similar triangles, 


A : Va= AB: ab, 
and so on. 
Therefore, by the ratios above, 
4AB:ab - BCibez-.... 


Therefore the polygons are similar. 


2. Lf two pyramids of the same height be cut by planes which are at the 
same perpendicular distance from the vertices, the sections are as the respective 
bases. 
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For, if we place the pyramids so that the vertices coincide and the bases 
are in one plane, the planes of the sections will coincide. 
If, eg., the base of the second pyramid be X YZ and the section xyz, we 
shall have, by the argument of the last proposition, 
VX : Vx VY : Vy VZ: Vz = VO : Vo = VA : Va =... 
and X YZ, xyz will be similar. 
Now (polygon ABCDE) : (polygon abcde) = A B? : a? 
= VA": Væ, 
and AXYZ : ^xyz- XY’: xy! 
= VX’ : Vx 
= VA? : Væ. 
Therefore 
(polygon ABCDE) : (polygon abcde) = A X YZ : A xyz. 
As a particular case, if the bases of the two pyramids are equivalent, the 
sections are also equivalent. 


3. Two triangular pyramids which have equivalent bases and equal heights 
are equivalent. 

Let VABC, vac be pyramids with equivalent bases ABC, adc, which for 
convenience we will suppose placed in one plane, and let 724 be the common 
height. 





Then, if the pyramids are not equivalent, one must be greater than the other. 

Let VABC be the greater; and let 4X be the height of a prism on ABC 
as base which is equal in volume to the difference of the pyramids. 

Divide the height 44 7 into equal parts such that each is less than 4 X, and 
let each part be equal to s. 

Through the points of division draw planes parallel to the bases cutting 
both pyramids in the sections DEF, GHI... and def, gi, .... 

The sections DEF, def will then be equivalent; so will the sections GAZ, 
. ghi, and so on. [(2) above] 

On the triangles ABC, DEF, GHZ,... as bases draw exterior prisms 
having for edges the parts 4D, DG, GK, ... of the edge 4 V; 
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and on the triangles def, gh, ... as bases draw interior prisms having for edges 
the parts ad, de, ... of av. 


All the partial prisms will then have the same height z. 


Now the sum of the exterior prisms of the pyramid VABC is greater than 
that pyramid ; 
and the sum of the interior prisms in the pyramid va is Zess than that 
pyramid. 

Consequently the difference between the sum of the first set of prisms and 


the sum of the second set of prisms is greater than the difference between the 
two pyramids. 


. Again, if we start from the bases ABC, abc, the second exterior prism 
DEFG is equivalent to the frst interior prism defa, since their bases are 
equivalent and they have the same height z. (xI. 28 and note; xt. 32] 

Similarly the third exterior prism is equivalent to the second interior 
prism, and so on, until we arrive at the last of each. 

Therefore the prism ABCD, the first exterior prism, is the difference 
between the sums of the exterior and interior prisms respectively. 

Therefore the difference between the two pyramids is /ess than the prism 
ABCD, which should therefore be greater than the prism with base 4C 
and height 4X. 

But the prism ABCD is, by hypothesis, less than the latter prism : 
which js impossible. | 

Consequently the pyramid VABC cannot be greater than the pyramid 
vabe. 

Similarly it may be proved that vadc cannot be greater than VA BC. 

Therefore the pyramids are equivalent. 


Legendre next establishes a proposition corresponding to Eucl. xit. 7, viz. 
4. Any triangular pyramid is one third of the triangular prism on the same 
base and of the same height, 
and from this he deduces that 


Cor. The volume of a triangular pyramid is equal to a third of the product 
of its base by tts height. 

He has previously proved that the volume of a triangular prism is equal to 
the product of its base and height, since (1) the prism is half of a parallele- 
piped of the same height and with a parallelogram for base which is double of 
the base of the prism, and (2) this parallelepiped can be transformed into an 
equivalent rectangular parallelepiped with the same height and an equivalent 


se. 
The theorem (4) is then extended to aay pyramid in the proposition 
. Any pyramid has for its measure the third part of the product of tts base 
and its height, from which follow - 


Cor. I. Any pyramid is the third part of the prism on the same base and 
of the same height. 

Cor. II. Two pyramids of the same height are to one another as their 
bases, and two pyramids on the same base are to one another as their heights. 


The first part of the second corollary corresponds to the present 
proposition as extended by the next, xir. 6. 
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PROPOSITION 6. 


Pyramids which are of the same height and have polygonal 
bases are to one another as the bases. 


Let there be pyramids of the same height of which the 
polygons ABCDE, FGHKL are the bases and the points 
M, N the vertices ; 

I say that, as the base ABCDE is to the base FG/ZAL, 
so is the pyramid 4 BCDEM to the pyramid ZG7ZKZN. 


For let 4C, AD, FH, FK be joined. 

Since then 47 CAM, ACDM are two pyramids which have 
triangular bases and equal height, 
they are to one another as the bases ; | [xu. 5] 
therefore, as the base ASC is to the base ACD, so is the 
pyramid A BCM to the pyramid ACDM. 

And, componendo, as the base ABCD is to the base ACD, 
so is the pyramid 4 CDM to the pyramid ACDM. — [v. 18] 

But also, as the base 44 CD is to the base 4 DE, so is the 
pyramid 44 CDM to the pyramid ADEM. [xu 5] 

Therefore, ex aegualz, as the base ABCD is to the base 
ADE, so is the pyramid ABCDM to the pyramid ADEM. 


[v. 
And, again componendo, as the base ABCDE is to i 
_base ADE, so is the pyramid ABCDEM to the pyramid 
ADEM. [v. 18] 


Similarly also it can be proved that, as the base FGH AL 
is to the base FGH, so is the pyramid FGZZ7KZN to the 
pyramid FGAN. 
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And, since ADEM, FGHN are two pyramids which have 
triangular bases and equal height, 


therefore, as the base ADE is to the base G7, so is the 
pyramid ADEM to the pyramid FGHN. (xu. 5] 


But, as the base APE is to the base ABCDE, so was 
the pyramid ADEM to the pyramid ABCDEM. 

Therefore also, ex aeguaZ, as the base ABCDE is to the 
base /GH, so is the pyramid ABCDEM to the pyramid 
FGHN. [v. 22] 


But further, as the base FGH is to the base FGH KZ, so 
also was the pyramid FGN to the pyramid FGZ7KZN. 

Therefore also, ex aegualz, as the base ABCDE is to the 
base FG/7KL, so is the pyramid ABCDEM to the pyramid 
FGHKLN. [v. 22] 


Q. E. D 


It will be seen that, in order to obtain the proportion 
(base ABCDE) : ^ADE = (pyramid MABCDE) : (pyramid MADE), 


Euclid employs v. 18 (componendo) twice over, with an ex aequadi step [v. 22] 
intervening. 


We might arrive at it more concisely by using v. 24 extended to any 
number of antecedents. 


Thus 
AABC:AADE = (pyramid MABO): (pyramid MADE), 
AACD:AADE = (pyramid MACD) : (pyramid MADE), 

and lastly 

AADE: AS ADE = (pyramid MADE): (pyramid MADE). 

Therefore, adding the antecedents [v. 24], we have 

(polygon ABCDE) : AADE = (pyramid MABCDE) : (pyramid MADE). 

Again, since the pyramids MADE, NFGH are of the same height, 

SADE: AFGH= (pyramid MADE): (pyramid FG). 


Lastly using the same argument for the pyramid JVFGZZKL as for 
MABCDE, and inverting, we have 


AFGH: (polygon FGZZKL) = (pyramid VFGZ) : (pyramid VPGHKL). 
Thus from the three proportions, ex aequat, 
(polygon ABCDE) : (polygon FGZZKZ) 
— (pyramid MABCDE) : (pyramid VWFGAKZ). 
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PROPOSITION 7. 


Any prism which has a triangular base zs divided into three 
pyramids equal to one another which have triangular bases. 


Let there be a prism in which the triangle ABC is the 
base and DEF its opposite ; 
I say that the prism ABCDEF is : 
divided into three pyramids equal to 
one another, which have triangular 
bases. 

For let BD, EC, CD be joined. 

Since A BED is a parallelogram, 
and SD is its diameter, 
therefore the triangle ABD is equal 
to the triangle EBD; [1. 34] 
therefore also the pyramid of which the triangle 472 is the 
base and the point C the vertex is equal to the pyramid of 
which the triangle DEP is the base and the point C the 
vertex. [xn. 5] 

But the pyramid of which the triangle DÆB is the base 
and the point C the vertex is the same with the pyramid of 
which the triangle EBC is the base and the point D the 
vertex ; 
for they are contained by the same planes. 

Therefore the pyramid of which the triangle 4BD is the 
base and the point C the vertex is also equal to the pyramid 
of which the triangle EBC is the base and the point D the 


vertex. 


Again, since FCBE is a parallelogram, 
and CZ is its diameter, 
the triangle CE is equal to the triangle CBE. [1. 34] 
Therefore also the pyramid of which the triangle BCE is 
the base and the point D the vertex is equal to the pyramid 
of which the triangle ECF is the base and the point 2 the 
vertex. Rur. 5] 
But the pyramid of which the triangle BCE is the ba 
and the point D the vertex was proved equal to the pyramid 
of which the triangle 42D is the base and the point C the 
vertex ; 


p s 
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therefore also the pyramid of which the triangle CEF is the 
base and the point D the vertex is equal to the pyramid of 
which the triangle ABD is the base and the point C the 


vertex ; 


therefore the prism ABCDEF has been divided into three 
pyramids equal to one another which have triangular bases. 


And, since the pyramid of which the triangle 44 2D is the 
base and the point C the vertex is the same with the pyramid 
of which the triangle CAB is the base and the point D the 


vertex, 
for they are contained by the same planes, 


while the pyramid of which the triangle 4BD is the base and 
the point C the vertex was proved to be a third of the prism 
in which the triangle 44 BC is the base and DEF its opposite, 


therefore also the pyramid of which the triangle ABC is the 
base and the point 2 the vertex is a third of the prism which 
has the same base, the triangle 48C, and DEF as its 
opposite. 

PorismM. From this it is manifest that any pyramid is a 
third part of the prism which has the same base with it and 


equal height. 
Q. E. D. 


If we denote by C-4 P a pyramid with vertex C and base 4BD, Euclid's 
argument is easily followed thus. 
The £7 4B ED being bisected by BD, 


(pyramid C422) = (pyramid C-DEP) [xu1. 5] 
= (pyramid 2-EAC). 

And, the (7 EB CF being bisected by EC, 

(pyramid D-EBC) = (pyramid D-ECF). 

Thus (pyramid C-ABD) = (pyramid D-E BSC) -= (pyramid D-E CF), and 
these three pyramids make up the whole prism, so that each is one-third of the 
prism. 

And, since (pyramid C-ABD) = (pyramid D-ABC), 

(pyramid D-ABC) = i (prism ABC, DEF). 


PROPOSITION 8. 


Szmilar pyramids which have triangular bases are in the 
triplicate ratto of their corresponding sides. 


Let there be similar and similarly situated pyramids of 
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which the triangles 4 BC, DEF are the bases and the points 
G, H the vertices ; 

I say that the pyramid 447 CG has to the pyramid DE FH 
the ratio triplicate of that which BC has to EF. 





For let the parallelepipedal solids BGML, EZZQP be 
completed. 
Now, since the pyramid BCG is similar to the pyramid 
DEFA, 
therefore the angle ABC is equal to the angle DEF, 
the angle GAC to the angle HEF, 
and the angle ABG to the angle DEZ ; 
and, as Æ B is to DE, so is BC to EF, and BG to EH. 
And since, as AB is to DE, so is BC to EF, 
and the sides are proportional about equal angles, 
therefore the parallelogram BM is similar to the parallelo- 
gram £Q. 
For the same reason 
BN is also similar to EA, and BK to EO; 
therefore the three parallelograms MB, BK, BN are similar 
to the three EQ, £O, ER. 
But the three parallelograms MB, BK, BN are equal and 
similar to their three opposites, 
and the three EQ, EO, ER are equal and similar to their 
three opposites. [xt. 24] 
Therefore the solids BGML, EHQP are contained by 
similar planes equal in multitude. 
Therefore the solid GML is similar to the solid £77Q7. 
But similar parallelepipedal solids are in the triplicate ratio 
of their corresponding sides. [xr. 33] 


-———  —— 
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Therefore the solid BGMZ has to the solid -HQP the 
ratio triplicate of that which the corresponding side BC has to 
the corresponding side E. 

But, as the solid BGA/L is to the solid EHQP, so is the 
pyramid BCG to the pyramid DEFA, 


inasmuch as the pyramid is a sixth part of the solid, because 
the prism which is half of the parallelepipedal solid [x1. 28] is 
also triple of the pyramid. [xu. 7] 


Therefore the pyramid ACG also has to the pyramid 
DE FH the ratio triplicate of that which BC has to EF. 
Q. E. D. 


PorismM. From this it is manifest that similar pyramids 
which have polygonal bases are also to one another in the 
triplicate ratio of their corresponding sides. 

For, if they are divided into the pyramids contained in 
them which have triangular bases, by virtue of the fact that 
the similar polygons forming their bases are also divided into 
similar triangles equal in multitude and corresponding to the 
wholes [v1. 20], 


then, as the one pyramid which has a triangular base in the 
one complete pyramid is to the one pyramid which has a 
triangular base in the other complete pyramid, so also will all 
the pyramids which have triangular bases contained in the 
one pyramid be to all the pyramids which have triangular 
bases contained in the other pyramid [v.:2] that is, the 
pyramid itself which has a polygonal base to the pyramid 
which has a polygonal base. 


But the pyramid which has a triangular base is to the 
pyramid which has a triangular base in the triplicate ratio of 
the corresponding sides ; 


therefore also the pyramid which has a polygonal base has to 
the pyramid which has a similar base the ratio triplicate of 
that which the side has to the side. 


It is at once proved that, the pyramids being similar, the parallelepipeds 
constructed as shown in the figure are also similar. 

Consequently, as these latter are in the triplicate ratio of their corre- 
sponding sides [x1. 33], so are the pyramids which are their sixth parts 
respectively (being one third of the respective prisms on the same bases, i.e. 
of the halves of the respective parallelepipeds, x1. 28). 

As the Porism is not used where Euclid might have been expected to use 
it (see note on XII. 12, p. 416), there is some reason to doubt its genuineness. 
P only has it in the margin, though in the first hand. 
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PROPOSITION 9. 


Zn equal pyramids whith have triangular bases the bases 
are reciprocally proportional to the heights; and those pyramids 
zn whith the bases are reciprocally proportional to the heights 
are equal. 


For let there be equal pyramids which have the triangular 
bases ABC, DEF and vertices the points G, 77 ; 
I say that in the pyramids A4BCG, DEFH the bases are 
reciprocally proportional to the heights, that is, as the base 
ABC is to the base DEF, so is the height of the pyramid 
DEFHF to the height of the pyramid ABCG. 





For let the parallelepipedal solids BGML, EHQP be 


completed. l 
Now, since the pyramid BCG is equal to the pyramid 


DEFA, 

and the solid BGML is six times the pyramid A BCG, 
and the solid E ZZQP six times the pyramid DEFZ, 
therefore the solid BGA/Z is equal to the solid ZZZQP. 

But in equal parallelepipedal solids the bases are recipro- 
cally proportional to the heights ; [xr. 34] 
therefore, as the base BM is to the base £Q, so is the height 
of the solid EZZQP to the height of the solid BGML. 

But, as the base BM is to ZQ, so is the triangle ABC to 


the triangle DEF, l [k 34] 
Therefore also, as the triangle AAC is to the triangle 
DEF, so is the height of the solid EZZQP to the height of 


the solid BGML. [v. 11] 
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But the height of the solid EZZQP is the same with the 
height of the pyramid DEFZ, 
and the height of the solid /G7Z7L is the same with the 
height of the pyramid 4ABCG, 
therefore, as the base ABC is to the base DEF, so is the 
height of the pyramid DEFA to the height of the pyramid 
ABCG. 

Therefore in the pyramids 47 CG, DEFH the bases are 
reciprocally proportional to the heights. 


Next, in the pyramids 48CG, DEFF let the bases be 
reciprocally proportional to the heights ; 
that is, as the base 4 BC is to the base DEF, so let the height 
of the pyramid DEZZ/ be to the height of the pyramid 
ABCG ; 

I say that the pyramid ACG is equal to the pyramid 
DEFH. 

For, with the same construction, 
since, as the base AAC is to the base DEF, so is the height 
of the pyramid DEFH to the height of the pyramid 4 BCG, 
while, as the base AAC is to the base DEF, so is the 
parallelogram BM to the parallelogram £Q, 
therefore also, as the parallelogram ZM is to the parallelogram 
EQ, so is the height of the pyramid DE FF to the height of 
the pyramid 4A BCG. [v. 11] 

But the height of the pyramid DE FH is the same with 
the height of the parallelepiped E77QP, 
and the height of the pyramid BCG is the same with the 
height of the parallelepiped BGAZL ; 
therefore, as the base BM is to the base EQ, so is the height - 
of the parallelepiped E77QP to the height of the parallelepi- 
ped BGML. 

But those parallelepipedal solids in which the bases are 
reciprocally proportional to the heights are equal ; [x1. 34] 
therefore the parallelepipedal solid /G/ZZ is equal to the 
parallelepipedal solid E HQP. 

And the pyramid BCG is a sixth part of BGML, and 
the pyramid DEFF a sixth part of the parallelepiped 
EHQP ; 


400 BOOK XII [xit. 9, 10 


therefore the pyramid BCG is equal to the pyramid DE FA. 
Therefore etc. 
Q. E. D. 


The volumes of the pyramids are respectively one sixth part of the volumes 


of the parallelepipeds described, as in the figure, on double the bases and with 
the same heights as the pyramids. 


I. Thus the parallelepipeds are equal if the pyramids are equal. 
And, the parallelepipeds being equal, their bases are reciprocally propor- 
tional to their heights ; XI. 34] 


hence the bases of the equal pyramids (which are the halves of the bases of 
the parallelepipeds) are proportional to their heights. 


II. If the bases of the pyramids are reciprocally proportional to their 
heights, so are the bases of the parallelepipeds to their heights (since the bases 
of the parallelepipeds are double of the bases of the pyramids respectively). 

Consequently the parallelepipeds are equal. [xr. 34] 

Therefore their sixth parts, the pyramids, are also equal. 


PROPOSITION 10. 


Any cone is a third part of the cylinder which has the same 
base with tt and equal height. 


For let a cone have the same base, namely the circle 
A BCD, with a cylinder and equal 
height ; 
I say that the cone is a third part 
of the cylinder, that is, that the 
cylinder is triple of the cone. 


For if the cylinder ts not triple 
of the cone, the cylinder will be 
either greater than triple or less 
than triple of the cone. 

First let it be greater than 
triple, 
and let the square ABCD be 
inscribed in the circle ABCD ; [1v. 6] 


then the square ABCD i is greater than the half of the circle 
ABCD. 


From the square ABCD let there be set up a prism of 
equal height with the cylinder. 


Then the prism so set up is greater than the half of the 
cylinder, 
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inasmuch as, if we also circumscribe a square about the circle 
ABCD [v. 7], the square inscribed in the circle ABCD is half 
of that circumscribed about it, 


and the solids set up from them are parallelepipedal prisms of 
equal height, 
while parallelepipedal solids which are of the same height are 
to one another as their bases; [xi 32] 
therefore also the prism set up on the square 4 BCD is half 
of the prism set up from the square circumscribed about the 
circle ABCD; (cf. x1. 28, or xir. 6 and 7, Por.] 
and the cylinder is less than the prism set up from the square 
circumscribed about the circle ABCD; 
therefore the prism set up from the square 447 CD and of 
equal height with the cylinder is greater than the half of the 
cylinder. . 

Let the circumferences 4B, BC, CD, DA be bisected at 
the points Æ, F, G, A, 
and let AE, EB, BF, FC, CG, GD, DH, HA be joined; 
then each of the triangles AEB, BFC, CGD, DHA is greater 
than the half of that segment of the circle 4BCD which is 
about it, as we proved before. [xt 2] 

On each of the triangles AEB, BFC, CGD, DHA let 
prisms be set up of equal height with the cylinder ; 
then each of the prisms so set up is greater than the half part 
of that segment of the cylinder which is about it, 
inasmuch as, if we draw through the points E, F, G, H 
parallels to 48, BC, CD, DA, complete the parallelograms 
on AB, BC, CD, DA, and set up from them parallelepipedal 
solids of equal height with the cylinder, the prisms on the 
triangles AEB, BFC, CGD, DHA are halves of the several 
solids set up; 
and the segments of the cylinder are less than the parallelepi- 
pedal solids set up ; 
hence also the prisms on the triangles AEB, BFC, CGD, 
DHA are greater than the half of the segments of the 
cylinder about them. 

Thus, bisecting the circumferences that are left, joining 


H. E. III. 26 
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straight lines, setting up on each of the triangles prisms of 

equal height with the cylinder, 

and doing this continually, 

we shall leave some segments of the cylinder which will be 

less than the excess by which the cylinder exceeds the triple 

of the cone. [x. 1] 
Let such segments be left, and let them be 4Z, EB, BF, 

FC, CG, GD, DH, HA ; 

therefore the remainder, the prism of which the polygon 


AEBFCGDH is the base and the height is the same as that 
of the cylinder, is greater than triple of the cone. 


But the prism of which the polygon 4E P FCGDZ is the 
base and the height the same as that of the cylinder is triple 
of the pyramid of which the polygon AE BFCGDA is the 
base and the vertex is the same as that of the cone ; [xii. 7, Por.) 


therefore also the pyramid of which the polygon AE BFCGDAH 
is the base and the vertex is the same as that of the cone is 
greater than the cone which has the circle ABCD as base. 


But it is also less, for it is enclosed by it: 
which is impossible. á 
Therefore the cylinder is not greater than triple of the cone. 


I say next that neither is the cylinder less than triple of 
the cone, 

For, if possible, let the cylinder be less than triple of the 
cone ; 
therefore, inversely, the cone is greater than a third part of 
the cylinder. 

Let the square ABCD be inscribed in the circle 4BCD ; 
therefore the square ABCD is greater than the half of the 
circle ABCD. 

Now let there be set up from the square 4 BCD a pyramid 
having the same vertex with the cone ; 
therefore the pyramid so set up is greater than the half part 
of the cone, 
seeing that, as we proved before, if we circumscribe a square 


x 


XII. 10] PROPOSITION 1o | 403 


about the circle, the square 4 BCD will be half of the square 
circumscribed about the circle, 

and if we set up from the squares parallelepipedal solids of 
equal height with the cone, which are also called prisms, the 
solid set up from the square 447 CD will be half of that set up 
from the square circumscribed about the circle; 

for they are to one another as their bases. (x1. 32] 


Hence also the thirds of them are in that ratio ; 


therefore also the pyramid of which the square ABCD is the 
base is half of the pyramid set up from the square circum- 
scribed about the circle. 


And the pyramid set up from the square about the circle 
is greater than the cone, ° 
for it encloses it. 

Therefore the pyramid of which the square 4BCD is the 
base and the vertex is the same with that of the cone is 
greater than the half of the cone. 

Let the circumferences 48, BC, CD, DA be bisected at 
the points Æ, F, G, 77, 
and let AE, EB, BF, FC, CG, GD, DH, HA be joined; 
therefore also each of the triangles 4 EB, BFC, CGD, DH A 
is greater than the half part of that segment of the circle 
ABCD which is about it. 

Now, on each of the triangles AEB, BFC, CGD, DHA 
let pyramids be set up which have the same vertex as the 
cone; 
therefore also each of the pyramids so set up is, in the same 
manner, greater than the half part of that segment of the cone 
which is about it, 

Thus, by bisecting the circumferences that are left, joining 
straight lines, setting up on each of the triangles a pyramid 
which has the same vertex as the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which the cone exceeds the third part of 
the cylinder. [x. 1] 

Let such be left, and let them be the segments on AZ, 
EB, BF, FC, CG, GD, DH, HA; 


26—2 
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therefore the remainder, the pyramid of which the polygon 
AEBFCGDH is the base and the vertex the same with that 
of the cone, is greater than a third part of the cylinder. 


But the pyramid of which the polygon AE BFCG DAZ is 
the base and the vertex the same with that of the cone is a 
third part of the prism of which the polygon AE BFCGDH 
is the base and the height is the same with that of the 
cylinder ; 
therefore the prism of which the polygon AE BFCGDA is 
the base and the height is the same with that of the cylinder 
is greater than the cylinder of which the circle ABCD is the 
base. 


But it is also less, for it is enclosed by it : 
which is impossible. ° 
Therefore the cylinder is not less than triple of the cone. 


But it was proved that neither is it greater than triple ; 
therefore the cylinder is triple of the cone; 
hence the cone is a third part of the cylinder. 
Therefore etc. 
Q. E. D. 


We observe the use in this proposition of the term “ parallelepipedal 
prism," which recalls Heron's “ parallelogrammic " or “ parallel-sided prism.” 

The course of the proof is exactly the same as in xit. 2, except that an 
arithmetical fraction takes the place of a ratio which, being incommensurable, 
could only be expressed as a ratio. Consequently we do not need proportions 
in this proposition, as we did in x11. 2, and shall again in xır. 11, etc. 

Euclid exhausts the cylinder and cone respectively by setting up prisms 
and pyramids of the same height on the successive regular polygons inscribed 
in the circle which is the common base, viz. the square, the regular polygon 
of 8 sides, that of 16 sides, etc. 

If AB be the side of one polygon, we obtain two sides of the next by 
bisecting the arc 4 CZ and joining AC, CB. Draw the 
tangent DZ at C and complete the parallelogram 
ABED. In 

Now suppose a prism erected on the polygon of - 
which 4B is a side, and of the same height as that of 
the cylinder. 

To obtain the prism of the same height on the next 
polygon we add all the triangular prisms of the same 
height on the bases 4 CB and the rest. 

Now the prism on 4CZ7 is half the prism of the 
same height on the (7 4B ED as base. 

[cf. x1. 28] 
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And the prism on (7 ABED includes, and is greater than, the portion of 
the cylinder standing on the segment 4 CB of the circle. 

The same thing is true in regard to the other sides of the polygon of 
which 4B is one side. 

Thus the process begins with a prism on the square inscribed in the circle, 
which is more than half the cylinder, the next prism (with eight lateral faces) 
takes away more than half the remainder, and so on ; 
hence [x. 1], if we proceed far enough, we shall ultimately arrive at a prism 
leaving over portions of the cylinder together less than any assigned volume. 

The construction of pyramids on the successive polygons exhausts the cone 
in exactly the same way. 

Now, if the cone is not equal to one-third of the cylinder, it must be either 
greater or less. 


I. Suppose, if possible, that, 7, O being their volumes respectively, 
O> 3V. 

Construct successive inscribed polygons in the bases and prisms on them 
until we arrive at a prism / leaving over portions of the cylinder together less 
than (O — 37^), i.e. such that 

O-P-3F. 


But P is triple of the pyramid on the same base and of the same height ; 
and this pyramid is included by, and is therefore less than, V; 


therefore P « 53V. 
But, by construction,  . P>3V: 
which is impossible. 
Therefore O F 3V. 
II. Suppose, if possible, that O « 3. 
Therefore V >40. 


Construct successive pyramids in the cone in the manner described until 
we arrive at a pyramid II leaving over portions of the cone together less than 
(V — 40), i.e. such that 

V » II >40. 


Now Il is one-third of the prism on the same base and of the same height ; 
and this prism is included by, and is therefore less than, the cylinder ; 
therefore Il « i0. 

But, by construction, II >40: 
which is impossible. 

Therefore O is neither greater nor less than 3 V, so that 

O= 3V. 

It will be observed that here, as in xit. 2, Euclid always exhausts the solid | 
by (as it were) building up to it from inside. Hence the solid to be exhausted 
must, with him, be supposed greater than the solid to which it is to be proved 
equal ; and this is the reason why, in the second part, the initial supposition 
is turned round. | 

In this case too Euclid might have approximated to the cone and cylinder 


by circumscribing successive pyramids and prisms in the way shown, after 
Archimedes, in the note on XII. 2. 
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PROPOSITION II. 


Cones and cylinders which are of the same height are to 
one another as their bases. 

Let there be cones and cylinders of the same height, 
let the circles 4 BCD, E FG be their bases, KZ, MN their 
axes and AC, EG the diameters of their bases ; 


I say that, as the circle 447CD is to the circle EFGH, so is 
the cone 4Z to the cone EN. 


D 

T WL 
A C E 

U 

B 

For, if not, then, as the circle BCD is to the circle 
EFGH, so will the cone AZ be either to some solid less 
than the cone E or to a greater. 

First, let it be in that ratio to a less solid O, and let the 
solid X be equal to that by which the solid O is less than the 
cone EN ; 
therefore the cone E is equal to the solids O, X. 

Let the square EFGH be inscribed in the circle £FGZ; 
therefore the square is greater than the half of the circle. 

Let there be set up from the square £FG/7 a pyramid of 
equal height with the cone; 
therefore the pyramid so set up is greater than the half of the 


cone, 


inasmuch as, if we circumscribe a square about the circle, and 
set up from it a pyramid of equal height with the cone, the 
inscribed pyramid is half of the circumscribed pyramid, 


for they are to one another as their bases, [xir. 6] 
while the cone is less than the circumscribed pyramid. 
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Let the circumferences EF, FG, GH, HE be bisected at 
the points P, Q, R, S, 
and let HP, PE, EQ, OF, FR, RG, GS, SH be joined. 

Therefore each of the triangles HPE, EQF, FRG, GSH 
is greater than the half of that segment of the circle which is 
about it. | 

On each of the triangles HPZ, EQF, FRG, GSH let 
there be set up a pyramid of equal height with the cone ; 
therefore, also, each of the pyramids so set up is greater than 
the half of that segment of the cone which is about it. 

Thus, bisecting the circumferences which are left, joining 
straight lines, setting up on each of the triangles pyramids of 
equal height with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the solid X. [x. 1] 

Let such be left, and let them be the segments on HPE, 
EQF, FRG, GSH ; 
therefore the remainder, the pyramid of which the polygon 
HPEQFRGS is the base and the height the same with that 
of the cone, is greater than the solid O. 


Let there also be inscribed in the circle ABCD the 
polygon D 744 UBVCW similar and similarly situated to the 
polygon ZZPEQFRCGS, 


and on it let a pyramid be set up of equal height with the cone 
AL. 


Since then, as the square on AC is to the square on ZG, so 
is the polygon DTA UBVCW to the polygon HPE oe 
XII. I 
while, as the square on AC is to the square on ÆG, so is the 
circle ABCD to the circle £F GZ, (xi. 2] 
` therefore also, as the circle ABCD is to the circle £FGZ, so 
is the polygon D TA UBVCW to the polygon HPEQFRGS. 
But, as the circle ABCD is to the circle E/GH, so is the 
cone AZ to the solid O, 
and, as the polygon D7TAUBVCW is to the polygon 
HPEQFRGS, so is the pyramid of which the polygon 
DTAUBVCW is the base and the point Z the vertex to the 
pyramid of which the polygon HPEQFARGS is the base and 
the point N the vertex. [xu. 6] 


408 BOOK XII [xin 11 


Therefore also, as the cone AZ is to the solid O, so is the 
pyramid of which the polygon DTA UB VCW is the base and 
the point Z the vertex to the pyramid of which the polygon 
HPEQFRGS is the base and the point V the vertex; [v. 11] 
therefore, alternately, as the cone AZ is to the pyramid in it, 
so is the solid O to the pyramid in the cone EN. [v. 16] 

But the cone 4Z is greater than the pyramid in it ; 
therefore the solid O is also greater than the pyramid in the 
cone EN. 

But it is also less: 
which is absurd. 


Therefore the cone AZ is not to any solid less than the 
cone E as the circle ABCD is to the circle EFGH. 


Similarly we can prove that neither is the cone ÆN to 
any solid less than the cone AZ as the circle ZFGZ is to the 
circle ABCD. 


I say next that neither is the cone AZ to any solid greater 
than the cone EW as the circle BCD is to the circle 
EFGH. 

For, if possible, let it be in that ratio to a greater solid O; 
therefore, inversely, as the circle EFGH is to the circle 
ABCD, so is the solid O to the cone AL. 

But, as the solid O is to the cone AZL, so is the cone EN 
to some solid less than the cone AZ ; 
therefore also, as the circle FG is to the circle ABCD, so 
is the cone ÆN to some solid less than the cone AZ: 


which was proved impossible. 


Therefore the cone AZ is not to any solid greater than 
the cone EN as the circle ABCD is to the circle EFGH. 
But it was proved that neither is it in this ratio to a less 
solid ; 
therefore, as the circle ABCD is to the circle EFGH, so is 
the cone 4Z to the cone EW. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 
for each is triple of each ; [xu. 10] 


a. — ill. 
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Therefore also, as the circle ABCD is to the circle 
EFGH, so are the cylinders on them which are of equal 
height. 


Therefore etc. 
Q. E. D. 


We need not again repeat the preliminary construction of successive 
pyramids and prisms exhausting the cones and cylinders. 

Let Z, Z' be the volumes of the two cones, £, F their respective bases. 

If B:B'-2Z:Z, 
then must B:B-Z:0, 
where O is either less or greater than Z'. 


I. Suppose, if possible, that O is Zess than Z’. 
Inscribe in Z' a pyramid (Il) leaving over portions of it together less than 
(Z' — O), i.e. such that 
Z >I > OQ. 
Inscribe in Z a pyramid II on a polygon inscribed in the circular base of 
Z similar to the polygon which is the base of II'. 
Now, if d, d' be the diameters of the bases, 


B:B'-4*:4^ [xin 2] 
= (polygon in 8) : (polygon in 8") [xir. 1] 
= 11:11". | [xu. 6] 
Therefore Z:O0zII:II', 
and, alternately, Z:H-0:II. 
But Z > II, since it includes it ; 
therefore O > II. 
But, by construction, O «II': 
which is impossible. 
Therefore O4 Z. 
II. Suppose, if possible, that 
B: -2Z:O, 
where O is greater than Z’. 
Therefore B:B=0:2, 
where Ó' is some solid less than Z. 
That is, B:B=Z 20, 


where O < Z. 


This is proved impossible exactly in the same way as the assumption in 
Part I. was proved impossible. 


Therefore Z has not either to a less solid than Z' or to a greater solid than 
Z the ratio of B to ' ; 


therefore B:B22:Z. 
The same is true of the cylinders which are equal to 3Z, 32’ respectively. 
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PROPOSITION 12. 


Similar cones and cylinders are to one another in the 
triplicate ratto of the diameters in their. bases. 


Let there be similar cones and cylinders, 


let the circles ABCD, EFGZ be their bases, BD, FH the 
diameters of the bases, and AZ, MN the axes of the cones 
and cylinders ; 


I say that the cone of which the circle 4 BCD is the base and 
the point Z the vertex has to the cone of which the circle 
EFG is the base and the point X the vertex the ratio 
triplicate of that which BD has to FH. 





For, if the cone 4PCDL has not to the cone EFGHN 
the ratio triplicate of that which BD has to FA, 


the cone ABCD will have that triplicate ratio either to 
some solid less than the cone EFG//N or to a greater. 


First, let it have that triplicate ratio to a less solid O. 
Let the square EF G/7 be inscribed in the circle EFGA ; 
[1v. 6] 

therefore the square EFG// is greater than the half of the 
circle £FGZ. 

Now let there be set up on the square E£FGH a pyramid 
having the same vertex with the cone ; 
therefore the pyramid so set up is greater than the half part 
of the cone. 
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Let the circumferences EF, FG, GH, HE be bisected at 
the points P, Q, R, S, 
and let EP, PF, FQ, QG, GR, RH, HS, SE be joined. 

Therefore each of the triangles EPF, FOG, GRH, HSE 
is also greater than the half part of that segment of the circle 
EFGH which is about it. 

Now on each of the triangles EPF, FQG, GRH, HSE 
let a pyramid be set up having the same vertex with the cone; 
therefore each of the pyramids so set up is also greater than 
the half part of that segment of the cone which is about it. 

Thus, bisecting the circumferences so left, joining straight 
lines, setting up on each of the triangles pyramids having the 
same vertex with the cone, 
and doing this continually, 
we shall leave some segments of the cone which will be less 
than the excess by which the cone EFG/ZN exceeds the 
solid O. [x. 1] 

Let such be left, and let them be the segments on £P, 
PF, FQ, QG, GR, RH, HS, SE ; 
therefore the remainder, the pyramid of which the polygon 
EPFQGR/AAS is the base and the point N the vertex, is 
greater than the solid O. 


Let -there be also inscribed in the circle ABCD the 
polygon 4 7BUCVDW similar and similarly situated to the 
polygon EPFQGRZTS, 
and let there be set up on the polygon ATBUCVDW a 
pyramid having the same vertex with the cone; 
of the triangles containing the pyramid of which the polygon 
ATBUCVDW is the base and the point Z the vertex let 
LBT be one, 
and of the triangles containing the pyramid of which the 
polygon EPFQGARZAS is the base and the pont N the vertex 
let VEP be one; 


and let K 7, MP be joined. 


Now, since the cone AZ CDL is similar to the cone 
EFGHN, 


aetelore as BD is to FH, so is the axis KZ to the axis MN. 
[xr. Def. 24] 
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But, as BD is to FH, so is BK to FA; 
therefore also, as BK is to EM, so is KL to MN. 
And, alternately, as BX is to KZ, so is FM to MN. 
v. 16 
And the sides are proportional about equal angles, dE 
the angles BKL, FMN ; 
therefore the triangle BAZ is similar.to the triangle FMN. 
[vr. 6] 
Again, since, as BK is to K 7, so is FM to MP, 
and they are about equal angles, namely the angles BKT, 
FMP, 
inasmuch as, whatever part the angle BAT is of the four 
right angles at the centre K, the same part also is the angle 
FMP of the four right angles at the centre M ; 
since then the sides are proportional about equal angles, 


therefore the triangle BX 7 is similar to the triangle FMP. 
[vi. 6] 


Again, since it was proved that, as BX is to KL, so is FM 
to MN, 


while AZ K is equal to KZ, and FM to PM, 
therefore, as TK is to KL, so is PM to MN ; 


and the sides are proportional about equal angles, namely 

the angles TKL, PMN, for they are right; 

therefore the triangle ZAT is similar to the triangle NMP. 
[vi. 6] 


And since, owing to the similarity of the triangles LAB, 
NMF, 


as LB is to BK, so is NF to FM, 

and, owing to the similarity of the triangles BKT, FMP, 

as KB is to BT, so is MF to FP, 

therefore, ex aegualz, as LB is to BT, sois NF to FP. [v. 22] 


Again since, owing to the similarity of the triangles Z TØ, 
NPM, 
as LT is to TK, so is VP to PM, 
and, owing to the similarity of the triangles 7K2B, PMF, 
as KT is to TB, so is MP to PF; 
therefore, ex aeguali, as LT is to TB, so is NP to PF. [v. 22] 
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But it was also proved that, as 77 is to BL, so is PF 
to FN. 
Therefore, ex aeqgualt,as TL is to LB, so is PN to NF. 
[v. 22] 
Therefore in the triangles Z TB, NPF the sides are 
proportional ; 


therefore the triangles Z TB, MPF are equiangular; (vi. 5] 
hence they are also similar. [vi. Def. 1] 


Therefore the pyramid of which the triangle BÆT is the 
base and the point Z the vertex is also similar to the pyramid 
of which the triangle FMP is the base and the point V the 
vertex, 


for they are contained by similar planes equal in multitude. 
[xr. Def. 9] 

But similar pyramids which have triangular bases are to 

one another in the triplicate ratio of their corresponding sides. 
[xir. 8] 

Therefore the pyramid BÆ TZ has to the pyramid “PN 
the ratio triplicate of that which BX has to FM. 

Similarly, by joining straight lines from 4, W, D, V, C, U 
to K, and from Æ, S, H, R, G,. Q to M, and setting up on 
each of the triangles pyramids which have the same vertex 
with the cones, 


we can prove that each of the similarly arranged pyramids 
will also have to each similarly arranged pyramid the ratio 
triplicate of that which the corresponding side BA has to the 
corresponding side FM, that is, which BD has to FA. 


And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 
i (v. 12] 
therefore also, as the pyramid BATZ is to the pyramid 
FMPN, so is the whole pyramid of which the polygon 
A TBUCVDW is the base and the point Z the vertex to the 
whole pyramid of which the polygon EPFQGAHS is the 
base and the point A the vertex; 


hence also the pyramid of which 4 7BUCVDW is the base 
and the point Z the vertex has to the pyramid of which the 
polygon EPFQGAZS is the base and the point V the 
vertex the ratio triplicate of that which BD has to FZ. 


But, by hypothesis, the cone of which the circle ABCD 
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is the base and the point Z the vertex has also to the solid 
O the ratio triplicate of that which BD has to FA; 


therefore, as the cone of which the circle ABCD is the base 
and the point Z the vertex is to the solid O, so is the pyramid 
of which the polygon 4 7BUCVDW is the base and Z the 
vertex to the pyramid of which the polygon EPFQGRAS is 
the base and the point N the vertex ; 


therefore, alternately, as the cone of which the circle dBCD 
is the base and Z the vertex is to the pyramid contained in 
it of which the polygon 44 ZZUCVDW is the base and Z 
the vertex, so is the solid O to the pyramid of which the 
polygon £PFQGAZT1S is the base and N the vertex. (v. 16] 


But the said cone is greater than the pyramid in it ; 
for it encloses it. 


Therefore the solid O is also greater than the pyramid of 
which. the polygon EPFQGRA/775 is the base and V the 
vertex. 

But it is also less: 


which is impossible. 


Therefore the cone of which the circle ABCD is the base 
and Z the vertex has not to any solid less than the cone of 
which the circle E/G/H/ is the base and the point V the 
vertex the ratio triplicate of that which BD has to FA. 


Similarly we can prove that neither has the cone EFGZZN 
to any solid less than the cone 447 CL the ratio triplicate 
of that which FH has to BD. 


I say next that neither has the cone ABCDZL to any 
solid greater than the cone E/GH/N the ratio triplicate of 
that which BD has to FH. 

For, if possible, let it have that ratio to a greater solid O. 

Therefore, inversely, the solid O has to the cone ABCDL 
the ratio triplicate of that which FÆ has to BD. 

But, as the solid O is to the cone AZ CAL, so is the 
cone E FGZZN to some solid less than the cone ABCDL. 

Therefore the cone E/G//N also has to some solid less 
than the cone ABCDL is ratio triplicate of that which FH 
has to BD: 


which was proved impossible. 
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Therefore the cone 4 BCDL has not to any solid greater 
than the cone EFGZN the ratio triplicate of that which BD 
has to FH. : 

But it was proved that neither has it this ratio to a less 
solid than the cone EFGZN. 

Therefore the cone ABCDZL has to the cone EFGHN 
the ratio triplicate of that which BD has to FH. 


But, as the cone is to the cone, so is the cylinder to the 
cylinder, 


for the cylinder which is on the same base as the cone and 
of equal height with it is triple of the cone; [xi. 1o] 


therefore the cylinder also has to the cylinder the ratio 
triplicate of that which BD has to FA. 
Therefore etc. | 
Q. E. D. 


The method of proof is precisely that of the previous proposition. The 
only addition is caused by the necessity of proving that, if similar equilateral 
polygons be inscribed in the bases of two similar cones, and pyramids be, 
erected on them with the same vertices as those of the cones, the pyramids 
Gi similar and) are to one another in the triplicate ratio of corresponding 
edges. 

Let KZ, MN be the axes of the cones, Z, N the vertices, and let 27, FP 
be sides of similar polygons inscribed in the bases. Join BX, TK, BL, TL, 
PM, FM, PN, FN. 


T N 


Now BKL, FMN are right-angled triangles, and, since the cones are 
similar, 

BK:KL-FM:MN. [xr. Def. 24] 

Therefore (1) As BKL, FMN are similar. [vi. 6] 

Similarly (2) As TKL, PMN are similar. 

Next, in As BAT, FMP, the angles BAT, FMP are equal, since each is 
the same fraction of four right angles ; and the sides about the equal angles are 
proportional ; 
therefore (3) As BKT, FMP are similar. 
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Again, since from the similar As BAZ, FMN, and the similar As BAT, 
FMP respectively, 
IB: BK = NF: FM, 
BK: BT= MF: FP, 
ex aequali, LB: BT= NF: FP. 
Similarly LT: TB = NP: PF. 
Inverting the latter ratio and compounding it with the preceding one, we 
have, ex aequals, 
LB:LT= NF: NP. 
Thus in As ZTB, NPF the sides are proportional in pairs ; 
therefore (4) As LTB, NPF are similar. 
Thus the partial pyramids Z-BKT, N-FMP are similar. 
In exactly the same way it is proved that all the other partial pyramids are 
similar. 
Now 
(pyramid Z-ZK7) : (pyramid N-FMP) = ratio triplicate of (BK: FM ). 
The other partial pyramids are to one another in the same triplicate ratio. 
The sum of the antecedents is therefore to the sum of the consequents in 
the same triplicate ratio, 
i.e. (pyramid Z-A TBU...) : (pyramid N-EPFQ...) 
= ratio triplicate of ratio (BK: FM) 
= ratio triplicate of ratio (BD : FH). 
. [The fact that Euclid makes this transition from the partial pyramids to 
the whole pyramids in the body of this proposition seems to me to suggest 
grave doubts as to the genuineness of the Porism to xır. 8, which contains a 
similar but rather more general extension from the case of triangular pyramids 
to pyramids with polygonal bases. Were that Porism genuine, Euclid would 
have been more likely to refer to it than to repeat here the same arguments 
which it contains.] 
Now we are in a position to apply the method of exhaustion. 
If X, X' be the volumes of the cones, d, d’ the diameters of their bases, and if 
(ratio triplicate of d : 2") € X : X', 
then must (ratio triplicate of 2:47") - X : O, 
where O is either less or greater than X". 
I. Suppose that O is Zss than X”. 
Construct in the way described a pyramid (II) in X" leaving over portions 
of X' together less than (.X' — O), so that X’ > II' > O, 
and construct in X a pyramid (Il), with the same vertex as X has, on a 
polygon inscribed in its base similar to the base of II. 
Then, by what has just been proved, 
II : Il’ = (ratio triplicate of d : d’) 
— X : O, by hypothesis, 


and, alternately, II: X-II':0Q. 

But X includes, and is therefore greater than, N ; 
therefore 0> uU. 

But, by construction, O «II': 


which is impossible. 
Therefore O cannot be less than X". 
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II. Suppose, if possible, that ' 
(ratio triplicate of d : 7") = X: O, 
where O is greater than X’ ; 
then (ratio triplicate of 2:2) 2 Z: X', 
or, inversely, (ratio triplicate of 2:2) 2 X’: Z, 
where Z is some solid less than X. 


This is proved impossible by the exact method of Part I. 
Hence O cannot be either greater or less than X’, 


and X : X' = (ratio triplicate of ratio d : 4"). 


PROPOSITION 13. 


Jf a cylinder be cut by a plane which ts parallel to its 
opposite planes, then, as the cylinder ts to the cylinder, so will 
the axis be to the axis. 


For let the cylinder AD be cut by the plane GH which 
is parallel to the opposite planes 4B, CD, 


and let the plane GÆ meet the axis at the point X ; 


I say that, as the cylinder BG is to the cylinder GØ, so is 
the axis ÆĶ to the axis AF. 





For let the axis EF be produced in both directions to the 
points LZ, M, 
and let there be set out any number whatever of axes EN, VL 
equal to the axis EK, 
and any number whatever FO, OM equal to FK ; 


and let the cylinder PW on the axis LM be conceived of 
which the circles PQ, V W are the bases. 


Let planes be carried through the points W, O parallel to 
AB, CD and to the bases of the cylinder PW, 


and let them produce the circles AS, TU about the centres 
N, O. 

Then, since the axes LV, NE, EK are equal to one 
another, 


H. E. III. 27 
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therefore the cylinders QR, RB, BG are to one another as 
their bases. (xu. 11] 
But the bases are equal ; 
therefore the cylinders QA, RB, BG are also equal to one 
another. 
Since then the axes LN, NE, EK are equal to one 
another, 
and the cylinders QR, RB, BG are also equal to one another, 
and the multitude of the former is equal to the multitude of 
the latter, 
therefore, whatever multiple the axis. XZ is of the axis EK, 


the same multiple also will the cylinder QG be of the 
cylinder GZ. | 


For the same reason, whatever multiple the axis MÆ is 
of the axis XZ, the same multiple also is the cylinder WG 
of the cylinder GD. 

And, if the axis KZ is equal to the axis XM, the cylinder 
QG will also be equal to the cylinder G W, 
if the axis is greater than the axis, the cylinder will also be 
greater than the cylinder, 
and if less, less. 

Thus, there being four magnitudes, the axes EK, KF 
and the cylinders BG, GD, 
there have been taken equimultiples of the axis EK and of 
the cylinder BG, namely the axis LX and the cylinder QG, 
and equimultiples of the axis XF and of the cylinder GD, 
namely the axis XM and the cylinder GW; 
and it has been proved that, 
if the axis KZ is in excess of the axis KM, the cylinder OG 
is also in excess of the cylinder G W, 
if equal, equal, 
and if less, less. 

Therefore, as the axis ÆĶ is to the axis KF, so is the 


cylinder BG to the cylinder GD. [v. Def. 5] 
Q. E. D. 


It is not necessary to reproduce the proof, as it follows exactly the method 


of vi. 1 and XI. 25. . 
The fact that cylinders described about axes of equal length and having 
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equal bases are equal is inferred from xır. 11 to the effect that cylinders of 
equal height are to one another as their bases. 

That, of two cylinders with unequal axes but equal bases, the greater is 
that which has the longer axis is of course obvious either by application or by 
cutting off from the cylinder with the longer axis a cylinder with an axis of the 
same length as that of the other given cylinder. 


PROPOSITION 14. 


Cones and cylinders which are on equal bases are to one 
another as their heights. 
For let EZ, FD be cylinders on equal bases, the circles 
AB, CD; 
I say that, as the cylinder EP is 
to the cylinder FD, so is the axis 
GH to the axis KZ. 
For let the axis KZ be pro- 
duced to the point JV, 
let LV be made equal to the axis 
GH, 
and let the cylinder CM be conceived about LN as axis. 
Since then the cylinders EZ, CM are of the same height, 
they are to one another as their bases. [xu. 11] 
But the bases are equal to one another ; 
therefore the cylinders EZ, CM are also equal. 
And, since the cylinder FM has been cut by the plane 
. CD which is parallel to its opposite planes, 
therefore, as the cylinder CM is to the cylinder FD, so is the 
axis LM to the axis KZ. (xm. 13] 
But the cylinder CM is equal to the cylinder £B, 
and the axis LN to the axis GH ; 
therefore, as the cylinder £7 is to the cylinder FD, so is the 
axis GH to the axis KZ. 
But, as the cylinder ZZ is to the cylinder FD, so is the 
cone ARG to the cone CDK. (xu. ro] 
Therefore also, as the axis GH is to the axis AZ, so is 


the cone ABG to the cone CDK and the cylinder £7 to the 
cylinder FD. Q. E. D. 





No separate proposition corresponding to this is necessary in the case of 
parallelepipeds, for xt. 25 really contains the property corresponding to that in 
this proposition as well as the property corresponding to that in XII. 13. 


27—2 
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PROPOSITION I5. 


In equal cones and cylinders the bases are reciprocally 
proportional to the heights; and those cones and cylinders in 
which the bases are reciprocally proportional to the heights are 
equat. 

Let there be equal cones and cylinders of which the circles 
ABCD, EFGH are the bases; 
let AC, EG be the diameters of the bases, 
and KL, MN the axes, which are also the heights of the 
cones or cylinders ; 
let the cylinders 40, EP be completed. 

I say that in the cylinders 40, EP the bases are re- 
ciprocally proportional to the heights, 
that is, as the base ABCD is to the base EFGH, so is the 
height MN to the height AZ. 





For the height LA is either equal to the height MN or 
not equal. 

First, let it be equal. 

Now the cylinder 40 is also equal to the cylinder EZ. 

But cones and cylinders which are of the same height are 
to one another as their bases ; (xi. rr] 
therefore the base ABCD is also equal to the base EFGH. 

. Hence also, reciprocally, as the base 4 BCD is to the base 

EFGH, so is the height MN to the height AZ. 


Next, let the height ZA not be equal to MN, 
but let MN be greater ; 
from the height MN let QN be cut off equal to KZ, 


through the point Q let the cylinder EP be cut by the plan 
TUS parallel to the planes of the circles EFGZ, RP, ` 
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and let the cylinder ÆS be conceived erected from the circle 
EFGA as base and with height VQ. 


Now, since the cylinder 4O is equal to the cylinder EP, 


therefore, as the cylinder 40O is to the cylinder ES, so is the 
cylinder EP to the cylinder ES. ` [v. 7] 


But, as the cylinder AO is to the cylinder ZS, so is the 
base ABCD to the base EFGZ, 


for the cylinders 40, ES are of the same height ; [xu. 11] 


and, as the cylinder EP is to the cylinder ES, so is the height 
MN to the height QN, 


for the cylinder EP has been cut by a plane which is parallel 


to its opposite planes. _ (xu. 13] 
Therefore also, as the base ABCD is to the base EF GH, 
so is the height MN to the height QN. [v. 11] 


But the height QW is equal to the height KZ ; 


therefore, as the base ABCD is to the base EGA, so is the 
height MAN to the height KZ. 


Therefore in the cylinders 40, EP the bases are re- 
ciprocally proportional to the heights. 


Next, in the cylinders 40, £P let the bases be reciprocally 
proportional to the heights, 


that is, as the base ABCD is to the base EFGAH, so let the 
height MN be to the height AZ ; 


I say that the cylinder 40 is equal to the cylinder EP. 
For, with the same construction, 


since, as the base ABCD is to the base EF G77, so is the 
height MN to the height AZ, 


while the height AZ is equal to the height QN, 
therefore, as the base ABCD is to the base E FGA, so is the 
height MN to the height QN. 

But, as the base ABCD is to the base E FGZ, so is the 
cylinder 40O to the cylinder ZS, 


for they are of the same height ; (xu. 11] 
and, as the height MN is to QN, so is the cylinder EP to the 
cylinder ES; [x1r. 13] 


therefore, as the cylinder 40O is to the cylinder ZS, so is the 
cylinder EP to the cylinder ZS. [v. 11] 
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Therefore the cylinder AO is equal to the cylinder £P. 
[v. 9] 


And the same is true for the cones also. 
an Q. E. D. 


I. If the heights of the two cylinders are equal, and their volumes are 
equal, the bases are equal, since the latter are proportional to the volumes. 
XIL II 
If the heights are zof equal, cut off from the higher cylinder a lade of 
the same height as the lower. 
Then, if ZK, QN be the equal heights, 
we have, by XII. 11, 
(base ABCD) : (base E FG) = (cylinder AO) : (cylinder ZS) 
= (cylinder E): (cylinder ZS), 
. by hypothesis, 
=-MN:QN [xu 13] 
=MN: KL. 


II. In the converse part of the proposition, Euclid omits the case where 
the cylinders have equal heights. In this case of course the reciprocal ratios 
are both ratios of equality; the bases are therefore equal, and consequently the 
cylinders. 

If the heights are zot equal, we have, with the same construction as before, 

(base ABCD) : (base EFGA)= MN: KL. 
But (xu. 11] 
(base ABCD) : (base EFGH) = (cylinder 40) : (cylinder ZS), 
and MN: KL= MN: QN 
= (cylinder EP): (cylinder ES). (xir. 13] 
Therefore 
(cylinder 40) : (cylinder ZS) = (cylinder EP) : (cylinder ZS), 
and consequently (cylinder 40) = (cylinder EP). 

Similarly for the cones, which are equal to one-third of the cylinders 

respectively. 


Legendre deduces these propositions about cones and cylinders from two 
others which he establishes by a method similar 
to that adopted by him for the theorem of x11. 2 
(see note on that proposition). 

The first (for the cylinder) 1s as follows. 

The volume of a cylinder ts equal to the 
product of its base by tts height. 

Suppose C4 to be the radius of the base of 
the given cylinder, 4 its height. 

For brevity let us denote by (surf. C4) the 
area of the circle of which C4 is the radius. 

If (surf. C4) x & is not the measure of the 
given cylinder, it will be the measure of a 
cylinder greater or less than it. 

I. First let it be the measure of a less 
cylinder, that, for example, of which the circle with radius CD is the base, and 
A is the height. 
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Circumscribe about the circle with radius CD a regular polygon GA/... 
such that its sides do not anywhere meet the circle with radius C4. [See note 
on XII. 2, p. 393 above, for Legendre's lemma relating to this construction. ] 

Imagine a prism erected on the polygon as base and with height 4. 

Then (volume of prism) = (polygon GHZ...) x A. 


[Legendre has previously proved this proposition, first for a parallelepiped 
(by transforming it into a rectangular one), then for a triangular prism (half of 
a ELM of the same height), and lastly for a prism with a polygonal 
base. 


But (polygon GHZ...) « (surf. CA). 
Therefore (volume of prism) < (surf. C4) x 4 
« (cylinder on circle of rad. C2), 


by hypothesis. 

But the prism is greater than the latter cylinder, since it includes it: 
which is impossible. 

II. In order not to multiply figures let us, in this second case, suppose 
that CD is the radius of the base of the given cylinder, and that (surf. CD) x 4 
is the measure of a cylinder greater than it, e.g. a cylinder on the circle with 
radius C4 as base and of height A. 

' Then, with the same construction, 
(volume of prism) = (polygon G 77...) x À. 
And (polygon G Z7...) > (surf. CD). 
Therefore (volume of prism) > (surf. CD) x À 
> (cylinder on surf. C4), by hypothesis. 

But the volume of the prism is also Zess than that cylinder, being included 
by it: 
which is impossible. 

Therefore (volume of cylinder) = (its base) x (its height). 

It follows as a corollary that 


Cylinders of the same height are to one another as their bases (xu. 13], and 
cylinders on the same base are to one another as their heights (xii. 14]. 

Also 

Similar cylinders are as the cubes of their heights, or as the cubes of the 
diameters of their bases (Eucl. xit. 12]. 

For the bases are as the squares on their diameters; and, since the 
cylinders are similar, the diameters of the bases are as their heights. 

Therefore the bases are as the squares on the heights, and the bases 
multiplied by the heights, or the cylinders themselves, are as the cubes of the 
heights. 

I need not reproduce Legendre’s proofs of the corresponding propositions 
for the cone. 


PROPOSITION 16. 


Given two circles about the same centre, to inscribe in the 
greater circle an equilateral polygon with an even number of 
sides which does not touch the lesser circle. 
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Let ABCD, EFGH be the two given circles about the 


same centre K ; 


thus it is required to inscribe in the 
greater circle ABCD an equilateral 
polygon with an even number of 
sides which does not touch the circle 


EFGH. 


For let the straight line BAD 
be drawn through the centre K, 


and from the point C let GA be 
drawn at right angles to the straight 
line BD and carried through to C ; 


therefore AC touches the circle £FGZ. (i. 16, Por.] 


Then, bisecting the circumference BAD, bisecting the 
half of it, and doing this continually, we shall leave a circum- 
ference less than AD. (x. 1] 

Let such be left, and let it be ZD; 


from Z let ZM be drawn perpendicular to BD and carried 
through to JV, 


and let LD, DN be joined ; 

therefore ZD is equal to DN. [11. 3, 1. 4] 
Now, since Z is parallel to AC, 

and AC touches the circle ZG, 

therefore LV does not touch the circle E FGA ; 

therefore £D, DN are far from touching. the circle EF GA. 





If then we fit into the circle ABCD straight lines equal 
to the straight line LD and placed continuously, there will 
be inscribed in the circle ABCD an equilateral polygon with 
an even number of sides which does not touch. the lesser 
circle EFGZ. Q. E. F. 


It must be carefully observed that the polygon inscribed in the outer circle 
in this proposition is such that not only do its own sides not touch the inner 
circle, but also the chords, as LN, joining angular points next but one to each 


other do not touch the inner circle either. In other words, the polygon is the ` 


second in order, not the first, which satisfies the condition of the enunciation. 
This is important, because such a polygon is wanted in the next proposition ; 
hence in that proposition the exact construction here given must be followed. 
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PROPOSITION 17. 


Given two spheres about the same centre, to inscribe in the 
greater sphere a polyhedral solid which does not touch the 
lesser sphere at its surface. 


Let two spheres be conceived about the same centre 4 ; 


thus it is required to inscribe in the greater sphere a poly- 
hedral solid which does not touch the lesser sphere at its 
surface. 





Let the spheres be cut by any plane through the centre ; 
then the sections will be circles, 
inasmuch as the sphere was produced by the diameter 
remaining fixed and the semicircle being carried round it ; 

[x1. Def. 14] 
hence, in whatever position we conceive the semicircle to be, 
the plane carried through it will produce a circle on the 
circumference of the sphere. 


And it is manifest that this circle is the greatest possible, 
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inasmuch as the diameter of the sphere, which is of course 
the diameter both of the semicircle and of the circle, is greater 
than all the straight lines drawn across in the circle or the 
sphere. 

Let then BCDE be the circle in the greater len. 
and FGH the circle in the lesser sphere ; 
let two diameters in them, £D, CZ, be drawn at right angles 
to one another ; 
then, given the two circles BCDE, FGH about the same 
centre, let there be inscribed in the greater circle BCD an 
equilateral polygon with an even number of sides which does 
not touch the lesser circle FGA, 
let BK, KL, LM, ME be its sides in the quadrant BE, 
let XA be joined and carried through to JV, 
let AO be set up from the point 4 at right angles to the 
plane of the circle ACE, and let it meet the surface of the 
sphere at O, 
and through 4O and each of the straight lines BD, KN let 
planes be carried ; 
they will then make greatest circles on the surface of the 
sphere, for the reason stated. 

Let them make such, 
and in them let BOD, KON be the semicircles on BY, KN. 


Now, since OA is at right angles to the plane of the circle 
BCDE, 
therefore all the planes through O.4 are also at right angles 
to the plane of the circle BCDE ; [x1. 18] 
hence the semicircles BOD, KON are also at right angles to 
the plane of the circle BCDE. 

And, since the semicircles BED, BOD, KON are equal, 
for they are on the equal diameters BD, KN, 
therefore the quadrants BZ, BO, KO are also equal to one 
another. 

Therefore there are as many straight lines in the quadrants 
BO, KO equal to the straight lines PK, KL, LM, ME as 
there are sides of the polygon in the quadrant ZZ. 

Let them be inscribed, and let them be BP, PQ, QR, RO 
and AS, ST, TU, UO, 
let SP, TQ, UR be joined, 
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and from P, S let perpendiculars be drawn to the plane of the 
circle BCDE ; [xr. 11] 
these will fall on BD, KV, the common sections of the planes, 


inasmuch as the planes of BOD, KON are also at right angles 
to the plane of the circle BCDE. [cf xi. Def. 4] 


Let them so fall, and let them be PV, SW, 
and let WV be joined. 


Now since, in the equal semicircles BOD, KON, 7 
straight lines BP, KS have been cut off, 


and the perpendiculars PV, SW have been drawn, 

therefore PV is equal to SW, and BV to KW. [m. 27, 1. 26] 
But the whole BA is also equal to the whole XA ; 

therefore the remainder V4 is also equal to the remainder WA ; 

therefore, as BV is to VA, sois KW to WA; 

therefore WV is parallel to AB. [vr. 2] 
And, since each of the straight lines PV, SW is at right 

angles to the plane of the circle BCDE, 


therefore PV is parallel to SW. - pa. 6] 
But it was also proved equal to it ; 
therefore WV, SP are also equal and parallel. [1. 33] 


And, since WV is parallel to SP, 
while WV is parallel to KB, 
therefore S is also parallel to KB. [x1. 9] 
And BP, KS join their extremities ; 
therefore the quadrilateral KBPS is in one plane, 
inasmuch as, if two straight lines be parallel, and points be 
taken at random on each of them, the straight line joining the 
points is in the same plane with the parallels. [xt. 7] 
For the same reason 
each of the quadrilaterals SPQ T, ZQRU is also in one plane. 
But the triangle URO is also in one plane. [xr. 2] 
If then we conceive straight lines joined from the points 
P, S, Q, T, R, U to A, there will be constructed a certain 
polyhedral solid figure between the circumferences BO, KO, 
consisting of pyramids of which the quadrilaterals A BPS, 
SPOT, T QRU. and the triangle URO are the bases and the 
point 4 the vertex. 
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And, if we make the same construction in the case of each 
_of the sides KZ, LM, ME as in the case of BX, and further 
in the case of the remaining three quadrants, 


there will be constructed a certain polyhedral figure in- 
scribed in the sphere and contained by pyramids, of which 
the said quadrilaterals and the triangle URO, and the others 
corresponding to them, are the bases and the point 4 the 
vertex. 


I say that the said polyhedron will not touch the lesser 
sphere at the surface on which the circle FGH is. 

Let 4X be drawn from the point 4 perpendicular to the 
plane of the quadrilateral KBPS, and let it meet the plane at 
the point X ; [xi. 11] 
let XB, XK be joined. 

Then, since AX is at right angles to the plane of the 
quadrilateral KBPS, 
therefore it is also at right angles to all the straight lines 
which meet it and are in the plane of the quadrilateral. 

(xı. Def. 3] 

Therefore AX is at right angles to each of the straight 
lines BX, XK. 

And, since 42 is equal to 4K, 
the square on 4B is also equal to the square on 4X. 


And the squares on 4X, XB are equal to the square 
on 445, 


for the angle at .X is right ; [1 47] 
and the squares on 4X, XK are equal to the square on 4 K. 
[ia] 


Therefore the squares on 4X, XB are equal to the squares 
on AX, XK. 

Let the square on 4X be subtracted from each ; 
therefore the remainder, the square on BX, is equal to the 
remainder, the square on XX; 
therefore BX is equal to XK. 


Similarly we can prove that the straight lines joined 
from X to P, S are equal to each of the straight lines BX, 
XK. 
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Therefore the circle described with centre X and distance 
one of the straight lines XB, X K will pass through P, .S also, 


and AKAPS will be a quadrilateral in a circle. 


Now, since XB is greater than WV, 
while WV is equal to SP, 
therefore XB is greater than SP. 
But K' is equal to each of the straight lines XS, BP; 
therefore each of the straight lines XS, BP is greater than SP. 
And, since KZ PS is a quadrilateral in a circle, 
and KB, BP, KS are equal, and PS less, 
and BX is the radius of the circle, 
therefore the square on AA is greater than double of the 
square on BX. 


Let KZ be drawn from X perpendicular to BV. 
Then, since BD is less than double of DZ, 


and, as BD is to DZ, so is the rectangle DB, BZ to the 
rectangle DZ, ZB, 


if a square be described upon ZZ and the parallelogram on 
ZD be completed, 


then the rectangle DB, BZ is also less than double of the 
rectangle DZ, ZB. 


And, if AD be joined, 
the rectangle DB, BZ is equal to the square on BK, 


and the rectangle DZ, ZB equal to the square on KZ ; 

[111. 31, vi. 8 and Por.] 
therefore the square on K7 is less than double of the square 
on KZ. 

But the square on XA is greater than double of the square 
on BX ; : 


therefore the square on AZ is greater than the square on BX. 


And, since BA is equal to AA, 
the square on BA is equal to the square on 4K. 

And the squares on BX, XA are equal to the square on BA, 
and the squares on KZ, ZA equal to the square on K4 ; 


[1. 47] 
therefore the squares on BX, XA are equal to the squares on 
KZ, ZA, 
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and of these the square on KZ is greater than the square 
on BX; 


therefore the remainder, the square on ZA, is less than the 


square on XA. 
Therefore 4X is greater than AZ; 
therefore 4.X is much greater than 4G. 


And AX is the perpendicular on one base of the poly- 
hedron, 


and AG on the surface of the lesser sphere ; 


hence the polyhedron will not touch the lesser sphere on its 
surface. 


Therefore, given two spheres about the same centre, a 
polyhedral solid has been inscribed in the greater sphere 
which does not touch the lesser sphere at its surface. 

Q. E. F. 


Porism. But if in another sphere also a polyhedral solid 
be inscribed similar to the solid in the sphere BCDE, 


the polyhedral solid in the sphere BCDE has to the poly- 
hedral solid in the other sphere the ratio triplicate of that 
which the diameter of the sphere BCDE has to the diameter 
of the other sphere. 


For, the solids being divided into their pyramids similar 
in multitude and arrangement, the pyramids will be similar. 

But similar pyramids are to one another in the triplicate 
ratio of their corresponding sides ; [xu1. 8, Por.] 


therefore the pyramid of which the quadrilateral KBPS is 
the base, and the point 4 the vertex, has to the similarly 
arranged pyramid in the other sphere the ratio triplicate of 
that which the corresponding side has to the corresponding 
side, that is, of that which the radius 42 of the sphere about 
A as centre has to the radius of the other sphere. 


Similarly also each pyramid of those in the sphere about 
A as centre has to each similarly arranged pyramid of those 
in the other sphere the ratio triplicate of that which 4B has 
to the radius of the other sphere. 

And, as one of the antecedents is to one of the conse- 
quents, so are all the antecedents to all the consequents ; 


[v. 12] 
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hence the whole polyhedral solid in the sphere about 4 as 
centre has to the whole polyhedral solid in the other sphere 
the ratio triplicate of that which 447 has to the radius of the 
other sphere, that is, of that which the diameter BD has to 
the diameter of the other sphere. 

Q. E. D. 


This proposition is of great length and therefore requires summarising in 
order to make it easier to grasp. Moreover there are some assumptions in it 
which require to be proved, and some omissions to be supplied. The figure 
also is one of some complexity, and, in addition, the text and the figure treat 
two points Z and V, which are really one and the same, as different. 

The first thing needed is to know that all sections of a sphere by planes 
through the centre are circles and equal to one another (great circles or 
* greatest circles" as Euclid calls them, more appropriately). Euclid uses his 
definition of a sphere as the figure described by a semicircle revolving about 
its diameter. This of course establishes that all planes through the particular 
diameter make equal circular sections ; but it is also assumed that the same 
sphere is generated by any other semicircle of the same size and with its 
centre at the same point. 


O 
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The construction and argument of the proposition may be shortly given: 
as follows. 

A plane through the centre of two concentric spheres cuts them in great 
circles of which BZ, GF are quadrants. 

A regular polygon with an even number of sides is inscribed (exactly as in 
Prop. 16) to the outer circle such that its sides do not touch the inner circle. 
BK, KL, LM, ME are the sides in the quadrant BZ. 
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AO is drawn at right angles to the plane ABE, and through 4O are 
drawn planes passing through Z, X, Z, M, E, etc., cutting the sphere in great 
circles. 

OB, OK are quadrants of two of these great circles. 

As these quadrants are equal to the quadrant BZ, they will be divisible 
into arcs equal in number and magnitude to the arcs BX, KZ, LM, ME. 

Dividing the other quadrants of these circles, and also all the quadrants of 
the other circles through O4, in this way we shall have in all the circles a 
polygon equal to that in the circle of which BZ is a quadrant. 

BP, PQ, QA, RO and KS, ST, TU, UO are the sides of these polygons 
in the quadrants BO, KO. 

Joining PS, QT, RU, and making the same construction all round the 
circles through 40, we have a certain polyhedron inscribed in the outer 
sphere. 

Draw PV perpendicular to 4B and therefore (since the planes OA B, 
BA E are at right angles) perpendicular to the plane BAEZ ; [x1. Def. 4] 
draw SW perpendicular to AX and therefore (for a like reason) perpendicular 
to the plane B AE. 

Draw XZ perpendicular to BA. (Since BK = BP, and DB. BV = BAP, 
DB.BZ- BR’, it follows that BV = BZ, and Z, V coincide.) 

Now, since 4s PAV, SAW, being angles subtended at the centre by 
equal arcs of equal circles, are equal, 
and since LS PVA, SWA are right, 


while 4.S — AP, 


As PAV, SA W are equal in all respects, [1. 26] 
and AV- AW. 
Consequently 4B:AV-AK:AW; 


and VW, BK are parallel. 

But PV, SW are parallel (being both perpendicular to one plane) and 
equal (by the equal As PAV, SAW), 
therefore VW, PS are equal and parallel. 

Therefore BX (being parallel to VW) is parallel to PS. 

Consequently (1) BPSK is a quadrilateral in one plane. 

Similarly the other quadrilaterals PQZ7S, QRUT are in one plane ; and 


the triangle OX U is in one plane. 

In order now to prove that the plane BPSK does not anywhere touch the 
inner sphere we have to prove that the shortest distance from A to the plane 
is greater than AZ, which by the construction in xu. 16 ts greater than AG. 

Draw AX perpendicular to the plane BPSK. 

Then 4X?+ XB = AX?+ XK?!— AX! XS8- 4X! + XP = AB, 
whence XB-XK-XS- XP, 
or (2) the quadrilateral BPSK is inscribable in a circle with X as centre and 
radius XZ. 

Now BK > VW 

> PS; 
therefore in the quadrilateral BPS three sides BX, BP, KS are equal, but 


PS is less. 
Consequently the angles about X are three equal angles and one smaller 


angle ; 
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therefore any one of the equal angles is greater than a right angle, i.e. 2 EX 
is obtuse. 


Therefore (3) BK* > 2BxX". [1t. 12] 
Next, consider the semicircle BXD with XZ drawn perpendicular to BD. 
We have . BD < aDZ, 

so that DB.BZ-«aDZ.ZB, 

or BK? -2KZ 

therefore, a fortiori, [by (3) above] 
(4) BX? < KZ. 
Now AK*=AB'; 

therefore AZ? + ZK*-AX* - XB. 
And BX? < KZ’; 

therefore AX? > AZ, 

or (5) AX > AZ. 


But, by the construction in xu. 16, AZ> AG; therefore, a fortiori, 
AX - AG. 

And, since the perpendicular 4X is the shortest distance from A to the 
plane BPSK, 


(6) the plane BPSK does not anywhere meet the inner — 


Euclid omits to prove that, a fortiori, the other quadrilaterals PQT'S, 
QR UT, and the triangle ROU, do not anywhere meet the inner sphere. 

For this purpose it is only necessary to show that the radii of the circles 
circumscribing BPSK, PQTS, QRUT and ROU are in descending order of 


magnitude. 





We have therefore to prove that, if ABCD, 4' B'C' D' are two quadrilaterals 

inscribable in circles, and 
AD=BC=AD=SBC, 

while 4B is not greater than 4D, A'B = CD, and 4B» CD» C'D,. 
then the radius OA of the circle circumscribing the first quadrilateral is greater 
than the radius O'A’ of the circle circumscribing the second. 

Clavius, and Simson after him, prove this by reductio ad absurdum. 

(1) If O4 O'A', 
it follows that L s AOD, BOC, A4'O'D', BOC are all equal. 

Also LAOB>L AOP, 

L COD>L COD, 


whence the four angles about O are together greater than the four angles 
about O’, i.e. greater than four right angles; . 


which is impossible. 
H. E. III. 28 
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(2) If O'A > OA, 
cut off from O'A’, O' B', O'C', O'D lengths equal to OA, and draw the inner 
quadrilateral as shown in the figure (X YZW ). 
Then AB> AB -XY, 
CD > C’D'> ZW, 
AD=A'D > WX, 
BC=BC'> YZ. 
Consequently the same absurdity as in (1) follows @ fortiori. 
Therefore, since O4 is neither equal to nor less than O'A’, 
OA > OA’. 


The fact is also sufficiently clear if we draw MO, NO bisecting DA, DC 
perpendicularly and therefore méeting in O, the centre of the circumscribed 
circle, and then suppose the side DA with the perpendicular MO to turn 
inwards about D as centre. Then the intersection of MO and WO, as P, will 
gradually move towards JV. 

Simson gives his proof as “Lemma iL" immediately before xi 17. 
He adds to the Porism some words explaining how we may construct a 
similar polyhedron in another sphere and how we may prove that the 
polyhedra are similar. 

The Porism is of course of the essence of the matter because it is the 
porism which as much as the construction is wanted in the next proposition. 
It would therefore not have been amiss to include the Porism in the enuncia- 
tion of XII. 17 so as to call attention to it. 


PROPOSITION 18. 


Spheres are to one another in the triplicate ratio of their 
respective diameters. 


Let the spheres ABC, DEF be conceived, 
and let BC, EF be their diameters ; 
I say that the sphere ABC has to the sphere DEF the ratio 
triplicate of that which BC has to EF. 

For, if the sphere ABC has not to the sphere DEF the 
ratio triplicate of that which BC has to £F, 
then the sphere ABC will have either to some less sphere 
than the sphere DEF, or to a greater, the ratio triplicate of 
that which AC has to E. 

First, let it have that ratio to a less sphere G77K, 
let DEF be conceived about the same centre with GHK, 
let there be inscribed in the greater sphere DEF a poly- 
hedral solid which does not touch the lesser sphere G/7X at 
its surface, _ | [xu. 17] 
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and let there also be inscribed in the sphere ARC a poly- 
hedral solid similar to the polyhedral solid in the sphere DEF; 


therefore the polyhedral solid in ABC has to the polyhedral 
solid in DEF the ratio triplicate of that which BC has to EF. 
. [xit. 17, Por.] 


A D 


But the sphere 4BC also has to the sphere GZZK the 
ratio triplicate of that which BC has to EF; 


therefore, as the sphere 4 AC is to the sphere G//K, so is 
the polyhedral solid in the sphere ABC to the polyhedral 
solid in the sphere DEF; 


and, alternately, as the sphere 4AC is to the polyhedron in 
it, so is the sphere GA/K to the polyhedral solid in the 
sphere DEF. [v. 16] 


But the sphere AAC is greater than the polyhedron in it ; 


therefore the sphere G/7X is also greater than the polyhedron 
in the sphere DEF. 


But it. is also less, 
for it is enclosed by it. 


Therefore the sphere 44 PC has not to a less sphere than 
the sphere DEF the ratio triplicate of that which the diameter 
BC has to EF. 


28—2 
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Similarly we can prove that neither has the sphere DEF 
to a less sphere than the sphere ABC the ratio triplicate of 
that which ZF has to BC. 


I say next that neither has the sphere ABC to any greater 
sphere than the sphere DEF the ratio triplicate of that which 
BC has to EF. 

For, if possible, let it have that ratio to a greater, LMN ; 


therefore, inversely, the sphere LMN has to the sphere 44 7C 
the ratio triplicate of that which the diameter EF has to the 
diameter AC. 


But, inasmuch as LMN is greater than DEF, 


therefore, as the sphere LMN is to the sphere 4 BC, so is the 
sphere DEF to some less sphere than the sphere ABC, as 
was before proved. [xit. 2, Lemma] 


Therefore the sphere DEF also has to some less sphere 
than the sphere ABC the ratio triplicate of that which EF 
has to BC: | 


which was proved impossible. 


Therefore the sphere 4 AC has not to any sphere greater 
than the sphere DEF the ratio triplicate of that which BC 
has to EF. 

But it was proved that neither has it that ratio to a less 
sphere. 

Therefore the sphere ABC has to the sphere DEF the 
ratio triplicate of that which BC has to EF. 

Q. E. D. 


It is the method of this proposition which Legendre adopted for his proof 
of x11. 2 (see note on that proposition). 

The argument can be put very shortly. We will suppose S, S’ to be the 
volumes of the spheres, and 4, d’ to be their diameters; and we will for brevity 
express the triplicate ratio of d to Z' by 2? : d”. 


If d:d” + S:S, 
then d:d”=S:7, 
where T'is the volume of some sphere either greater or less than S”. 


I. Suppose, if possible, that 7< S". 

Let T be supposed concentric with S”. 

As in XII. 17, inscribe a polyhedron in S’ such that its faces do not any- 
where touch Z; 
and inscribe in § a polyhedron similar to that in S”. 
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Then S12 =a 22" 
= (polyhedron in S) : (polyhedron in S’); 
or, alternately, 
S : (polyhedron in S) = 7: (polyhedron in S’). 

And S > (polyhedron in S); 
therefore T > (polyhedron in S$’). 

But, by construction, 7'« (polyhedron in S’): 
which is impossible. 


Therefore Tq S. 

II. Suppose, if possible, that 7 > .S". 

Now d':ug*—-Sg;:T 

Sx, 

where X is the volume of some sphere less than S, [xrr. 2, Lemma] 
or, inversely, gq'iq'$:A, 
where X < S. 

This is proved impossible exactly as in Part I. 

Therefore T$ S. 


Hence 7, not being greater or less than S’, is equal to it, and 
d':d*-S:sS. 


BOOK XIII. 


HISTORICAL NOTE. 


I have already given, in the note to Iv. 1o, the evidence upon which the 
construction of the five regular solids is attributed to the Pythagoreans. Some 
of them, the cube, the tetrahedron (which is nothing but a pyramid), and the 
octahedron (which is only a double pyramid with a square base), cannot but 
have been known to the Egyptians. And it appears that dodecahedra have 
been found, of bronze or other material, which may belong to periods earlier 
than Pythagoras' time by some centuries (for references see Cantor's Geschichte 
der Mathematik Y, pp. 175—6). 

It is true that the author of the scholium No. 1 to Eucl. xn. says that the 
Book is about “the five so-called Platonic figures, which however do not 
belong to Plato, three of the aforesaid five figures being due to the Pythagoreans, 
namely the cube, the pyramid and the dodecahedron, while the octahedron 
and the icosahedron are due to Theaetetus." This statement (taken probably 
from Geminus) may perhaps rest on the fact that Theaetetus was the first to 
write at any length about the two last-mentioned solids. We are told indeed 
by Suidas (s. v. @eairyros) that Theaetetus “first wrote on the ‘five solids’ as 
they are called." This no doubt means that Theaetetus was the first to write 
a complete and systematic treatise on all the regular solids; it does not 
exclude the possibility that Hippasus or others had already written on the 
dodecahedron. The fact that Theaetetus wrote upon the regular solids agrees 
very well with the evidence which we possess of his contributions to the 
theory of irrationals, the connexion between which and the investigation of 
the regular solids is seen in Euclid's Book xir. 

Theaetetus flourished about 380 B.c., and his work on the regular solids 
was soon followed by another, that of Aristaeus, an elder contemporary of 
Euclid, who also wrote an important book on Solid Loc, i.e. on conics treated 
as loci. This Aristaeus (known as “the elder”) wrote in the period about 
320 B.C. We hear of his Comparison of the five regular solids from Hypsicles 
(2nd cent. B.c.), the writer of the short book commonly included in the editions 
of the Elements as Book xiv. Hypsicles gives in this Book some six proposi- 
tions supplementing Eucl xit; and he introduces the second of the 
propositions (Heiberg's Euclid, Vol. v. p. 6) as follows: 

“ The same circle circumscribes both the pentagon of the dodecahedron and the 
triangle of the icosahedron when both are inscribed in the same sphere. This is 
proved by Aristaeus in the book entitled Comparison of the five figures.” 
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Hypsicles proceeds (pp. 7 sqq.) to give a proof of this theorem. Allman 
pointed out (Greek Geometry from Thales to Euclid, 1889, pp. 201— 2) that this 
proof depends on eight theorems, six of which appear in Euclid's Book xri. 
(in Propositions 8, ro, 12, 15, 16 with Por., 17) ; two other propositions not 
mentioned by Allman are also used, namely xii. 4 and 9. This seems, as 
Allman says, to confirm the inference of Bretschneider (p. 171) that, as 
Aristaeus’ work was the newest and latest in which, before Euclid's time, this 
subject was treated, we have in Eucl. xii. at least a partial recapitulation of 
the contents of the treatise of Aristaeus. 

After Euclid, Apollonius wrote on the comparison of the dodecahedron 
and the icosahedron inscribed in one and the same sphere. This we also 
learn from Hypsicles, who says in the next words following those about 
Aristaeus above quoted: “But it is proved by Apollonius in the second 
edition of his Comparison of the dodecahedron with the icosahedron that, as the 
surface of the dodecahedron is to the surface of the icosahedron [inscribed 
in the same sphere] so is the dodecahedron itself [i.e. its volume] to the 
icosahedron, because the perpendicular is the same from the centre of the 
sphere to the pentagon of the dodecahedron and to the triangle of the 
icosahedron." 


BOOK XIII. PROPOSITIONS. 


PROPOSITION 1. 


Jf a straight line be cut in extreme and mean ratto, the 
square on the greater segment added to the half of the whole 
is five times the square on the half. 

For let the straight line 447 be cut in extreme and mean 
ratio at the point C, 
and let AC be the greater segment; 


let the straight line 4D be pro- 
duced in a straight line with C4, 
and let AD be made half of AB; 
I say that the square on CD is 
five times the square on AD. 
For let the squares 42, DF 
be described on AB, DC, 
and let the figure in DF be drawn ; 
let FC be carried through to G. 
Now, since 74 7 has been cut in 
extreme and mean ratio at C, 
therefore the rectangle 4B, BC is 


equal to the square on AC. 
(vi. Def. 3, vi. 17] 


And CE is the rectangle 42, BC, and FH the square 
on AC; 
therefore CZ is equal to 777. 

And, since BA is double of 4D, 
while BA is equal to AA, and AD to AX, 
therefore AA is also double of 47. 

But, as AA is to 44 7, so is CK to CA: [vi. 1] 
therefore CK is double of CH. | 

But LZ, HC are also double of CH. 

Therefore KC is equal to LH, HC. 
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But CZ was also proved equal to HF; 
therefore the whole square 74 is equal to the gnomon MNO. 
And, since BA is double of AD, 


the square on BA is quadruple of the square on 4D, 


that is, 44 E is quadruple of DÆ. 

But AF is equal to the gnomon MNO; 
therefore the gnomon MNO is also quadruple of AP; 
therefore the whole DF is five times AP. 

And DF is the square on DC, and AP the square on DA; 
therefore the square on CD is five times the square on DA. 


T herefore etc. 
Q. E. D. 


The first five propositions are in the nature of lemmas, which are required 
for later propositions but are not in themselves of much importance. 

It will be observed that, while the method of the propositions is that of 
Book 11., being strictly geometrical and not algebraical, none of the results of 
that Book are made use of (except indeed in the Lemma to xit. 2, which is 
probably not genuine). It would therefore appear as though these propositions 
were taken from an earlier treatise without being revised or rewritten in the 
light of Book r. It will be remembered that, according to Proclus (p. 67, 6), 
Eudoxus “ greatly added to the number of the theorems which originated with 
Plato regarding fhe section” (i.e. presumably the “golden section”); and it is 
therefore probable that the five theorems are due to Eudoxus. 

That, if AB is divided at C in extreme and mean ratio, the rectangle 
AB, BC is equal to the square on AC is inferred from vi. 17. 

AD is made equal to half 43, and we have to prove that 


(sq. on CD) = 5 (sq. on AD). 
The figure shows at once that 
O CH - C] HL, S 
so tbat Æ CH+ O HL=2(0 CR) 
= [7 AG. 
Also sq. HF = (sq. on 4C) 
=rect. AB, BC A S B 
= CE. 
By addition, 
(gnomon MNO) = sq. on AB 
= 4 (sq. on AD); 
whence, adding the sq. on 42 to each, we have 
(sq. on CD) = 5 (sq. on 4D). 
The result here, and in the next propositions, K G E 
is really seen more readily by means of the figure 


of II. rr. 
In this figure SR = 4C - $47, by construction; 


and we have therefore to prove that 
(sq. on SR) = 5 (sq. on A4). 
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This is obvious, for 
(sq. on SR) = (sq. on AZ) 
= sum of sqs. on AB, AR 
= § (sq. on AR). 


The Mss. contain a curious addition to xu. 1—5 in the shape of analyses 
and syntheses for each proposition prefaced by the heading : 

* What is analysis and what is synthesis. 

* Analysis is the assumption of that which is sought as if it were admitted 
s and the arrival > by means of its consequences at something admitted to 

true. 

* Synthesis is an assumption of that which is admitted «and the arrival > 
by means of its consequences at something admitted to be true." 

There must apparently be some corruption in the text; it does not, in the 
case of synthesis, give what is wanted. B and V have, instead of “ something 
admitted to be true,” the words “the end or attainment of what is sought." 

The whole of this addition is evidently interpolated. To begin with, the 
analyses and syntheses of the five propositions are placed all together in four 
MSS. ; in P, q they come after an alternative proof of xu. 5 (which alternative 
proof P gives after x11. 6, while q gives it instead of xır. 6), in B (which has 
not the alternative proof of xi. 5) after xir. 6, and in b (in which xın. 6 is 
wanting, and the alternative proof of xui. 5 is in ‘the margin, in the first hand) 
after xu. 5, while V has the analyses of 1—3 in the text after xir. 6 and 
. those of 4—5 in the same place in the margin, by the second hand. Further, 
the addition is altogether alien from the plan and manner of the A/ements. 
The interpolation took place before Theon's time, and the probability is that 
it was originally in the margin, whence it crept into the text of P after xri. 5. 
Heiberg (after Bretschneider) suggested in his edition (Vol. v. p. lxxxiv.) that 
it might be a relic of analytical investigations by Theaetetus or Eudoxus, and 
he cited the remark of Pappus (v. p. 410) at the beginning of his 
“comparisons of the five [regular solid] figures which have an equal surface,” 
to the effect that he will not use ‘‘the so-called analytical investigation by 
means of which some of the ancients effected their demonstrations." More 
recently (Paralipomena su Euklid in Hermes XXXVI, 1903) Heiberg con- 
jectures that the author is Heron, on the ground that the sort of analysis and 
synthesis recalls Heron’s remarks on analysis and synthesis in his commentary 
on the beginning of Book 11. (quoted by an-Nairizi, ed. Curtze, p. 89) and his 
quasi-algebraical alternative proofs of propositions in that Book. 

To show the character of the interpolated matter I need only give the 
analysis and synthesis of one proposition. In the case of xni. 1 it is in 
substance as follows. The figure is a mere 
straight line. D A c 8 

Let AB be divided in extreme and mean —————— ——————— 
ratio at C, AC being the greater segment ; 


and let AD=%tAB. 
I say that (sq. on CD) = 5 (sq. on AD). 
(Analysis. ) 
* For, since (sq. on CD) = 5 (sq. on 4D),” 


and (sq. on CD) = (sq. on CA) + (sq. on AD) + 2 (rect. CA, AD), 
therefore (sq. on CA) + 2 (rect. CA, AD) = 4 (sq. on AD). 

But rect. BA. 4C — a (rect. CA . AD), 
and (sq. on CA) - (rect. 42, BC). 
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Therefore i 
(rect. BA, AC) + (rect. AB, BC) = A (sq. on AD), 
Or (sq. on AB) = 4 (sq. on AD): 
and this is true, since AD -14AB. 
(Synthesis.) 
Since (sq. on AB) = 4 (sq. on AD), 
and (sq. on AB) = (rect. BA, AC) + (rect. 4B, BC), 
therefore 4 (sq. on AD) = 2(rect. DA, AC) * sq. on AC. 
Adding to each the square on 4D, we have 
(sq. on CD) = 5 (sq. on AD). 


PROPOSITION 2. 

Lf the square on a straight line be five times the square on 
a segment of tt, then, when the double of the said segment ts cut 
in extreme and mean ratio, the greater segment ts the remaining 
part of the original straight line. 

For let the square on the straight line 42 be five times 
the square on the segment 4C 
of it, 
and let CD be double of AC ; 
Isaythat, when CD is cut in extreme 
and mean ratio, the greater segment 
is CB. 

Let the squares AF, CG be de- 
. scribed on AB, CD respectively, 
let the figure in AF be drawn, 
and let BE be drawn through. 

Now, since the square on BA is 
five times the square on AC, 

AF is five times AH. 

Therefore the gnomon MNO is 
quadruple of 4 77. 

And, since DC is double of CA, 
therefore the square on DC is quadruple of the square on CA, 
that is, CG is quadruple of AH. 

But the gnomon MNO was also proved quadruple of 4477; 
therefore the gnomon MNO is equal to CG. 

And, since DC is double of CA, 
while DC is equal to CK, and AC to CH, 
therefore KZ is also double of BH. [vi. 1] 
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But LH, HB are also double of HB: 
therefore KB is equal to LH, HB. 
But the whole gnomon MNO was also proved equal to 
the whole CG ; 
therefore the remainder H/F is equal to BG. 
And ZG is the rectangle CD, DB, 
for CD is equal to DG; 
and //F is the square on CB; 
therefore the rectangle CD, DB is equal to the square on CZ. 
Therefore, as DC is to CZ, so is CB to BD. 
But DC is greater than CB; 
therefore CZ is also greater than BD. 
. Therefore, when the straight line CD is cut in extreme and 
mean ratio, CB is the greater segment. 
Therefore etc. 


LEMMA. 


That the double of AC is greater than BC is to be proved 
thus. 

If not, let BC be, if possible, double of CA. 

- Therefore the square on AC is quadruple of the square 

on CA; 
therefore the squares on BC, CA are five times the square - 
on CA. 

But, by hypothesis, the square on BA is also five times 
the square on C4 ; 
therefore the square on Z4 is equal to the squares on BC, CA: 
which is impossible. (11. 4] 

Therefore CB is not double of AC. 

Similarly we can prove that neither is a straight line less 
than CB double of CA ; 
for the absurdity is much greater. 

Therefore the double of AC is greater than CZ. 

Q. E. D. 

This proposition is the converse of Prop. 1. We have to prove that, if 

AB be so divided at C that 
(sq. on AB) = 5 (sq. on AC), 

and if CD = 24C, 
then (rect. CD, DB) = (sq. on CB). 
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Subtract from each side the sq. on AC; 
then (gnomon MNO) = 4 (sq. on AC) 
= (sq. on CD). 
Now, as in the last proposition, 
O CE =2 (O BH) 
= O BH + O HL. 


Subtracting these equals from the equals, the square on CD and the 
gnomon MNO respectively, we have 


CI BG = (square HF), 
i.e. (rect. CD, DB) - (sq. on C2). 
Here again the proposition can readily be proved by means of a figure 
similar to that of 11. 11. 


Draw CA through C at right angles to CB and of length equal to CA in 
the original figure; make CD double of CA; 


produce AC to R so that C? = CZ. 
Complete the squares on CB and CD, and 
join 42. 
Now we are given the fact that 
(sq. on AR) = 5 (sq. on CA). B 
But C 
5 (sq. on AC) - (sq. on AC) + (sq. on CD) 
— (sq. on AD). 
Therefore 
(sq. on Af) = (sq. on AD), 
or AR — AD. 
Now 
(rect. KA, RC) + (sq. on 4C)- (sq. on AR) K E a 
= (sq. on AD) 
= (sq. on AC) + (sq. on CD). 
Therefore (rect. KR. AC) = (sq. on CD). 
That is, (rectangle RE) = (square CG). 
Subtract the common part CZ, 
and (rect. BG) = (sq. RB), 
or rect. CD, DB = (sq. on CB). 


Heiberg, with reason, doubts the genuineness of the Lemma following this 
proposition. 


PROPOSITION 3. 


Jf a straight line be cut in extreme and mean ratio, the 
square on the lesser segment added to the half of the greater 
segment is five times the square on the half of the greater 
segment. 
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For let any straight line 447 be cut in extreme and mean 
ratio at the point C, 


let AC be the greater segment, 
and let AC be bisected at D; 

I say that the square on BD is 
five times the square on DC. 


For let the square AZ be 
described on AB, 


and let the figure be drawn 
double. 

Since AC is double of DC, 
therefore the square on AC is 
quadruple of the square on DC, 
that is, RS is quadruple of FG. 


And, since the rectangle 43, BC is equal to the square 
on AC, 


and CZ is the rectangle 42, BC, 
therefore CZ is equal to AS. 
But AS is quadruple of FG ; 
therefore CZ is also quadruple of FG. 
Again, since 4D is equal to DC, 
HK is also equal to KF. 
Hence the square G is also equal to the square 77Z. 
Therefore GX is equal to KZ, that is, MN to NE ; 
hence A/F is also equal to FE. 
But MF is equal to CG; 
therefore CG is also equal to FZ. 
Let CN be added to each ; 
therefore the gnomon OPQ is equal to CE. 
But CZ was proved quadruple of GF; 
therefore the gnomon OPQ is also quadruple of the square FG. 


Therefore the gnomon OPQ and the square FG are 
five times FG. 

But the gnomon OPQ and the square FG are the 
square DN. 

And DN is the square on DÐ, and GF the square on DC. 

Therefore the square on DB is five times the square 
on DC. Q. E. D. 
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In this case we have 
(sq. on BD) = (sq. FG) + (rect. CG) + (rect. C.N) 

= (sq. FG) + (rect. FE) + (rect. CV) 
= (sq. FG) + (rect. CE) 
= (sq. FG) + (rect. AB, BC) 
= (sq. FG) + (sq. on AC), by hypothesis, 
= 5 (sq. on DC). 

The theorem is still more obvious if the figure 


of 11. r1 be used. Let C be divided,in extreme 
and mean ratio at Æ, by the method of 11. 11. 


Then, since 
(rect. AB, BC) + (sq. on CD) C EF 
= sq. on BD 
= sqs. on CD, CF, 
(rect. AB, BC) = (sq. on CF) B 
= (sq. on C4), 
and AB is divided at C in extreme and mean ratio. 
And (sq. on BD) = (sq. on DF) 
= 5 (sq. on CD). A a 


PROPOSITION 4. 


Jf a straight line be cut in extreme and mean ratio, the 
square on the whole and the square on the lesser segment together 
are treple of the square on the greater segment. 

Let AB be a straight line, 
let it be cut in extreme and mean ratio at C, 
and let AC be the greater segment; — 

I say that the squares on AB, BC are 
triple of the square on CA. 

For let the square ADEB be de- 
scribed on AB, 
and let the figure be drawn. 

Since then 74 PD has been cut in extreme 
and mean ratio at C, 
and AC is the greater segment, 
therefore the rectangle 48, BC is equal to the square on AC. 

[vi. Def. 3, vi. 17] 

And AK is the rectangle 4B, BC, and HG the square 

on AC; 


therefore A is equal to HG. 
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And, since AF is equal to FZ, 
let CK be added to each ; 
therefore the whole 4X is equal to the whole CZ ; 
therefore 4X, CE are double of AX. 

But 44, CE are the gnomon LMN and the square CK; 
therefore the gnomon LMN and the square CX are double 
of AK. 

But, further, 4 was also proved equal to HG ; 
therefore the gnomon LMN and the squares CK, 77G are 
triple of the square HG. 

And the gnomon LMN and the squares CK, HG are 
the whole square AF and CK, which are the squares on 
AB, BC, 
while ÆG is the square on AC. 

Therefore the squares on AB, BC are triple of the square 
on AC. 

Q. E. D. 


Here, as in the preceding propositions, the results are proved de novo by 
the method of Book 11., without reference to that Book. Otherwise the proof 
might have been shorter. 

For, by 11. 7, 

(sq. on 4B) + (sq. on BC) = 2 (rect. AB, BC) * (sq. on AC) 
= 3 (sq. on AC). 


PROPOSITION 5. 


If a straight line be cut in extreme and mean ratio, and 
there be added to rt a straight line equal to the greater segment, 
the whole straight line has been cut in extreme and mean ratio, 
and the original straight line is the greater segment. 


For let the straight line 42 be cut in extreme and mean 
ratio at the point C, 


let AC be the greater segment, A T 1 
and let AD be equal to AC. 

I say that the straight line 
DB has been cut in extreme and f H K 
mean ratio at A, and the original 
straight line AP is the greater É 


segment. 
For let the square AF be described on AB, 
and let the figure be drawn. 
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Since ABZ has been cut in extreme and mean ratio at C, 


therefore the rectangle 42, BC is equal to the square on AC. 
[vi. Def. 3, vI. 17] 


And CZ is the rectangle AB, BC, and CH the square 
on AC; 
therefore CZ is equal to HC. 
But /7Z is equal to CZ, 
and DH is equal to HC; 
therefore DH is also equal to ZME. 
Therefore the whole DK is equal to the whole AZ. 
And DK is the rectangle BD, DA, 
for AD is equal to DL; 
and AZ is the square on 4B; 
therefore the rectangle BD, DA is equal to the square 
on ABZ. 
Therefore, as DP is to BA, so is BA to AD. (vi. 17] 
And DB is greater than BA ; 
therefore BA is also greater than 4D. [v. 14] 
Therefore DZ has been cut in extreme and mean ratio at 
A, and AB is the greater segment. 


Q. E. D. 
We have (sq. DA) = (sq. HC) 
— (rect. CE), by hypothesis, 
= (rect. HE). 


Add to each side the rectangle 44, and 
(rect. DX) = (sq. AE), 
or (rect. BD, DA) = (sq. on AB). 
The result is of course obvious from 11. 11. 
There is an alternative proof given in P after xın. 6, which depends on 
Book v. 


By hypothesis, ' BA: AC- AC: CB, 
or, inversely, AC:AB-CB : AC. 
Componendo, (AB+AC):AB=AB: AC, 
or DB:BA=BA: AD. 


PROPOSITION 6. 


Jf a rational straight line be cut in extreme and mean ratio, 
cath of the segments is the irrational straight line called 
apotome. 

H. E. Ill. 29 
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Let AB be a rational straight line, 
let it be cut in extreme and mean 
ratio at C, D A o 
and let AC be the greater segment ; 
I say that each of the straight lines 4C, CZ is the irrational 
straight line called apotome. 
For let BA be produced, and let 4D be made half of BA. 
Since then the straight line 42 has been cut in extreme 
and mean ratio, 


and to the greater segment AC is added AD which is half 
of AB, 


therefore the square on CD is five times the square on DA. 
(xi. 4] 


Therefore the square on C2 has to the square on DA the 
ratio which a number has to a number ; 


therefore the square on CD is commensurable with the square 


on DA. [x. 6] 
But the square on DA is rational, 

for DA is rational, being half of AB which is rational ; 

therefore the square on CD is also rational ; . [x. Def. 4] 

therefore C2 is also rational. 





And, since the square on CD has not to the square on 
DA the ratio which a square number has to a square number, 


therefore CD is incommensurable in length with DA ; (x. 9] 
therefore CD, DA are rational straight lines commensurable 
in square only ; 

therefore AC is an apotome. [x. 73] 


Again, since AZ has been cut in extreme and mean ratio, 
and AC is the greater segment, 


therefore the rectangle AB, BC is equal to the square on AC. 

[vi. Def. 3, vi. 17] 

Therefore the square on the apotome AC, if applied to 
the rational straight line 48, produces BC as breadth. 

But the square on an apotome, if applied to a rational 

straight line, produces as breadth a first apotome ; [x- 97] 


therefore CZ is a first apotome. 
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And CA was also proved to be an apotome. 
Therefore etc. 
Q. E. D. 


It seems certain that this proposition is an interpolation. P has it, but the 
copyist (or rather the copyist of its archetype) says that “this theorem is not 
found in most copies of the new recension, but is found in those of the old." 
In the first place, there is a scholium to x11. 17 in P itself which proves the 
same thing as x11. 6, and which would therefore have been useless if xir. 6 
had preceded. Hence, when the scholium was written, this proposition had 
not yet been interpolated. Secondly, P has it before the alternative proof of 
XIII. 5 ; this proof is considered, on general grounds, to be interpolated, and 
it would appear that it must have been a /a£er interpolation (x11. 6) which 
divorced it from the proposition to which it belonged. Thirdly, there is cause 
for suspicion in the proposition itself, for, while the enunciation states that 
each segment of the straight line is an afofome, the proposition adds that the 
lesser segment is a first apotome. The scholium in P referred to has not this 
blot. What is actually wanted in xu. 17 is the fact that the greater segment 
is an apotome. It is probable that Euclid assumed this fact as evident enough 
from xir. 1 without further proof, and that he neither wrote x11. 6 nor the 
quotation of its enunciation in XIII. 17. - 


PROPOSITION 7. 


Jf three angles of an equilateral pentagon, taken either in 
order or not in order, be equal, the pentagon will be equiangular. 


For in the equilateral pentagon ABCDE let, first, three 
angles taken in order, those at 4, B,C, 
be equal to one another ; A 
I say that the pentagon ABCDE is 
equiangular. 
For let AC, BE, FD be joined. B S 
Now, since the two sides CB, BA 
are equal to the two sides BA, AE 
respectively, 
and the angle CBA is equal to the o D 
angle BAE, 
therefore the base AC is equal to the base BE, 
the triangle 4 JC is equal to the triangle ABE, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend, (1. 4] 
that is, the angle BCA to the angle BZA, and the angle 
ABE to the angle CAB; 
hence the side 4F is also equal to the side BFA [1. 6] 


29—2 
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But the whole AC was also proved equal to the whole BZ; 
therefore the remainder FC is also equal to the remainder FE. 


But CD is also equal to DE. 
Therefore the two sides FC, CD are equal to the two 
sides FE, ED; 
and the base FD is common to them ; 
therefore the angle FCD is equal to the angle FED. [1. 8] 
But the angle BCA was also proved equal to the angle 
AEB, 
therefore the whole angle BCD is also equal to the whole 
angle AED. 
But, by hypothesis, the angle BCD is equal to the angles 
at 4, B; 
therefore the angle 4 £D is also equal to the angles at 4, Z. 


Similarly we can prove that the angle CDZ is also equal 
to the angles at 4, B, C; 


therefore the pentagon ABCDE is equiangular. 


Next, let the given equal angles not be angles taken in 
order, but let the angles at the points A, C, D be equal ; 
I say that in this case too the pentagon ABCDE is equiangular. 
For let BD be joined. 
Then, since the two sides BA, AE are equal to the two 
sides BC, CD, 
and they contain equal angles, 
therefore the base BE is equal to the base BD, 
the triangle ABE is equal to the triangle BCD, 
and the remaining angles will be equal to the remaining angles, 
namely those which the equal sides subtend ; [1. 4] 
therefore the angle 44 £2 is equal to the angle CDB. 
But the angle BZD is also equal to the angle BDZ, 
since the side BZ is also equal to the side BD. [1. 5] 
Therefore the whole angle 4ZD is equal to the whole 
angle CDE. 
But the angle CDZ is, by hypothesis, equal to the angles 
at A, C ; 
therefore the angle 4 ED is also equal to the angles at 4, C. 
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For the same reason 
the angle ABC is also equal to the angles at 4, C, D. 
Therefore the pentagon ABCDE is equiangular. 
Q. E. D. 
This proposition is required in xir. 17. 
The steps of the proof may be shown thus. 


I. Suppose that the angles at 4, B, C are all equal. 
Then the isosceles triangles BAZ, ABC are equal in all respects ; 


thus BE=AC, LBCA-LBEA, LCAB-«L EBA. 
By the last equality, FA = FB, 
so that, since BE = AC, FC = FE. 
_ The As FED, FCD are now equal in all respects, [1. 8, 4] 
and L FCD =| FED. 
But L ACB =L AEB, from above, 
whence, by addition, L BCD = AED. 


Similarly it may be proved that 2 CE is also equal to any one of the 
angles at 4, B, C. 


II. Suppose the angles at 4, C, D to be equal. 
Then the isosceles triangles ABE, CBD are equal in all respects, and 
hence BE = BD (so that 4 BDE = 4 BED), 


and L4 CDB =L AEB. 
By addition of the equal angles, 
L CDE = 4 DEA. 


Similarly it may be proved that 2 ABC is also equal to each of the angles 
at 4, C, D. 


PROPOSITION 8. 


Jf im an equilateral and equiangular pentagon straight 
lines subtend two angles taken zn order, they cut one another 
in extreme and mean ratio, and thetr greater segments are equal 


to the side of the pentagon. 


For in the equilateral and equiangular pentagon ABCDE 

let the straight lines 4C, BE, cutting 

one another at the point 77, subtend A 

two angles taken in order, the angles 

at A, B; 

I say that each of them has been € 

cut in extreme and mean ratio at 

the point Æ, and their greater seg- 

ments are equal to the side of the 

pentagon. B A 
For let the circle ABCDE be 

circumscribed about the pentagon 4 BCDE. [iv. 14] 
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Then, since the two straight lines £4, AB are equal to 
the two AB, BC, 
and they contain equal angles, 
therefore the base BE is equal to the base AC, 
the triangle ABE is equal to the triangle 4 BC, 


and the remaining angles will be equal to the remaining angles 
respectively, namely those which the equal sides subtend. [1. 4] 
Therefore the angle BAC is equal to the angle ABE ; 
therefore the angle AAE is double of the angle BAH. [1. 32] 
But the angle ZAC is also double of the angle BAC, 
inasmuch as the circumference EC is also double of the 
circumference CB; | (1. 28, vi. 33] 
therefore the angle HAZ is equal to the angle AHE ; 
hence the straight line ZZZ is also equal to £.A, that is, to AB. 


I. 6 
And, since the straight line BA is equal to AZ, ad 
the angle ABE is also equal to the angle AZZ. [1. 5] 
But the angle ABE was proved equal to the angle BAA; 
therefore the angle BEA is also equal to the angle BAA. 
And the angle ABE is common to the two triangles ABE 
and ABA; 
therefore the remaining angle BAZ is equal to the remaining 
angle AHB; [1. 32] 
therefore the triangle ABE is equiangular with the triangle 
ABH ; 
therefore, proportionally, as EB is to BA, so is AB to BH. 


, [vi. 4] 
But BA is equal to FF ; 
therefore, as BE is to EH, so is EH to HB. 
And BE is greater than E77; 
therefore £7 is also greater than 777. [v. 14] 


Therefore BE has been cut in extreme and mean ratio at 
H, and the greater segment ME is equal to the side of the 
pentagon. 


Similarly we can prove that 4C has also been cut in 
extreme and mean ratio at /7, and its greater segment CH 
is equal to the side of the pentagon. 

Q. E. D. 
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In order to prove this theorem we have to show (1) that the As A4ZEB, 
HAB are similar, and (2) that EZ = EA (= AB). 
To prove (2) we have 
As AEB, BAC equal in all respects, 


whence EB -= AC, 
and LBAC-L ABE. 
Therefore LAHE=22 BAC 
=4L EAC, 
so that EH = EA 
= ÁB. 


To prove (1) we have, in the ^s AEB, HAB, 
LBAH=LEBA 


= 4 AEB, 
and L ABE is common ; 
therefore the third 4 s AHB, EAB are equal, 
and As AEB, HAB are similar. 


Now, since these triangles are similar, 
EB:BA- BA: BH, 
or , (rect. EB, BH) = (sq. on BA) 
— (sq. on EZ), 
so that ZZ is divided in extreme and mean ratio at Æ. 
Similarly its equal, CA, is divided in extreme and mean ratio at Æ. 


PROPOSITION 9. 


Uf the side of the hexagon and that of the decagon inscribed 
in the same circle be added together, the whole strazght line 
has been cut tn extreme and mean ratto, and its greater segment 
ws the sede of the hexagon. 

Let AAC be a circle ; 


of the figures inscribed in the circle AAC let BC be the side 
of a decagon, CD that of a hexagon, 


and let them be in a straight line ; 


I say that the whole straight line 
BD has been cut in extreme and 
mean ratio, and C is its greater 
segment. 

` For let the centre of the circle, 
the point Æ, be taken, 
let EB, EC, ED be joined, 
and let BE be carried through to 4. D 


' Since BC is the side of an equilateral decagon, 


B A 
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therefore the circumference ACF is five times the circum- 
ference ZC: 
therefore the circumference AC is quadruple of CB. 


But, as the circumference AC is to CB, so is the angle 
AEC to the angle CEB; (vr. 33] 


therefore the angle 4 EC is quadruple of the angle CEB. 
And, since the angle E BC is equal to the angle ECB, [1. 5] 
therefore the angle 44 EC is double of the angle ECZ. (i. 32] 
And, since the straight line EC is equal to CD, 
for each of them is equal to the side of the hexagon inscribed 
in the circle ABC, [1v. 15, Por.] 
the angle CED is also equal to the angle CDE ; [r. 5] 
therefore the angle ECB is double of the angle EDC. [u 32] 
But the angle 44 EC was proved double of the angle ECB; 
therefore the angle AEC is quadruple of the angle EDC. 
But the angle ÆC was also proved quadruple of the 
angle BEC; 
therefore the angle EDC is equal to the angle BEC. 
But the angle EAD is common to the two triangles BEC 
and BED ; 
therefore the remaining angle BED is also equal to the 
remaining angle ECB; (1. 32] 
[1 the triangle EAD is equiangular with the triangle 
BC. | 
Therefore, proportionally, as DB is to BE, sois EB to BC. 


(vi. 4] 
But £B is equal to CD. 
Therefore, as BD is to DC, so is DC to CB. 
And D is greater than DC; 


therefore DC is also greater than CB. 


Therefore the straight line BD has been cut in extreme 
and mean ratio, and DC is its greater segment. 
Q. E. D. 


.. BC is the side of a regular decagon inscribed in the circle; CD is the 
x of the inscribed regular hexagon, and is therefore equal to the radius BE 
or EC. 

Therefore, in order to prove our theorem, we have only to show that fhe 
triangles EBC, DBE are similar. 
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Since BC is the side of a regular decagon, 
(arc BCA) = 5 (arc BC), 


so that (arc CFA) = 4 (arc BC), 
whence LCEA=4L BEC. 
But L CEA =2 | ECB. 
Theretore CECB HAE BG aive up (1). 


But, since CD = CE, 
LCDE=LCED, 


so that LECB-2L.CDE. 
It follows from (1) that 4 BEC = c CDE. 
Now, in the As EBC, DBE, 
LBEC=LBDE, 


and L EBC is common, 
so that LECB=L4 DEB, 
and As EBC, DBE are similar. 
Hence DB: BE = EB : BC, 
or (rect. DB, BC) = (sq. on EB) 
— (sq. on CD), 


and DB is divided at C in extreme and mean ratio. 


To find the side of the decagon algebraically in terms of the radius we 
have, if x be the side required, 
(r+ x)x=P, 


whence x = (Js 1). 


PROPOSITION 10. 


If an equilateral pentagon be inscribed in a circle, the 
square on the side of the pentagon zs equal to the squares on 
the side of the hexagon and on that of the decagon inscribed in 
the same circle. 

Let ABCDE be a circle, 
and let the equilateral pentagon ABCDE be inscribed in the 
circle ABCDE. 

I say that the square on the side of the pentagon ABCDE 
is equal to the squares on the side of the hexagon and on 
that of the decagon inscribed in the circle ABCDE. 

For let the centre of the circle, the point F, be taken, 
let AF be joined and carried through to the point G, 
let FB be joined, 
let FH be drawn from F perpendicular to 74 Z and be carried 
through to K, 
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let AK, KB be joined, 
let FZ be again drawn from 7 perpendicular to 44K, and be 
carried through to M, 
and let KW be joined. 


Since the circumference 
ABCG is equal to the circum- 
ference AEDG, 
and in them ASC is equal to 
AED, 
therefore the remainder, the 
circumference CG, is equal to 
the remainder GD. 

But CD belongs to a pen- 
tagon ; 
` therefore CG belongs to a 
decagon. 

And, since FA is equal to FB, 
and FH is perpendicular, | 
therefore the angle AFK is also equal to the angle KFB. 

[1. 5, 1. 26] 

Hence the circumference 74 is also equal to XZ ; [m. 26] 
therefore the circumference 4B is double of the circumference 


therefore the straight line 4X is a side of a decagon. 





For the same reason 
AK is also double of KM. 

Now, since the circumference 48 is double of the circum- 
ference BA, 
while the circumference CD is equal to the circumference 4B, 


therefore the circumference C2 is also double of the circum- 
ference BK. 


But the circumference C2 is also double of CG ; 
therefore the circumference CG is equal to the circumference 


But BK is double of KM, since KA is so also; 
therefore CG is also double of KM. 
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But, further, the circumference CZ is also double of the 
circumference BX, | 


for the circumference CB is equal to BA. 


Therefore the whole circumference GB is also double 
of BM ; 


hence the angle GFB is also double of the angle BEM. [vi. 33] 
But the angle GFB is also double of the angle FAB, 
for the angle FAB is equal to the angle ABF. 


Therefore the angle BEN is also equal to the angle FAB. 
But the angle ABF is common to the two triangles dBF 
and BFN ; 
therefore the remaining angle AFB is equal to the remaining 
angle AF ;. [1. 32] 
therefore the triangle ABF is equiangular with the triangle 
BFN. ó 


Therefore, proportionally, as the straight line 4B is to BF, 


so is FB to BN; [vt. 4] 
therefore the rectangle 43, BN is equal to the square on BF. 
: [vi. 17] 


Again, since AZ is equal to LA, 
while ZN is common and at right angles, 
therefore the base AW is equal to the base AN ; [1. 4] 
therefore the angle EN is also equal to the angle LAN. 

But the angle ZAN is equal to the angle KAN ; 
therefore the angle LE is also equal to the angle XB. 

And the angle at 4 is common to the two triangles 4 KB 
and AKN. 

Therefore the remaining angle XB is equal to the 
remaining angle KNA ; [1. 32] 
therefore the triangle AAA is equiangular with the triangle 
KNA. 

Therefore, proportionally, as the straight line B4 is to 
AK, so is KA to AN; (vi. 4] 
therefore the rectangle BA, AN is equal to the square on AK. 

(vx. 17] 

But the rectangle AB, BN was also proved equal to the 

square on BF; 
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therefore the rectangle 4B, BN together with the rectangle 
BA, AN, that is, the square on BA [m 2], is equal to the 
square on SF together with the square on 4X. 


And BA is a side of the pentagon, BF of the hexagon 
[1v 15, Por.], and 44 K of the decagon. 
Therefore etc. 
Q. E. D. 


. ABCDE being a regular pentagon inscribed in a circle, and AG the 
diameter through 4, it follows that 

(arc CG) = (arc GD), 
and CG, GJ are sides of an inscribed regular decagon. 


FHK being drawn perpendicular to AB, it follows, by 1. 26, that 
LS AFK, BFK are equal, and BX, XA are sides of the regular decagon. 
Similarly it may be proved that, FZM being perpendicular to 4X, 


AL - LK, 
and (arc AM) = (arc MK). 
The main facts to prove are that 


(1) the triangles 457, FBN are similar, and (2) the triangles 4BX, AKN 
are similar. 


(1) 2 (arc CG) = (arc CD) 
= (arc AB) 
= 2 (arc BX), 
or (arc CG) = (arc BX) = (arc AK) 
= 2 (arc. KM). 
And (arc CB) = 2 (arc BK). 


Therefore, by addition, 
(arc BCG) = 2 (arc BKM). 


Therefore L BFG =2 L BEN. 
But L BFG =2 L FAÐB, 
so that L FAB =L BEN. 


Hence, in the As ABF, FBN, 

L FAB =L BEN, 
and L ABF is common; 
therefore LAEB =L BNF, 
and As ABF, FBN are similar. 

(2) Since AZ = LK, and the angles at Z are right, 
AN - NK, 
and L NKA =L NAK 
=4 KBA. 
Hence, in the As 45K, AKN, 

LABK=L AKN, 
and L KAN is common, 
whence the third angles are equal ; 
therefore the triangles 42K, AKN are similar. 
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Now from the similarity of As ABF, FBN it follows that 
AB: BF- BF: BN, 
or (rect. AB, BN) = (sq. on BF). 
And, from the similarity of 4B K, AKN, 
BA: AK- AK: AN, 
ot (rect. BA, A N) = (sq. on AK). 
Therefore, by addition, 
(rect. AB, BN) + (rect. BA, AN) = (sq. on BF) + (sq. on AX), 


that is, (sq. on AB) = (sq. on BF) + (sq. on AX). e 
If r be the radius of the circle, we have seen (X111. 9, note) that 
K-* (Js - 1). 
Therefore (side of pentagon)* = 7* + E FE —2,/5) 
=F (1 10 — 24/5); 
so that (side of pentagon) = 4 J10 - 2 J5. 


PROPOSITION 11. 


Jf in a circle which has its diameter rational an equilateral 
pentagon be inscribed, the side of the pentagon ts the irrational 
straight line called minor. 


For in the circle ABCDE which has its diameter rational 
let the equilateral pentagon ABCDE be inscribed ; 


I say that the side of the pentagon is the irrational straight 
line called minor. 


For let the centre of the circle, the point Æ, be taken, 
let AF, FB be joined and carried through to the points, G, Æ, 
let AC be joined, 
and let FÆ be made a fourth part of AF. 

Now AF is rational ; 
therefore FK is also rational. 

But BF is also rational ; 

therefore the whole A is rational. 

And, since the circumference 4CG is equal to the circum- 


ference ADG, 
and in them ASC is equal to AED, 
therefore the remainder CG is equal to the remainder GD. 
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And, if we join AD, we conclude that the angles at Z 
are right, 
and CD is double of CZ. 
For the same reason 
the angles at 77 are also right, 
and AC is double of CM. 


LL 


a 


. Since then the angle AZC is equal to the angle AMF, 


and the angle LAC is common to the two triangles ACL 
and AMF, 


therefore the remaining angle 4 CZ is equal to the remaining 
angle MFA ; [1. 32] 
therefore the triangle ACZ is equiangular with the triangle 
AMF; 
therefore, proportionally, as ZC is to CA, so is MF to FA. 

And the doubles of the antecedents may be taken ; 
therefore, as the double of ZC is to CA, so is the double of 
MF to FA. 

But, as the double of MEF is to FA, so is MF to the half 
of FA ; 
therefore also, as the double of LC is to CA, so is MF to the 
half of FA. 

And the halves of the consequents may be taken ; 


therefore, as the double of ZC is to the half of CA, so is MF 
to the fourth of FA. 
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And DC is double of LC, CM is half of CA, and FK a 
fourth part of FA ; 


therefore, as DC is to CM, so is ME to FK. 


Componendo also, as the sum of DC, CM is to CM, so is 
MK to KF; [v. 18] 


therefore also, as the square on the sum of DC, CM is to the 
square on CZ, so is the square on MK to the square on KF. 


And since, when the straight line subtending two sides of 
the pentagon, as AC, is cut in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon, that is, 
to DC, [x11 8] 


while the square on the greater segment added to the half 
of the whole is five times the square on the half of the 
whole, (xi. 1] 


and CM is half of the whole AC, 


therefore the square on DC, CM taken as one straight line is 
five times the square on CM. 


But it was proved that, as the square on DC, CM taken 
as one straight Jine is to the square on CM, so is the square 
on MK to the square on KF; 


therefore the square on MK is five times the square on XF. 
But the square on AF is rational, 

for the diameter is rational ; 

therefore the square on MK is also rational ; 

therefore MK is rational. 


And, since BF is quadruple of FK, 
therefore BK is five times AF; 


therefore the square on BX is twenty-five times the square 
on KF. 


But the square on MK is five times the square on XE; 
therefore the square on B is five times the square on KM; 
therefore the square on BK has not to the square on KM 
the ratio which a square number has to a square number ; 
therefore BX is incommensurable in length with KAZ, — [x. 9) 

And each of them is rational. | 


Therefore BK, KM are rational straight lines commen- 
surable in square only. 
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But, if from a rational straight line there be subtracted a 
rational straight line which is commensurable with the whole 
in square only, the remainder is irrational, namely an apotome ; 


therefore MB is an apotome and MK the annex to it. [x 73] 


I say next that MB is also a fourth apotome. 

Let the square on V be equal to that by which the square 
on BX is greater than the square on KM ; 
therefore the square on BK is greater than the square on KZ 
by the square on JV. 


And, since AF is commensurable with FÐ, 


componendo also, KB is commensurable with FÐ. [x. 15] 
But AF is commensurable with 27; 
therefore BX is also commensurable with BH. [x. 12] 


And, since the square on BX is five times the square 
on KM, 
therefore the square on BÆ has to the square on XM the 
ratio which 5 has to 1. 

Therefore, convertendo, the square on BX has to the square 
on A the ratio which 5 has to 4 [v. 19, Por.], and this is not the 
ratio which a square number has to a square number ; 
therefore BK is incommensurable with N ; [x- 9] 
therefore the square on BK is greater than the square on KM 
by the square on a straight line incommensurable with BX. 


Since then the square on the whole BK is greater than 
the square on the annex XM by the square on a straight line 
incommensurable with BA, 


and the whole 2A is commensurable with the rational straight 

line, 277, set out, 

therefore MB is a fourth apotome. [x. Def. m. 4] 
But the rectangle contained by a rational straight line and 

a fourth apotome is irrational, 

and its square root is irrational, and is called minor. ^ [x. 94] 
But the square on AZ is equal to the rectangle 772, BM, 


because, when 74 77 is joined, the triangle ABH is equiangular 
with the triangle 42M, and, as HB is to BA, so is AB 
to BM. 
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Therefore the side 42 of the pentagon is the irrational 
straight line called minor. 


Q. E. D. 


Here we require certain definitions and propositions of Book x. 

First we require the definition of an apotome [see x. 73], which is a straight 
line of the form (p ~ J/&. p), where p is a “rational” straight line and 2 is any 
integer or numerical fraction, the square root of which is not integral or 
expressible in integers. The lesser of the straight lines p, J£. p is the annex. 

Next we require the definition of the fourth apotome |x. Deff. 111. (after 
X. 84)] which is a straight line of the form (x — y), where x, y (being both 
rational and commensurable in square only) are also such that ~va -° is 
incommensurable with x, while x is commensurable with a given rational 
straight line p. As shown on x. 88 (note), the fourth apotome is of the form 

kp 
ee 
( NIAJ’ 

Lastly the minor (straight line) is the irrational straight line defined in 

x. 76. It is of the form (x — y), where x, y are incommensurable in square, 


and (x*+ y*) is ‘rational,’ while xy is ‘medial? As shown in the note on 
X. 76, the minor irrational straight line is of the form 


S 4/1 R EENE Ok 
2 Jr X2 Jie 

The proposition may be put as follows. ABCDE being a regular 
pentagon inscribed in a circle, 4G, BH the diameters through 4, B meeting 
CD in Z and AC in M respectively, FK is made equal to 14 F 

Now, the radius AZ (r) being rational, so are FK, BK. 

The arcs CG, GD are equal ; 
hence cs at Z are right, and CD = 2CZ. 

Similarly 2s at M are right, and AC = 2 CM. 


We have to prove | 
(1) that BAZ is an apotome, 
(2) that BM is a fourth apotome, 
(3) that BA is a minor irrational straight line. 

Remembering that, if CA is divided in extreme and mean ratio, the 
greater segment is equal to the side of the pentagon [xu1. 8], and that accord- 
ingly (x11. 1] (CD + 4CA)*=5 (&CAy, we work towards a proportion con- 
taining the ratio (CD + CM) : CM’, thus. 

The As ACL, AFM are equiangular and therefore similar. 





Therefore LC: CA=MF: FA, 
and accordingly 2LC:CA=MF:}FA; 
thus 2LC:4CA - MF: 1FA, 
or DC: CM= MF: FK; 


whence, componendo, and squaring, 
(DC + CM): CM’ = MK*: KF’, 
But. (DC+ CMY -5CHM; 
therefore MK? = 5K F". 


H. E. IIl. 30 
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[This means that MK? = dn 
or MK = n .] 


It follows that, K being rational, MÆ?, and therefore MK, is rational. 
(1) To prove that BM is an apotome and MK its annex. 


We have BF-A4FK; 
therefore BK = 5FK, 
BK? = 25 FK* 


| = 5 MK>, from above ; 
therefore BK?” has not to MK?” the ratio of a square number to a square 
number ; 
therefore BX, MK are incommensurable in length. 
They are therefore rational and commensurable in square only ; 
accordingly BM is an apotome. 
[BK = 5MK" = 1&7, and BK = ir. 


Consequently BK- MK- ( r- M r) .] 
(2) To prove that BM is a fourth apotome. 


First, since KZ, FB are commensurable, 


BK, BF are commensurable, i.e. BX is commensurable with BH, a given 
rational straight line. 


Secondly, if N*= BK*- KM’, 
since BK’: KM*=5 : 1, 
it follows that BK’: N*=5: 4, 


whence B&, N are incommensurable. 
Therefore BM is a fourth apotome. 
(3) To prove that BA is a minor irrational straight line. 


If a fourth apotome form a rectangle with a rational straight line, the side 
of the square equivalent to the rectangle is minor [x. 94]. 


Now BA - HB. BM, 
HB is rational, and BM is a fourth apotome ; 
therefore BA is a minor irrational straight line. 
[BA =r,/2. 5-4557 ioa Js. 
If this is separated into the difference between two straight lines, we have 


BA =" N5+2J5—— 5-2 J5.] 


PROPOSITION I2. 


Jf an equilateral triangle be inscribed zn a circle, the square 
on the side of the triangle is triple of the square on the radius 
of the circle. 
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Let ABC be a circle, 
and let the equilateral triangle 4 BC be IDscribedu in it; 


I say that the square on one side of 
the triangle 4 AC is triple of the square ^ 
on the radius of the circle. 


For let the centre D of the circle 
ABC be taken, 


let AD be joined and carried through 
to E, 


8 C 
and let BE be joined. C. 
Then, since the triangle ABC is Ni 


equilateral, 


therefore the circumference BEC is a third part of the circum- 
ference of the circle 4 BC. 


Therefore the circumference BE is a sixth part of the 
circumference of the circle; 


therefore the straight line BZ belongs to a hexagon ; 
therefore it is equal to the radius DÆ. [1v. 15, Por.] 
And, since AZ is double of DE, 


the square on AZ is quadruple of the square on E, that is, 
of the square on BEL. 
But the square on AZ is equal to the squares on AB, BE; 


(art. 31, 1. 47] 
therefore the squares on AB, BE are quadruple of the square 
on BE. 


Therefore, separando, the square on AZ is triple of the 
square on BE. 

But BE is equal to DE ; 
therefore the square on 74 Z is triple of the square on DE. 


Therefore the square on the side of the triangle is triple 
of the square on the radius. 


Q. E. D. 


PROPOSITION 13. 


To construct a pyramid, to comprehend it in a given sphere, 
and to prove that the square on the diameter of the sphere zs 
one and a kalf times the square on the side of the pyramid. 


30—2 
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If then, KZ remaining fixed, the semicircle be carried round 
and restored to the same position from which it began to be 
moved, it will also pass through the points Æ, G, 
since, if FL, LG be joined, the angles at /, G similarly become 
right angles ; 


and the pyramid will be comprehended in the given sphere. 


For AZ, the diameter of the sphere, is equal to the 
diameter AB of the given sphere, inasmuch as XÆ was 
made equal to AC, and HZ to CP. 


I say next that the square on the diameter of the sphere 
is one and a half times the square on the side of the 
pyramid. 

For, since AC is double of CB, D 
therefore AZ is triple of BC; 
and, convertendo, BA is one and a half times AC. 

But, as BA is to AC, so is the square on BA to the square 
on AD. 

Therefore the square on BA is also one and a half times 
the square on 4D. 

And Z4 is the diameter of the given sphere, and AD is 
equal to the side of the pyramid. 

Therefore the square on the diameter of the sphere is 
one and a half times the square on the side of the pyramid. 

Q. E. D. 
LEMMA. 

It is to be proved that, as 4B is to BC, so is the square 
on AD to the square on DC. 

For let the figure of the semi- D 
circle be set out, 
let DP be joined, 
let the square EC be described 
on AC, 
and let the parallelogram FB be 
completed. 

Since then, because the tri- 
angle DAB is equiangular with 
the triangle DAC, 
as BA is to AD, so is DA to AC, € F 

[vi. 8, vi. 4] 


æ 


a amm Mm n B e 
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therefore the rectangle BA, AC is equal to the square on AD. 


[vr. 17] 
And since, as 4B is to BC, so is EB to BF, [vi. 1] 


and £8 is the rectangle BA, AC, for EA is equal to AC, 
and BF is the rectangle 4C, CB, 


therefore, as AB is to BC, so is the rectangle BA, AC to the 
rectangle AC, CB. 


And the rectangle B.A, AC is equal to the square on 4D, 
and the rectangle AC, CB to the square on DC, 


for the perpendicular DC is a mean proportional between the 
segments 4C, CB of the base, because the angle 427 is 
right. ^ [vi. 8, Por.] 


Therefore, as AB is to BC, so is the square on: AD to 
the square on DC. 
.Q. E. D. 


The Lemma is with reason suspected. Euclid commonly takes more 
difficult theorems for granted in the stereometrical Books. It is also clumsy 
in itself, while, from a gloss in the proposition rejected as an interpolation, it 
is clear that the interpolator of the gloss had not the Lemma. With the 
Lemma should disappear the words “as will be proved afterwards ” (p. 469). 


In the figure of the proposition, the semicircle really represents half of 
a section of the sphere through its centre and one edge of the inscribed 
tetrahedron (4D being the length of that edge). 

The proof is in three parts, the object of which is to prove 
(1) that AEG is a tetrahedron with all its edges equal to 4D, 


(2) that it is inscribable in a sphere of diameter equal to 4B, 


(3) that AB*=3 AD". 

To prove (1) we have to show 
(a) that KE = KF = KG = AD, 
(ò) that AD=EF. 

(a) Since HE = HF- HG = CD, 

KH =AC, 
and Ls ACD, KHE, KAF, KHG are right, 
^s ACD, KHE, KHF, KHG are equal in all respects ; 

therefore KE = KF= KG = AD. 

(^) Since AB - 3BC, 
and AB:BC-AB.AC:AC.CB 

= AD’: CD’, 

it follows that AD? -3CD*. 

But [xi 12] EFi-sjEH!; 


and EZ = CD, by construction. 
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Therefore AD= EF. 

Thus EFG K is a regular tetrahedron. 

(2) We now observe the usefulness of Euclid's description of a sphere 
[in x1. Def. 14]. 

Producing XA (= AC) to Z so that HZ = CB, 
we have KZ equal to 48; 
thus KZ is a diameter of the sphere which should circumscribe our tetra- 
hedron, 
and we have only to prove that E, F, G lie on semicircles described on KZ 
as diameter. 


E.g. for the point Æ, 


since AC:CD=CD: CB, 

while AC- KH, CD- HE, CB= HL, 
we have KHA: HE =HE: HL, 

or KA. HL= HE?, 


whence, the angles KHE, EHL being right, 
EKL is a triangle right-angled at Æ [cf. vi. 8]. 


Hence Æ lies on a semicircle on XZ as diameter. 

Similarly for Æ G. 

Thus a semicircle on KZ as diameter revolving round KZ passes 
successively through Æ, 7 G. 


(3) AB = 3BC; 
therefore BA =jAC. 
And BA:AC- BA : BA. AC 
= BA: AD". 
Therefore BA? 2 3A D*. 


If » be the radius of the circumscribed sphere, 


(edge of tetrahedron) = RA .7=3,/6.7. 


J/ 

It will be observed that, although in these cases Euctid’s construction is 
equivalent to inscribing the particular regular solid in a given sphere, he does 
not actually construct the solid zz the sphere but constructs a solid which a 
sphere egual to the given sphere will circumscribe. Pappus, on the other 
hand, in dealing with the same problems, actually constructs the respective 
solids in the given spheres. His method is to find circular sections in the 
given spheres containing a certain number of the angular points of the given 
solids. His solutions are interesting, although they require a knowledge of 
some properties of a sphere which are of course not found in the Elements 
but belonged to treatises such as the Sphaerica of Theodosius. 


Pappus’ solution of the problem of Eucl. XIII. r3. 


In order to inscribe a regular pyramid or tetrahedron in a given sphere, 
Pappus (111. pp. 142—144) finds two circular sections equal and parallel to one 
another, each of which contains one of two opposite edges as its diameter. In 
this and the other similar problems he proceeds in the orthodox manner by 
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analysis and synthesis. The following is a reproduction of his solution of 
this case. 


Analysts. 


Suppose the problem solved, 4, Z, C, D being the angular points of the 
required pyramid. 

Through 4 draw EF parallel to CD; this will make equal angles with 
AC, AD; and, since 4B does so too, EF 
is perpendicular to 4B (Pappus has a lemma 
for this, p. 140, 12—24], and is therefore a 
tangent to the sphere (for E is parallel to 
CD, the base of the triangle ACD, and 
therefore touches the circle circumscribing 
it, while it also touches the circular section 
AB made by the plane passing through 4B 
and EF perpendicular to it). 

Similarly GH drawn through 2 parallel 
to AB touches the sphere. 

And the plane through GH, CD makes 
a circular section equal and parallel to AB. 

Through the centre K of that circular 
section, and in the plane of the section, draw ZM perpendicular to CD and 
therefore parallel to 47. Join BL, BM. 

B M is then perpendicular to 42, ZM, and ZB is a diameter of the sphere. 

join MC. 





Then LM? = 2MC?, 
and | BC-AB-LM, 
so that BC* -2MC*. 


And BM, being perpendicular to the plane of the circle LM, is perpen- 
dicular to CM, 


whence BC? = BM + MC, 
so that . BM= MC. 

But BC-LM; 
therefore LM =2B M.. 


And, since the angle ZMB is right, 
BE = LM’ + MB? =} LM". 
Synthesis. 


Draw two parallel circular sections of the sphere with diameter d', 
such that 


where 4 is the diameter of the sphere. 


[This is easily done by dividing ZZ, any diameter of the sphere, at P, so 
that ZP- 2PB, and then drawing PM at right angles to ZB meeting the 
great circle LMB of the sphere in M. Then LM*: LB! - LP: LB -2:3.] 

Draw sections through M, B perpendicular to MZ, and in these sections 
yespectively draw the parallel diameters LM, AB. 

Lastly, in the section ZM draw CD through the centre X perpendicular 
to Zi. 

ABCD is then the required regular pyramid or tetrahedron. 
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PROPOSITION 14. 


To construct an octahedron and comprehend it in a sphere, 
as in the preceding case; and to prove that the square on the 
diameter of the sphere zs double of the square on the side of the 
octahedron. 

Let the diameter 42 of the given sphere be set out, 
and let it be bisected at C ; 
let the semicircle 4427 be described on AB, 
let CD be drawn from C at right angles to 4B, 
let DB be joined ; 
let the square EF GH, having each of its sides equal to DB, 
be set out, 
let HF, EG be joined, 
from the point A let the straight line AZ be set up at right 


angles to the plane of the square E*G// (xt. 12), and let it be 
carried through to the other side of the plane, as XM ; 


from the straight lines KZ, KM let KL, KM be respectively 
cut off equal to one of the straight lines EK, FK, GA, AK, 


and let LZ, LF, LG, LH, ME, MF, MG, MH be joined. 


L 


C B 
F G 


Then, since KZ is equal to XA, 
- and the angle EKA is right, 
therefore the square on /7Z is double of the square on EX. 


[1 47] 
Again, since LX is equal to KZ, 


and the angle LXE is right, 


therefore the square on EZ is double of the square on EA. - 
[za] 
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But the square on YZ was also proved double of the 
square on EK; | 


therefore the square on ZZ is equal to the square on £77; 
therefore LE is equal to EH. 


For the same reason 
LH is also equal to HE ; 
therefore the triangle ZA is equilateral. 
Similarly we can prove that each of the remaining tri- 


angles of which the sides of the square E/GAH are the bases, 
and the points Z, M the vertices, is equilateral ; 


therefore an octahedron has been constructed which is con- 
tained by eight equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
double of the square on the side of the octahedron. 

For, since the three straight lines LÆ, KM, KE are equal 
to one another, 
therefore the semicircle described on ZM will also pass 
through Æ. | 

And for the same reason, 


if, LM remaining fixed, the semicircle be carried round and 
restored to the same position from which it began to be 
moved, 


it will also pass through the points F, G, 77, 
and the octahedron will have been comprehended in a sphere. 


I say next that it is also comprehended in the given sphere. 
For, since LX is equal to XM, 
while KZ is common, 
and they contain right angles, 
therefore the base LÆ is equal to the base £ M. [r. 4] 
And, since the angle LEM is right, for it is in a semicircle, 
(ut. 31] 
therefore the square on ZM is double of the square on ZZ. 
[1 47] 
Again, since AC is equal to CB, 
AB is double of BC. 
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. But,as AB is to BC, so is the square on 42 to the square T 
on BD; ( 
therefore the square on AZ is double of the square on BD. 

But the square on ZM was also proved double of the 
square on LE. 

And the square on DB is equal to the square on LZ, for 
EH was made equal to DB. 

Therefore the square on 4B is also equal to the square 
on LM: 
therefore AZ is equal to LM. 

And AB is the diameter of the given sphere ; 
therefore LM is equal to the diameter of the given sphere. 

Therefore the octahedron has been comprehended in the 
given sphere, and it has been demonstrated at the same time 
that the square on the diameter of the sphere is double of the 
square on the side of the octahedron. 

Q. E. D. 


I think the accompanying figure will perhaps be clearer than that in 
Euclid's text. 


EFGH being a square with side equal to BD, it follows that KZ, KF, 
KG, KH are all equal to CZ. 


N > 


M 

So are KL, KM, by construction ; 
hence LE, LF, LG, LH and ME, MF, MG, MH are all equal to EF or AD. 

Thus (1) the figure is made up of eight equilateral triangles and is therefore 
a regular octahedron. 

(2) Since KE = KL= KM, 
the semicircle on ZM in the plane ZA passes through Æ. 

Similarly Z, G, A lie on semicircles on ZM as diameter. 

Thus all the vertices of the tetrahedron lie on the sphere of which ZM is 
a diameter. 


(3) LE-EM- BD; 
therefore LM*-2ED-2BD 
= AB 
or LM = AB. 
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(4) |^— AB! saBD* 
—-2E£F! 
. If r be the radius of the circumscribed sphere, 
(edge of octahedron) = ,/2. 7. 


Pappus’ method. 


Pappus (111. pp. 148—150) finds the two equal and parallel sections of the 
sphere which circumscribe two opposite faces of the octahedron thus. 





Analysis. | 

Suppose the octahedron inscribed, 4, B, C; D, E, F being the vertices. 

Through ABC, DEF describe planes | 
making the circular sections ABC, DEF. 

Since the straight lines DA, DB, DE, DF 
are equal, the points 4, Æ, Æ B lie on a circle 
of which 2 is the pole. ' 

Again, since AB, BF, FE, EA are equal, 
A BFE is a square inscribed in the said circle, 
and AB, EF are parallel. 

Similarly DZ is parallel to BC, and DF 
to AC. r] 

Therefore the circles through D, E, Fand 
A, B, C are parallel; and they are also equal 
because the equilateral triangles inscribed in 
them are equal. _ 

Now, ABC, DEF being equal and parallel circular sections, and 4B, EF 
equal and parallel chords “ not on the same side of the centres," 


A F is a diameter of the sphere. 
[Pappus has a lemma for this, pp. 136—138]. 
And AE = EF, so that AF? = 2FE*, 
But, if Z' be the diameter of the circle DEF, 
d?^-£&EF: [cf. xiu. 12] 
Therefore, if d be the diameter of the sphere, 
d*:d"^ 23:2. 
Now d is given, and therefore 7' is given; hence the circles DEF, ABC 
are given. 





Synthesis. 
Draw two equal and parallel circular sections with diameter d’, such that 
. d’ = $4 k 
where d is the diameter of the sphere. 

Inscribe an equilateral triangle ABC in either circle (48C). 

In the other circle draw Æ F equal and parallel to 4 B but on the opposite 
side of the centre, and complete the inscribed equilateral triangle DEF 

ABCDEF is the octahedron required. . 

It will be observed that, whereas in the problem of xin. 13 Euclid first 
finds the circle circumscribing a face and Pappus first finds an edge, in this 
problem Euclid finds the edge first and Pappus the circle circumscribing 
a face. s 
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PROPOSITION 15. 


To construct a cube and comprehend zt in a sphere, like the 
pyramid ; and to prove that the square on the diameter of the 
Sphere zs triple of the square on the side of the cube. 

Let the diameter 447 of the given sphere be set out, 
and let it be cut at C so that AC is double of CB; 
let the semicircle ADB be described on AB, 
let CD be drawn from C at right angles to AB, 
and let DB be joined ; 
let the square EFG having its side equal to DZ be set out, 
from £, F, G, H let EK, FL, GM, HN be drawn at right 
angles to the plane of the square £FG/7, 
from EK, FL, GM, HN let EK, FL, GM, HN respectively 
be cut off equal to one of the straight lines EF, FG, 
GH, HE, f 
and let KZ, LM, MN, NE be joined; 
therefore the cube FN has been constructed which is contained 
by six equal squares. 


D E H 
/ N | 
A CoB - 
L M 


It is then required to comprehend it in the given sphere, 
and to prove that the square on the diameter of the sphere is 
triple of the square on the side of the cube. 

For let AG, ÆG be joined. 

Then, since the angle KEG is right, because KE is also 
at right angles to the plane ÆG and of course to the straight 
line ÆG also, [x1. Def. 3] 
therefore the semicircle described on ÆG will also pass through 
the point Æ. 

Again, since GF is at right angles to each of the straight 
lines FL, FE, 

GF is also at right angles to the plane FK ; 
hence also, if we join FK, GF will be at right angles to FK; 
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and for this reason again the semicircle described on CK will 
also pass through Æ. 

Similarly it will also pass through the remaining angular 
points of the cube. | 

If then, AG remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, 


the cube will be comprehended in a sphere. 


I say next that it is also comprehended in the given 
sphere. 
For, since GF is equal to FZ, 
and the angle at F is right, 
therefore the square on ÆG is double of the square on EF. 
But ZF is equal to EK ; 
therefore the square on ÆG is double of the square on EK; 
hence the squares on GZ, EK, that is the square on GK [1. 47], 
is triple of the square on £K. 
And, since AZ is triple of BC, 


while, as 4B is to BC, so is the square on AB to the square 
on BD, 


therefore the square on 44 is triple of the square on BD. 
But the square on G was also proved triple of the square 
on KE. 
And KZ was made equal to DB; 


therefore XG is also equal to 4B. 
And 4B is the diameter of the given sphere ; 


therefore AG is also equal to the diameter of the given 
sphere. 


Therefore the cube has been comprehended in the given 
sphere ; and it has been demonstrated at the same time that 
the square on the diameter of the sphere is triple of the square 
on the side of the cube. 

Q. E. D. 


AB is divided so that 4C —2CB ; CD is drawn at right angles to AB, 
and BD is joined. 

KG is, by construction, a cube of side equal to BD. 

To prove (1) that it is inscribable in a sphere. 

Since KE is perpendicular to LH, EF, 


KE is perpendicular to EG. 
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Thus, EG being a right angle, Æ lies on a semicircle with diameter XG. 

The same thing is proved in the same way of the other vertices 
F, A, L, M, N: 

Thus the cube is inscribed in the sphere of which AG is a diameter. 


(2) KG?’ = KE?’ + EG’ 
= KE* + 2EF* 
-3£K. 
Also AB - 4BC, 
while AB: BC=AB*:AB.BC 
= AB’: BD’; 
therefore AB* = 4BD*. 
But BD-EK; 
therefore KG = AB. 
OE AB? = 3BD? 
= 3KE? 
If z be the radius of the circumscribed sphere, 
(edge of cube) = T r=2 J3.r. 


Pappus' solution. 


In this case too Pappus (111. pp. 144—148) gives the full analysis and 
synthesis. 


Analysis. 

Suppose the problem :solved, and let the vertices of the cube be 
4, B, C, D, E, F, G, H. 

Draw planes through 4, B, C, D and 
E, F, G, H respectively; these will produce 
parallel circular sections, which are also equal 
since the inscribed squares are equal. 

And CE will be a diameter of the sphere. 

Join EG. 

Now, since EG? 2E H? = 2GC?, 
and the angle CGZ is right, 

CE? = GC? + EG? =3£G"*. 

But CE” is given; 
therefore ÆG? is given, so that the circles 
EFGH, ABCD, and the squares inscribed in them, are given. 

Synthesis. 

Draw two parallel circular sections with equal diameters Z', such that 

d= 34^, 

where d is the diameter of the given sphere. 

Inscribe a square in one of the circles, as ABCD. 

In the other circle draw FG equal and parallel to AC, and complete the 
square on ZG inscribed in the circle EFG Z. 

The eight vertices of the required cube are thus determined. 
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PROPOSITION 16. 


To construct an icosahedron and comprehend it in a sphere, 
like the aforesaid figures; and to prove that the side of the 
zcosahedron is the irrational straight line called minor. 


Let the diameter 42 of the given sphere be set out, 
and let it be cut at C so that AC is quadruple of CB, 
let the semicircle ADB be described on 4B, 


let the straight line CD be drawn from C at right angles 
to AB, 


and let DZ be joined ; 





let the circle E/GH< be set out and let its radius be equal 
to DB, 


let the equilateral and equiangular pentagon EFG/ZK be 
inscribed in the circle E/GAK, 


let the circumferences EZ, FG, GH, HK, KE be bisected at 
the points Z, M, N, O, P, 
and let LM, MN, NO, OP, PL, EP be joined. 


H. E. III. 31 
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Therefore the pentagon LMNOP is also equilateral, 
and the straight line EP belongs to a decagon. 

Now from the points £, F, G, H, K let the straight lines 
EQ, FR, GS, HT, KU be set up at right angles to the plane 
of the circle, and let them be equal to the radius of the circle 
EFGHK, 
let OR, RS, ST, TU, UQ, QL, LR, RM, MS, SN, NT, 
TO, OU, UP, PQ be joined. 

Now, since each of the straight lines EQ, AU is at right 
angles to the same plane, 
therefore EQ is parallel to KU. [x1. 6] 

But it is also equal to it ; 
and the straight lines joining those extremities of equal and 
parallel straight lines which are in the same direction are equal 
and parallel. [1- 33] 

Therefore QU is equal and parallel to EK. 

But EK belongs to an equilateral pentagon ; 
therefore QU also belongs to the equilateral pentagon inscribed 
in the circle £FGZ7K. 

For the same reason 
each of the straight lines OR, RS, ST, TU also belongs to 
the equilateral pentagon inscribed in the circle EFGHK ; 
therefore the pentagon QRSTU is equilateral. 


And, since QE belongs to a hexagon, 
and EP to a decagon, 
and the angle QEP is right, 
therefore QP belongs to a pentagon ; 
for the square on the side of the pentagon is equal to the 
square on the side of the hexagon and the square on the side 
of the decagon inscribed in the same circle. (xi. 10] 


For the same reason 
PU is also a side of a pentagon. 

But QU also belongs to a pentagon ; 
therefore the triangle QPU is equilateral. 


For the same reason | 
each of the triangles QLR, RMS, SN T, TOU is also equi- 
lateral. 
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And, since each of the straight lines QZ, OP was proved 
to belong to a pentagon, . 
and LP also belongs to a pentagon, 
therefore the triangle QZP is equilateral. 


For the same reason | 
each of the triangles LRM, MSN, NTO, OUP is also equi- 
lateral. | 


Let the centre of the circle E/GHK, the point V, be 
taken ; 
from V let VZ be set up at right angles to the plane of the 
circle, | 
let it be produced in the other direction, as VX, 
let there be cut off VW, the side of a hexagon, and each of 
the straight lines X, WZ, being sides of a decagon, 
and let QZ, QW, UZ, EV, LV, LX, XM be joined. 


Now, since each of the straight lines VW, QE is at right 
angles to the plane of the circle, 


therefore VW is parallel to QF. [x1. 6] 
But they are also equal ; 
therefore EV, QW are also equal and parallel. [1. 33] 


But £V belongs to a hexagon ; 
therefore Q W also belongs to a hexagon. 
And, since Q W belongs to a hexagon, 
and WZ to a decagon, 
and the angle Q WZ is right, 
therefore QZ belongs to a pentagon. [xir. 10] 


For the same reason 
UZ also belongs to a pentagon, 
inasmuch as, if we join VA, WU, they will be equal and 
opposite, and VK, being a radius, belongs to a hexagon ; 
[1V. 15, Por.] 
therefore WU also belongs to a hexagon. 
But WZ belongs to a decagon, 
and the angle U WZ is right ; 
therefore UZ belongs to a pentagon. __ [xi1t. 10] 
But QU also belongs to a pentagon ; 
therefore the triangle QUZ is equilateral. 


31—2 
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For the same reason 
each of the remaining triangles of which the straight lines 
QR, RS, ST, TU are the bases, and the point Z the vertex, 
is also equilateral. 


Again, since VZ belongs to a hexagon, 
and LX to a decagon, 
and the angle Z VX is right, 
therefore LX belongs to a pentagon. [xir 10] 


For the same reason, 
if we join A/V, which belongs to a hexagon, 
4M X is also inferred to belong to a pentagon. 
But ZM also belongs to a pentagon ; 
therefore the triangle LMX is equilateral. 


Similarly it can be proved that each of the remaining 
triangles of which MN, NO, OP, PL are the bases, and the 
point X the vertex, is also equilateral. 

Therefore an icosahedron has been constructed which is 
contained by twenty equilateral triangles. 


It is next required to comprehend it in the given sphere, 
and to prove that the side of the icosahedron is the irrational 
straight line called minor. 

For, since VW belongs to a hexagon, 
and WZ to a decagon, 
therefore VZ has been cut in extreme and mean ratio at W, 
and VW is its greater segment ; [xim. 9] 
therefore, as ZV is to VW, sois VW to WZ. 

But VW is equal to VE, and WZ to VX; 
therefore, as ZV is to VE, sois EV to VX. 

And the angles ZVE, EVX are right; 
therefore, if we join the straight line EZ, the angle X EZ 
will be right because of the similarity of the triangles X EZ, 
VEZ. 

For the same reason, 
since, as ZV is to VW, sois VW to WZ, 
and ZV is equal to X W, and VW to WỌ, 
therefore, as XW is to WQ, so is QW to WZ. 
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And for this reason again, 


if we join QX, the angle at Q will be right ; [vi. 8] 
therefore the semicircle described on XZ will also pass 
through Q. [ur. 31] 


And if, XZ remaining fixed, the semicircle be carried 
round and restored to the same position from which it began 
to be moved, it will also pass through Q and the remaining 
angular points of the icosahedron, 
and the icosahedron will have been comprehended in a 
sphere. 


I say next that it is also comprehended in the given sphere. 

For let VW be bisected at 4’. 

Then, since the straight line VZ has been cut in extreme 
and mean ratio at W, 


and ZW is its lesser segment, 


therefore the square on Z W added to the half of the greater 
segment, that is WA’, is five times the square on the half 
of the greater segment ; [xni 3] 


therefore the square on ZA’ is five times the square on 
A'W. 
And ZX is double of ZA’, and VW double of A'W; 


therefore the square on ZX is five times the square on 


WV. 
And, since AC is quadruple of CZ, 
therefore AZ is five times BC. 


But, as 4B is to BC, so is the square on 42 to the square 
on BD; [vi. 8, v. Def. 9] 


therefore the square on 4A is five times the square on BD. 


But the square on ZX was also proved to be five times 
the square on VW. 
And DB is equal to VW, 


for each of them is equal to the radius of the circle £FGZ7K; 
therefore AZ is also equal to XZ. 

- And AB is the diameter of the given sphere ; 
therefore XZ is also equal to the diameter of the given sphere. 


Therefore the icosahedron has been comprehended in the 
given sphere. 
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I say next that the side of the icosahedron is the irrational 
straight line called minor. 

For, since the diameter of the sphere is rational, 
and the square on it is five times the square on the radius 
of the circle £FGZTK, 
therefore the radius of the circle EF GZZK is also rational ; 
hence its diameter is also rational. 

But, if an equilateral pentagon be inscribed in a circle 
which has its diameter rational, the side of the pentagon is 
the irrational straight line called minor. [xur 11] 

And the side of the pentagon ZFGZK is the side of the 
icosahedron. 

Therefore the side of the icosahedron is the irrational 
straight line called minor. 


PonrsM. From this it is manifest that the square on the 
diameter of the sphere is five times the square on the radius 
of the circle from which the icosahedron has been described, 
and that the diameter of the sphere is composed of the side 
of the hexagon and two of the sides of the decagon. inscribed 
in the same circle. 

Q. E. D. 


Euclid's method is 


(1) to find the pentagons in the two parallel circular sections of the sphere, 
the sides of which form ten (five in each circle) of the edges of the icosahedron, 


(2) to find the two points which are the poles of the two circular sections, 


(3) to prove that the triangles formed by joining the angular points of the 
pentagons which are nearest to one another two and two are equilateral, 

(4) to prove that the triangles of which the poles are the vertices and the 
sides of the pentagons the bases are also equilateral, 

(5) that all the angular points other than the poles lie on a sphere the 
diameter of which is the straight line joining the poles, 

(6) that this sphere is of the same size as the given sphere, 

(7) that, if the diameter of the sphere is rational, the edge of the icosahedron 
is the minor irrational straight line. 


I have drawn another figure which will perhaps show the pentagons, and 
"s position of the poles with regard to them, more clearly than does Euclid's 
gure. 
(1) If AZ is the diameter of the given sphere, divide 4B at C so that 
AC=4CB; 
draw CD at right angles to 4B meeting the semicircle on 47 in D. 
Join BD. 
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BD ts the radius of the circular sections containing the pentagons. 
[If r is the radius of the sphere, 


since AB:BC-AB*:AB.BC 
—4B?*: BD*, 
while AB=s5BC, 
it follows that AB*  5BD*, 
Or (radius of section)? = £7*. 
Thus [x111. 10, note] (side of pentagon)* = Z (1o — 2,/5).] 
A 
c D 
B 





Inscribe the regular pentagon EFG HK in the circle ZFGZZK of radius 
equal to BD. 

Bisect the arcs EF, FG, ..., so forming a decagon in the circle. 

Joining successive points of bisection, we obtain another regular pentagon 
LMNOFPF. 

LMNOP is one of the pentagons containing five edges of the icosahedron. 

The other circle and inscribed pentagon are obtained by drawing perpen- 
diculars from Æ, F, G, H, K to the plane of the circle, as EQ, FR, GS, 
H T, KU, and making each of these perpendiculars equal to the radius of the 
circle, or, as Euclid says, the side of the regular hexagon in it. 

QRSTU ts the second pentagon (of course equal to the first) containing five 
edges of the icosahedron. 

Joining each angular point of one of the two pentagons to the two nearest 
angular points in the other pentagon, we complete ten triangles each of which 
has for one side a side of one or other of the two pentagons. 

V, W are the centres of the two circles, and VW is of course perpen- 
dicular to the planes of both. 


(2) Produce VW in both directions, making VX and WZ both equal to 
a side of the regular decagon in the arce (as EL). 
Joining X, Z to the angular points of the corresponding pentagons, we 
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have five more triangles formed with the sides of each pentagon as bases, ten 
more triangles in all. 

Now we come to the proof. 
(3) Taking two adjacent perpendiculars, EQ, KU, to the plane of the circle 
EFG HK, we see that they are parallel as well as equal; 
therefore QU, EK are equal and parallel. 

Similarly for QA, EF etc. 

Thus the pentagons have their sides equal. 

To prove that the triangles QPZ etc., are equilateral, we have, e.g. 

OL = LE?” + EQ? 
= (side of decagon)? + (side of hexagon)? 


= (side of pentagon)’, (xur. 10] 
i.e. QL = (side of pentagon in circle) 
= LP. 
Similarly QP = LP, 
and A QPL is equilateral. 


So for the other triangles between the two pentagons. 
(4) Since VW, EQ are equal and parallel, 
VE, WQ are equal and parallel. 
Thus WQ is equal to the side of a regular hexagon in the circles. 
Now the angle ZWQ is right; 
therefore ZQ-ZW'-«wo 
= (side of decagon) + (side of hexagon)? 
= (side of pentagon)*. (xur. 10] 
Thus ZQ, ZR, ZS, ZT, ZU are all equal to QA, AS etc.; and the 
triangles with Z as vertex and bases QA, RS etc. are equilateral. 
Similarly for the triangles with X as vertex and ZM, MW etc. as bases. 
Hence the figure is an icosahedron, being contained by twenty equal 
equilateral triangles. 
5) To prove that all the vertices of the icosahedron lie on the sphere 
which has XZ for diameter. 


VW being equal to the side of a regular hexagon, and WZ to the side of 
a regular decagon inscribed in the same circle, 


VZ is divided at W in extreme and mean ratio. [x111. 9] 
Therefore ZV:VW-VW:WZ, 
Or, Since VW = VE, WZ = VX, 
ZV: VE = VE : VX. 
Thus Æ lies on the semicircle on ZX as diameter. (v1. 8] 


Similarly for all the other vertices of the icosahedron. 
Hence the sphere with diameter XZ circumscribes it. 
(6) To prove XZ- 4B. 
Since VZ is divided in extreme and mean ratio at W, and VW is 
bisected at 4’, 
A'E = 5A' W. [xm. 3] 
Taking the doubles of 4’Z, A’ W, we have 
XZ? =5 VW" 
za 5D 
= AB. [see under (1) above] 
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That is, XZ= AB. 
[If v is the radius of the sphere, 
2 
VW - BD=— 
V5 
VX = (side of decagon in circle of radius BD) 
= BP J5 — 1) (xn. 9, note] 


r, 


r 
Je (/5 - 1). 
Consequently XZ=VW+2VX 


2 2 
=— 7+— r ~ I 
Js" * usn 5n 
= 2r.] 
(6) The radius of the circle EFGZZK is equal to ae r, and is therefore 
“ rational” in Euclid's sense. 
Hence the side of the inscribed pentagon is the irrational straight line 
called minor. (xu. 11] 
[The side of this pentagon is the edge of the icosahedron, and its value is 
(note on xii. 10) 


| BP Jio - 24s 
SN J 10-25 
=$ V106-/3)] 


Pappus’ solution. 


This solution (Pappus, rir. pp. 150—6) differs considerably from that of 
Euclid. Whereas Euclid uses ‘wo circular sections of the sphere (those 
circumscribing the pentagons of his construction), Pappus finds four parallel 
circular sections each passing through /Aree of the vertices of the icosahedron ; 
two of the circles are small circles circumscribing two opposite triangular 
faces respectively, and the other two circles are between these two circles, 
parallel to them and equal to one another. 


Analysis. 

Suppose the problem solved, the vertices of the icosahedron being 4, B, C; 
D, E, F; G, H, K; L, M, N. 

Since the straight lines B4, BC, BF, BG, BE drawn from Z to the 
surface of the sphere are equal, 


4, C, F, G, E are in one plane. 
And AC, CF, FG, GE, EA are equal; 
therefore 4 CFGE is an equilateral and equiangular pentagon. 


So are the figures KEBCD, DHFBA, AKLGB, AKNHC, and 
CHMGP. 
Join EF, KH. 
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Now AC will be parallel to EZ (in the pentagon 4 CFG E) and to XH 
(in the pentagon AX NAC), so that EZ, KH are also parallel ; 


and further KZ is parallel to LM (in the pentagon ZKDZM ). 





Similarly BC, £D, GH, LN are all parallel ; 
and likewise BA, FD, GX, MN are all parallel. 


Since BC is equal and parallel to ZW, and BA to MN, the circles ABC, 
LM N are equal and parallel. 

Similarly the circles DEF, KG 7 are equal and parallel; for the triangles 
inscribed in them are equal (since each of the sides in both is the chord 
subtending an angle of equal pentagons), and their sides are parallel re- 
spectively. 

Now in the equal and parallel circles DEF, KGH the chords EF, KH 
are equal and parallel, and on opposite sides of the centres ; 


therefore FX is a diameter of the sphere [Pappus' lemma, pp. 136—8], and the 
angle FEK is right [Pappus' lemma, p. 138, 20—26]. 

[The diameter FK is not actually drawn in the figure.] 

In the pentagon GEACF, if EF be divided in extreme and mean ratio, 


the greater segment is equal to 4C. [Eucl. xın. 8] 

Therefore EF : AC = (side of hexagon) : (side of decagon in same circle). 
XIII. 

And EP AC - EP ER - d Pe] 


where d is the diameter of the sphere. 


Thus FK, EF, AC are as the sides of the pentagon, hexagon and decagon 
respectively inscribed in the same circle. [xii 1o] 
But FK, the diameter of the sphere, is given ; 
therefore EF, AC are given respectively ; 
thus the radii of the circles EED, ACB are given (if r, 7 are their radii, 
pDIpEPRFSD3-)4C0) 
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Hence the circles are given ; 


and so are the circles K77G, LMN which are equal and parallel to them 
respectively. 

Synthesis. S 

If d be the diameter of the sphere, set out two straight lines x, y, such 
that Z, x, y are in the ratio of the sides of the pentagon, hexagon and decagon 
respectively inscribed in one and the same circle. 

Draw (1) two equal and parallel circular sections in the sphere, with radii 
equal to », where 7° = $7, as DEF, KG H, 
and (2) two equal and parallel circular sections as ABC, LMN, with radius 7 
such that 7? = 1 5*. 

In the circles (1) draw EZ, KH as sides of inscribed equilateral triangles, 
parallel to one another, and on opposite sides of the centres ; 
and in the circles (2) draw AC, LM as sides of inscribed equilateral triangles 
parallel to one another and to £4; KA, and so that 4C, E are on opposite 
sides of the centres, and likewise KH, £M. 

Complete the figure. 

The correctness of the construction is proved as in the analysis. 

It follows also (says Pappus) that 

(diam. of sphere)! = 3 (side of pentagon in DEF. 

For, by construction, KF: FE=p:h, 
where , A are the sides of the pentagon and hexagon inscribed in the same 
circle DEF. 

And FE : h=the ratio of the side of an equilateral triangle to that of a 
hexagon inscribed in the same circle ; 


that is, FE:Ah-243:1 
whence KF:p-2J3:1 
or KF? = ap. 


Another construction. 


Mr H. M. Taylor has a neat construction for an icosahedron of edge a. 

Let / be the length of the diagonal of a regular pentagon with side equal 
to a. 
Then (figure of x111. 8), by Ptolemy’s theorem, 


P=la+a’. 


Construct a cube with edge equal to Z 

Let O be the centre of the cube. 

From O draw OL, OM, ON perpendicular to three adjacent faces, and in 
these draw PP’, QQ', RR’ parallel to AB, AD, AE respectively. 

Make LP, LP’, MQ, MQ’, NR, NX' all equal to ja. 

Let f, 2’, 9, 7, 7, 7” be the reflexes of P, P', Q, Q', R, R respectively. 

Then will Z, P', Q, Q', R, R', 5, f, 9, q, r, r be the vertices of a regular 
icosahedron. 

The projections of PQ on AB, AD, AE are equal to $(/— a), $a, $/ 
respectively. 

Therefore PG -1-ayf-124-417 

= 4 (P — al +a’) 
- =a, 
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Therefore PQ - a. 


Similarly it may be proved that every other edge is equal to a. 
All the angular points lie on a sphere with radius OZ, and 


OP'-l(s84«7. 





Each solid pentahedral angle is composed of five equal plane angles, each 
of which is the ángle of an equilateral triangle. 
Therefore the icosahedron is regular. 


[e = 40P? — P. 
And, from the equation 7 = /a + a’, we derive 
a 
l= ^ (/ 5+ I). 
Therefore, if * be the radius of the sphere, 


a’ fı + (att) aa = 47°, 


whence a=4r/J10 + 2,/5 
= 4r 10 — 2 /5/ /8o 
- Js V 10 — 24/5 


= 7 V10(5- JS) 


as above. | 
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PROPOSITION 17. 


To construct a dodecahedron and comprehend it 1n a sphere, 
like the aforesazd figures, and to prove that the side of the 
dodecahedron ts the trrational straight line called apotome. 


Let ABCD, CBEF, two planes of the aforesaid cube at 
right angles to one another, be set out, 
let the sides 4B, BC, CD, DA, EF, EB, FC be bisected at 
G, H, K, L, M, N, O respectively, 
let GK, HL, MH, NO be joined, 
let the straight lines VP, PO, HQ be cut in extreme and 
mean ratio at the points A, S, T respectively, 
and let RP, PS, TQ be their greater segments ; 


from the points R, S, T let RU, SV, TW be set up at right 
angles to the planes of the cube towards the outside of the 
cube, 


let them be made equal to RP, PS, TQ, 
and let VB, BW, WC, CV, VU be joined. 





I say that the pentagon UZ WC is equilateral, and in 
one plane, and is further equiangular. 


For let RB, SB, V B be joined. 
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Then, since the straight line AP has been cut in extreme 
and mean ratio at A, 
and AP is the greater segment, 
therefore the squares on PV, NR are triple of the square 
on ARP. [xirr. 4] 

But PN is equal to VA, and PR to RU; 
therefore the squares on BN, NR are triple of the square 
on RU. 

But the square on ZA is equal to the squares on BN, NR; 

[1. 47] 
therefore the square on B&A is triple of the square on RU; 
hence the squares on BA, RU are quadruple of the square 
on RU. 

But the square on BU is equal to the squares on BR, RU; 
therefore the square on BU is quadruple of the square on RU; 
. therefore BU is double of RU. 

But VU is also double of UR, 
inasmuch as SZ is also double of PR, that is, of RU; 
therefore BU is equal to UV. 

Similarly it can be proved that each of the straight lines 
BW, WC, CV is also equal to each of the straight lines 
BU, UV. 

Therefore the pentagon BUVC W is equilateral. 


I say next that it is also in one plane. 

For let PX be drawn from P parallel to each of the 
straight lines RU, SV and towards the outside of the cube, 
and let XH, HW be joined; 

I say that X /7 W is a straight line. 

For, since /7Q has been cut in extreme and i mean ratio at 
T, and QTi Is its greater segment, 
therefore, as HQ is to QT, so is QT to TH. 

But ÆQ is equal to ÆP, and QT to each of the straight 
lines TW, PX; 
therefore, as HP is to PX, so is WT to TH. 

And ÆP is parallel to ZW, 
for each of them is at right angles to the plane BY); — [xi. 6] 
and 777 is parallel to PX, 
for each of them is at right angles to the plane BF. [;2.] 
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But if two triangles, as X P77, HTW, which have two 
sides proportional to two sides be placed together at one 
angle so that their corresponding sides are also parallel, 


the remaining straight lines will be in a straight line;  [vi. 32] 
therefore XÆ is in a straight line with HW. 

But every straight line is in one plane; [xi. 1] 
therefore the pentagon UB WC is in one plane. 


I say next that it is also equiangular. 
For, since the straight line WP has been cut in extreme 
and mean ratio at A, and PA is the greater segment, 


while PR is equal to PS, 


therefore MS has also been cut in extreme and mean ratio 
at P, 


and NP is the greater segment ; [xir 5] 
therefore the squares on V.S, SP are triple of the square 
on NP. (xi. 4] 


But VP is equal to /VZ, and PS to SV; 


therefore the squares on NWS, SV are triple of the square 
on VB; 


hence the squares on V 5, S.V, NB are quadruple of the square 
on VB. 


But the square on SZ is equal to the squares on SV, VB; 


therefore the squares on AS, SV, that is, the square on BV 
—for the angle VSB is right—is quadruple of the square 
on VB; 


therefore VB is double of BN. 
But AC is also double of BN; 
therefore AV is equal to BC. 


And, since the two sides BU, UV are equal to the two 
sides BW, WC, 


and the base BV is equal to the base BC, 
therefore the angle BU V is equal to the angle BWC. — [8] 


Similarly we can prove that the angle UVC is also equal 
to the angle BWC ; 


therefore the three angles BWC, BUV, UVC are equal to 
one another. 
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But if in an equilateral pentagon three angles are equal to 
one another, the pentagon will be equiangular, (xu. 7] 
therefore the pentagon BUVCW is equiangular. 

And it was also proved equilateral ; 
therefore the pentagon BUVCW is equilateral and equi- 
angular, and it is on one side BC of the cube. 

Therefore, if we make the same construction in the case 
of each of the twelve sides of the cube, 

a solid figure will have been constructed which is contained 
by twelve equilateral and equiangular pentagons, and which is 
called a dodecahedron. 


It is then required to comprehend it in the given sphere, 
and to prove that the side of the dodecahedron is the irrational 
straight line called apotome. 

For let XP be produced, and let the produced straight 
line be XZ; 
therefore PZ meets the diameter of the cube, and they bisect 
one another, 
for this has been proved in the last theorem but one of the 
eleventh book. [xı 38] 

Let them cut at Z ; 
therefore Z is the centre of the sphere which comprehends 
the cube, 
and ZF is half of the side of the cube. 

Let UZ be joined. 

Now, since the straight line WS has been cut in extreme 
and mean ratio at P, 
and WP is its greater segment, 
therefore the squares on VS, SF are triple of the square 
on AP. [xi 4] 

But VS is equal to XZ, 
inasmuch as VP is also equal to PZ, and XP to PS. 

But further PS is also equal to XU, 
since it is also equal to RP; 
therefore the squares on ZX, XU are triple of the square 
on VP. 

But the square on UZ is equal to the squares on ZX, XU; 
therefore the square on UZ is triple of the square on NP. 
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But the square on the radius of the sphere which compre- 
hends the cube is also triple of the square on the half of the 
side of the cube, 


for it has previously been shown how to construct a cube and 
comprehend it in a sphere, and to prove that the square on 
the diameter of the sphere is triple of the square on the side 
of the cube. (xi. 15] 


But, if whole is so related to whole, so is half to half also; 
and NP is half of the side of the cube; 


therefore UZ is equal to the radius of the sphere which com- 
prehends the cube. 


And Z is the centre of the sphere which comprehends the 
cube : 


therefore the point Ü is on the surface of the sphere. 


Similarly we can prove that each of the remaining angles 
of the dodecahedron is also on the surface of the sphere ; 


therefore the dodecahedron hàs been comprehended in the 
given sphere. 


I say next that the side of the dodecahedron is the irrational 
straight line called apotome. 

For since, when VP has been cut in extreme and mean 
ratio, AP is the greater segment, 


and, when PO has been cut in extreme and mean ratio, PS 
is the greater segment, 


therefore, when the whole WO is cut in extreme and mean 
ratio, AS is the greater segment. 


[ Thus, since, as VP is to PR, so is PR to AN, 
the same is true of the doubles also, 
for parts have the same ratio as their equimultiples; ^ [v. 15] 
therefore as VO is to RS, so is RS to the sum of VA, SO. 
But VO is greater than AS; 
therefore RS is also greater than the sum of VA, SO; 
therefore VO has been cut in extreme and mean ratio, 
and ÆS is its greater segment. | 
But RS is equal to UV; 
therefore, when VO is cut in extreme and mean ratio, C/V is 
the greater segment. 


H. E. III. 32 
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And, since the diameter of the sphere is rational, 
and the square on it is triple of the square on the side of the 


cube, 


therefore AO, being a side of the cube, is rational. 


[ But if a rational line be cut in extreme and mean ratio, 
each of the segments is an irrational apotome. 

Therefore UV, being a side of the dodecahedron, is an 
irrational apotome. [xi 6] 


Porism. From this it is manifest that, when the side of 
the cube is cut in extreme and mean ratio, the greater segment 


is the side of the dodecahedron. 
Q. E. D. 


In this proposition we find Euclid using two propositions which precede 
but are used nowhere else, notably vi. 32, which some authors, in consequence 
of their having overlooked its use here, have been hard put to it to explain. 

Euclid's construction in this case is really identical with that given by 
Mr H. M. Taylor, and also referred to by Henrici and Treutlein under “‘ crystal- 
formation." 

Euclid starts from the cube inscribed in a sphere, as in xir. 15, and then 
finds the side of the regular pentagon in which the side of the cube is a 
diagonal. 

Mr Taylor takes / to be the diagonal of a regular pentagon of side a, : 
so that, by Ptolemy's theorem, 

P — al * a, 
constructs a cube of which / is the edge, and gets the side of the pentagon 
by drawing ZX from Z, the centre of the cube, perpendicular to the face BF 
and equal to $ (/* a), then drawing UV through X parallel to BC, and 
making UX, XV both'equal to $a. 

Euclid finds UV thus. 


Draw VO, MH bisecting pairs of opposite sides in the square BF and 
meeting in Z. 

Draw GX, AZ bisecting pairs of opposite sides in the square BD and 
meeting in Q. "TN | 

Divide PN, PO, Q respectively in extreme and mean ratio af A, S, T 
(PR, PS, QT being the greater segments); draw AU, SV, TW outwards 
perpendicular to the respective faces of the cube, and all equal in length 
to PR, PS, TQ. 

Join BU, UV, VC, CW, WB. 

Then BUVCW is one of the pentagonal faces of the dodecahedron ; 
and the others can be constructed in the same way. 


Euclid now proves 

(1) that the pentagon BUVCW is equilateral, 
(2) that it is in one plane, 

(3) that it is equiangular, 
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(4) that the vertex U is on the sphere which circumscribes the cube, and 
hence 
(5) that all the other vertices lie on the same sphere, 


and (6) that the side of the dodecahedron is an apofome. 


(1) To prove that the pentagon BUVCW is equilateral. 
We have BU*= BR + RV? 
= (BN? + NR? + RP 
= (PN? + NR?) + RP? 
= 3RP? + RP? (xin. 4] 
=4RP*? — 
= Ub’. 
Therefore BU = UV. 





MAS it may be proved that BW, WC, CV are all equal to UV 
or BU. 
E [Mr Taylor proceeds in this way. With his notation, the projections of 
d BU on BA, BC, BE are respectively $a, à (/ — a), M. 
Therefore BU?*-zlia!'-l(/—ay417^" 
=} (7 —al+ a) 
= a’, 


Similarly for BW, WC etc.] 


(2) To prove that the pentagon BUVC W is in one plane. 
Draw PX parallel to RU or SV meeting UV in X. 
Join XZ, ZW. 


32—2 
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Then we have to prove that XH, HW are in one straight line. 


Now ZP, WT, being both perpendicular to the face BD, are parallel. | 
For the same reason XP, HT are parallel. 
Also, since QZZ is divided at 7' in extreme and mean ratio, | 


QH: OT= QT: TH. | 
And QH- HP, QOT-WT- PX. 
Therefore HP: PX = WT: TH. 


Consequently the triangles HPX, WTH satisfy the conditions of v1. 32; 
hence XW is a straight line. 


[Mr Taylor proves this as follows : 

The projections of WH, WX on BE are $a and 4 (a + /), 
and the projections of WH, WX on BA are 4(/—a) and 3/; 
and a:(at+l)=(¢-—a):4, 
since al= P — a’, 

Therefore WX is a straight line. ] 


(3) To prove that the pentagon BUVC W is eguiangu/ar. 
We have BV? = BS*+ SV? 
= (BN? + NS?) + SP? 
= PN?! + (NS? + SP’) 
=PN*4+3PN1 ` 
since VS is divided in extreme and mean ratio at P [xrr. 5], so that 
NS! + SP? = 3PN* [xu 4] 
Consequently BV*-4PN* 
= BC, 
or BV = BC. 
The As UBV, WBC are therefore equal in all respects, 
and LBUV = L BWC. 
Similarly ¿ CVU = L BWC. 


Therefore the pentagon is egwiangu/ar. [xur. 7] 


(4) To prove that the sphere which circumscribes the cube also circum- 
scribes the dodecahedron we have only to prove that, if Z be the centre of 
the sphere, ZU = ZB, for example. 

Now, by x1. 38, XP produced meets the diagonal of the cube, and the 
portion of XP produced which is within the cube and the diagonal bisect 
one another. 


And ZU? = ZX? + XU? 
= NS! + PS? 
-3PN'*, 
as bef 


Ore. 
Iso (cf. xim. I 
Alo 9 O 7B = ZP*s PB 


= ZP’ + PN? + NB 
= 3 PN. 
Hence ZU- ZB. 


(s) Similarly for ZV, ZW etc. 
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(6) Since PN is divided in extreme and mean ratio at X, 
NP: PR=PR: RN. 
: Doubling the terms, we have 
NO: RS- RS: (NR + SO), 

so that, if VO is divided in extreme and mean ratio, the greater segment 
is equal to XS. 

Now, since the diameter of the sphere is rational, 
and (diam. of sphere} = 3 (edge of cube)’, 
the edge of the cube (i.e. VO) is rational. 

Consequently 2S is an apotome. 

[This is proved in the spurious xir. 6 above; Euclid assumes it, and the 


words purporting to quote the theorem are probably interpolated, like x11. 6 
itself. ] 


As a matter of fact, with Mr Taylor's notation, 
7 - Ja a! 


Since, if v is the radius of the circumscribing sphere, r= ,/3. : 


e; (5 — )-2 (15 - J/3). 
Pappus' solution. 


Here too Pappus (111. pp. 156—162) finds four circular sections of the 
sphere all parallel to one another and all passing through five of the vertices 
of the dodecahedron. 

Analysis. 

Suppose (he says) the problem solved, and let the vertices of the 
dodecahedron be 4, B, C, D E; F G, HL, K, L; M, N. O, P, Q; 
R, S, T, U, V. . 

Then, as before, ÆD is parallel to FZ, and AE to FG; therefore the 
planes 4BCDE, FGHKL are parallel. 

But, since PA is parallel to BH, and BH to OC, PA is parallel to OC; 
and they are equal; therefore PO, AC are parallel, so that SZ, ÆD are also 
parallel. 

Similarly RS, DC are parallel, and likewise the pairs (ZU, £A), 
(UV, AB), (VA, BC). 

Therefore the planes ABCDE, RSTUV are parallel; and the circles 
ABCDE, RSTUV are equal, since the inscribed pentagons are equal. 

Similarly the circles FGZZKZ, MNOPQ are equal, since the pentagons 
inscribed in them are equal. 

Now CZ, OU are parallel because each is parallel to XV; 
therefore Z, C, O, U are in one plane. 

And ZC, CO, OU, UL are all equal, since they subtend angles of equal 
pentagons. 

Also Z, C, O, U are on a plane section, i.e. a circle ; 
therefore ZCOU is a square. 

Therefore OL =2LC*=2LF° 
(for LC, LF subtend angles of equal pentagons). 
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And the angle OL is right; for PO, ZF are equal and parallel chords 
in two equal and parallel circular sections of a sphere [Pappus' lemma, p. 138, 
20—26]. 

Therefore OF? = OL? + FL’ = 3FP. [from above] 

And OF is a diameter of the sphere; for PO, FZ are on opposite sides 
of the centres of the circles in which they are [Pappus’ lemma, pp. 136—8]. 





Now suppose 2, 4 4 to be the sides of an equilateral pentagon, triangle 
and hexagon in the circle FG EL, d the diameter of the sphere. 


Then d: FL- 3:1 [from above] 
=t:h; [Eucl. xir. 12] 
and it follows alternando (since FL = p) that 
2:t=p:h. 


Now let d’, 7’, A be the sides of a regular decagon, pentagon and hexagon 
respectively inscribed in azy one circle. 
Since, if FZ be divided in extreme and mean ratio, the greater segment is 
equal to ED, (xu. 8] 
FL: ED=h': d. [v1. Def. 3, xu. 9] 
And FL : £D is the ratio of the sides of the regular pentagons inscribed 
in the circles FGZZKZ, ABCDE, and is therefore equal to the ratio of the 
sides of the equilateral triangles inscribed in the same circles. 


Therefore t : (side of ^ in ABCDE) =X : a’. 
But a@:t=p:h 
=p: kh; 


therefore, ex aequali, d : (side of ^ in ABCDE) = p : a’. 

Now d is given; 
therefore the sides of the equilateral triangles inscribed in the circles ABCDE, 
FGHKL respectively are given, whence the radii of those circles are also 
given. 


XIII. 17, 18] PROPOSITIONS 17, 18 503 


Thus the two circles are given, and so accordingly are the equal and 
parallel circular sections. 
Synthests. 


Set out two straight lines x, y such that d, x, y are in the ratio of the sides 
of a regular pentagon, hexagon and decagon respectively inscribed in one and 
the same circle. 

Find two circular sections of the sphere with radii z, 7, where 

n-ix P= hy. 

Let these be the circles FGHKL, ABCDE respectively, and draw the 
equal and parallel circles on the other side of the centre, namely MNOPQ, 
ASTUV. : 

In the first two circles inscribe regular pentagons with their sides respec- 
tively parallel, ED being parallel to FZ. 

Draw equal and parallel chords (on the other sides of the centres) in the 
other two circles, namely SZ equal and parallel to Z D, and PO equal and 
parallel to ZZ; and complete the regular pentagons on ST. PO inscribed in 
the circles. 

Thus all the vertices of the dodecahedron are determined. 

The proof of the correctness of the construction is clear from the analysis. 

Pappus adds that the construction shows that the circles containing five 
vertices of the dodecahedron are the same respectively as those containing 
three vertices of the icosahedron, and that the same circle circumscribes the 
triangle of the icosahedron and the pentagonal face of the dodecahedron in 
the same sphere. 


PROPOSITION 18. 
To set out the sides of the five figures and to compare them 


with one another. 
Let AB, the diameter of the given sphere, be set out, 


and let it be cut at C so that 
AC is equal to CZ, and at D 
so that AD is double of DA; 


let the semicircle 44 £7 be de- 
scribed on AB, 


from C, D let CE, DF be drawn 
at right angles to 4B, 


and let AF, FB, E B be joined. 


Then, since AD is double 
of DB, 


therefore AZ is triple of BD. p 
Convertendo, therefore, BA is one and a half times 4D. 


G 





K 
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But, as BA is to AD, so is the square on BA to the 
square on AF, [v. Def. 9, vi. 8] 
for the triangle AFB is equiangular with the triangle 47D; 


therefore the square on BA is one and a half times the square 
on AF: 

But the square on the diameter of the sphere is also one 
and a half times the square on the side of the pyramid. 


(xur. 13] 
And AB is the diameter of the sphere ; 


therefore AF is equal to the side of the pyramid. 


Again, since AD is double of DB, 
therefore AZ is triple of BD. 

But, as 4B is to BD, so is the square on 4B to the square 
on BF; [vi. 8, v. Def. 9] 
therefore the square on AZ is triple of the square on BF. 

But the square on the diameter of the sphere is also triple 
of the square on the side of the cube. [xim 15] 

And AB is the diameter of the sphere ; 
therefore BF is the side of the cube. 


And, since AC is equal to CB, 
therefore 4Z is double of BC. 
But, as AB is to BC, so is the square on 47 to the square 
on BE; 
therefore the square on AZ is double of the square on BZ. 
But the square on the diameter of the sphere is also double 
of the square on the side of the octahedron. (xn. 14] 
And AB is the diameter of the given sphere; 
therefore BE is the side of the octahedron. 


Next, let 4G be drawn from the point 4 at right angles 
to the straight line 4 B, 


let 4G be made equal to AB, 

let GC be joined, 

and from 77 let Æ be drawn perpendicular to AB. 
Then, since GA is double of AC, 

for GA is equal to AB, 

and, as GA is to AC, so is HK to KC, 

therefore ZZK is also double of KC. 
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Therefore the square on 7ZZK is quadruple of the square 
on KC; : 


therefore the squares on HK, KC, that is, the square on HC, 
is five times the square on KC. 
But H/C is equal to CB; 
therefore the square on ZC is five times the square on CK. 
And, since AB is dóuble of CB, 
and, in them, AV is double of D, 
therefore the remainder BD is double of the remainder DC. 
Therefore BC is triple of CD ; 
therefore the square on BC is nine times the square on CD. 
But the square on BC is five times the square on CK ; 
therefore the square on CK is greater than the square on CD; 
therefore CK is greater than CD. 
Let CZ be made equal to CK, 
from Z let LM be drawn at right angles to 4B, 
and let MB be joined. 
Now, since the square on BC is five times the square 
on CK, 
and AB is double of BC, and KZ double of CK, 
therefore the square on AB is five times the square on KZ. 
But the square on the diameter of the sphere is also five 
times the square on the radius of the circle from which the 
icosahedron has been described. (xur. 16, Por.] 
And AB is the diameter of the sphere ; 
therefore K'L is the radius of the circle from which the'icosa- 
hedron has been described ; 
therefore KZ is a side of the hexagon in the said circle. 
[1V. 15, Por.] 
And, since the diameter of the sphere is made up of the 
side of the hexagon and two of the sides of the decagon 
inscribed in the same circle, [xur. 16, Por.] 
and AB is the diameter of the sphere, 
. while KZ is a side of the hexagon, 
and AX is equal to ZB, 
therefore each of the straight lines 44 K, ZB is a side of the 
decagon inscribed in the circle from which the icosahedron 
has been described. 
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And, since LP belongs to a decagon, and MZ to a 
hexagon, : 
for ML is equal to KZ, since it is also equal to WX, being 
the same distance from the centre, and each of the straight 
lines HK, KZ is double of KC, 


therefore MB belongs to a pentagon. [xi 10] 
But the side of the pentagon is the side of the icosa- 
hedron ; (xm. 16] 


therefore MB belongs to the icosahedron. 


Now, since FZ is a side of the cube, 
let it be cut in extreme and mean ratio at /V, 
and let VB be the greater segment ; 
therefore A P is a side of the dodecahedron. [xit 17, Por.] 


And, since the square on the diameter of the sphere was 
proved to be one and a half times the square on the side 4F 
of the pyramid, double of the square on the side BE of the 
octahedron and triple of the side FB of the cube, 
therefore, of parts of which the square on the diameter of the 
sphere contains six, the square on the side of the pyramid 
contains four, the square on the side of the octahedron three, 
and the square on the side of the cube two. 

Therefore the square on the side of the pyramid is four- 
thirds of the square on the side of the octahedron, and double 
of the square on the side of the cube ; 
and the square on the side of the octahedron is one and a half 
times the square on the side of the cube. 

The said sides, therefore, of the three figures, I mean the 
pyramid, the octahedron and the cube, are to one another in 
rational ratios. 

But the remaining two, I mean the side of the icosa- 
hedron and the side of the dodecahedron, are not in rational 
ratios either to one another or to the aforesaid sides ; 
for they are irrational, the one being minor [xu1. 16] and the 
other an apotome [xm 17]. 

That the side MB of the icosahedron is greater than the 
side VB of the dodecahedron we can prove thus. 

For, since the triangle FDB is equiangular with the 
triangle FAB, [vi. 8] 
proportionally, as DZ is to BF, sois BF to BA. [v1. 4] 


— dili» 
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And, since the three straight lines are proportional, 
as the first is to the third, so is the square on the first to the 
square on the second ; [v. Def. 9, vi. 2o, Por.] 
therefore, as DB is to BA, so is the square on DP to the 
square on BF; 
therefore, inversely, as ABZ is to BD, so is the square on FB 
to the square on BD. 

But AP is triple of BD; 
therefore the square on FB is triple of the square on BD. 

But the square on AD is also quadruple of the square 
on DB, 
for 4D is double of DA; 
therefore the square on 4D is greater than the square on FB; 
therefore AD is greater than FB; 
therefore 4Z is by far greater than FÐ. 

And, when AZ is cut in extreme and mean ratio, 
KL is the greater segment, 
inasmuch as LX belongs to a hexagon, and KA toa — 

XIII. 9 

and, when FA is cut in extreme and mean ratio, WB is the 
greater segment ; 
therefore KZ is greater than VB. 

But KZ is equal to LM; 
therefore LM is greater than WB. 

Therefore MB, which is a side of the icosahedron, is by 
far greater than WB which is a side of the dodecahedron. 

Q. E. D. 


I say next that xo other figure, besides tke sard five figures, 
can be constructed which 1s contained by equilateral and egui- 
augular figures equal to one another. 

For a solid angle cannot be constructed with two triangles, 
or indeed planes. 

With three triangles the angle of the pyramid is constructed, 
with four the angle of the octahedron, and with five the angle 
of the icosahedron ; 


but a solid angle cannot be formed by six equilateral and equi- 
angular triangles placed together at one point, 
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for, the angle of the equilateral triangle being two-thirds of a 

right angle, the six will be equal to four right angles : 

which is impossible, for any solid angle is contained by angles 

less than four right angles. (x1. 21] 
For the same reason, neither can a solid angle be con- 

structed by more than six plane angles. 


By three squares the angle of the cube is contained, but 
by four it is impossible for a solid angle to be contained, 
for they will again be four right angles. 

By three equilateral and equiangular pentagons the angle 
of the dodecahedron is contained ; 
but by four such it is impossible for any solid angle to be 
contained, 
for, the angle of the equilateral pentagon being a right angle 
and a fifth, the four angles will be greater than four right 
angles: ' 
which is impossible. 


Neither again will a solid angle be contained by other 
polygonal figures by reason of the same absurdity. 
Therefore etc. 
Q. E. D. 


LEMMA. 


But that zke angle of the equilateral and equiangular 
pentagon ıs a right angle and a fifth we must prove thus. 


Let ABCDE be an equilateral and  equiangular 
pentagon, A 
let the circle ABCDE be cir- 
cumscribed about it, 
let its centre F be taken, E 
and let FA, FB, FC, FD, FE 
be joined. 3 
Therefore they bisect the 
angles of the pentagon at 4, 
B, C, D, E. 
And, since the angles at F D 
are equal to four right angles A 
and are equal, 


th 
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therefore one of them, as the angle 447, is one right angle 
less a fifth ; 
therefore the remaining angles FAB, ABF consist of one 
right angle and a fifth. 

But the angle FAB is equal to the angle FBC; 
` therefore the whole angle AAC of the pentagon consists of 
one right angle and a fifth. 

Q. E. D. 


We have seen in the preceding notes that, if 7 be the radius of the sphere 
circumscribing the five solid figures, 


(edge of tetrahedron) = $ ,/6 . 7, 
(edge of octahedron) = ,/2. 7, 
(edge of cube) = 3 ./3.7, 


(edge of icosahedron) = : J 10 (5 — A/ 5), 


(edge of dodecahedron) = ; (Wis — J3)- 


Euclid here exhibits the edges of all the five regular solids in one figure. 
(1) Make AD equal to 227. 


Thus BA=AD, 
and BA: AD = BA: AF’; 
therefore BA =}AF. 
Thus AF= J? r= 3 J6. r = (edge of tetrahedron). 
(2) AB: BF*=AB: BD 
= 3 - I. 
Therefore BFE =t AB, 
2 2 
or BF=—.r=- .7 = (edge of cube). 
B no ee ee) 
(3) AB = 2BE*. 
Therefore BE = J2.r = (edge of octahedron). 


(4) Draw AG perpendicular and equal to 4B. Join GC, meeting the 
semicircle in ZZ, and draw HX perpendicular to AB. 


Then GA=2AC; 
therefore, by similar triangles, 77K =2XC. 
Hence HK? = 4KC%, 
and therefore 5KC?*= HK? + KC? 
= HC? 
= CB. 
Again, since 47 =2CB, and AD=2DB, 
by subtraction, BD -2DC, 


Or BC - 3DC. j 
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Therefore 9DC? = BC* 


= 5 XKC*. 
Hence KC > CD. 
Make CL equal to AC, draw LM at nght angles to 4B, and jom 
AM, MB. 
Since CB = 5XC7, 
AP =5XL". 
It follows that KZ (= 41.7) is the radius of, or the side of the regular 
hexagon in, the circle containing the pentagonal sections of the rer] 
[xir 16 
And, since 
2r = (side of hexagon) + 2 (side of decagon in same circle) 
i (xi. 16, Por.] 
AK = LB = (side of decagon in the said circle). 


But LM = HK = KL = (side of hexagon in circle). 
Therefore LM? + LBP (= BM") = (side of pentagon in circle? [xu 10] 
= (edge of icosahedron)’, 
and BM = (edge of icosahedron). 
[More shortly, HK = 2KC, 
whence HK = 4KC*, 
and sKC - HC*= p. 
Also AK-r- CK - r (1 --). 
M5 
Thus BM: = HK? + AK’ 
inet --7.) 
5 X5 
un T 2S aoe 
5 5 
= — (10 - 24/5), 
and BM = : A10 (5 — J 5) = (edge of icosahedron). | 


(s) Cut BF (the edge of the cube) in extreme and mean ratio at XV. 
Then, if BN be the greater segment, 
BN = (edge of dodecahedron). [xiri. 17] 


[Solving, we obtain 
BN-N5—1. BF 


RC har n. 
2 "3 
= (edge of dodecahedron). | 
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(6) If Z, o, c are the edges of the tetrahedron, octahedron and cube 
respectively, 
47? = $i! = 20 = 36. 
If each of these equals is put equal to X, 


4" - X, 

8-1i.X, 

o -i.X, 

C=4.X, 
whence 4: ËP: P:C=6:4:3:2, 


and the ratios between 27, /, o, ¢ are all rational (in Euclid's sense). 


The ratios between these and the edges of the icosahedron and the 
dodecahedron are :rratonal. 


(7) To prove that 
(edge of icosahedron) » (edge of dodecahedron), 
Le. that MB > NB. 
By similar As FDB, AFB, 
DB:BF-BF:BA, 


or DB: BA = DP: Br: 
But 3DB = BA; 
therefore BF? = 3 DB". 
By hypothesis, AD =4DB'; 
therefore AD> BF, 
and, a fortiori, AL > BF. 


Now LX is the side of a hexagon, and AX the side of a decagon in the 
same circle ; 


therefore, when AZ is divided in extreme and mean ratio, XZ is the greater 
segment. 


And, when ZÆ is divided in extreme and mean ratio, AN is the greater 
segment. 
Therefore, since AL > BF, 


KL > BN, 
or LM > BN. 
And therefore, a fortiori, MB > BN. 


APPENDIX. 


I. THE CONTENTS OF THE SO-CALLED BOOK XIV. 
BY HYPSICLES. 


This supplement to Euclid's Book xiii. is worth reproducing for the sake 
not only of the additional theorems proved in it but of the historical notices 
contained in the preface and in one or two later passages. Where I translate 
literally from the Greek text, I shall use inverted commas; except in such 
passages I reproduce the contents in briefer form. | 

I have already quoted from the Preface (Vol. 1. pp. 5—6), but I will 
repeat it here. 


* Basilides of Tyre, O Protarchus, when he came to Alexandria and met 
my father, spent the greater part of his sojourn with him on account of the 
bond between them due to their common interest in mathematics. And on 
one occasion, when looking into the tract written by Apollonius about the 
comparison of the dodecahedron and icosahedron inscribed in one and the 
same sphere, that is to say, on the question what ratio they bear to one 
another, they came to the conclusion that Apollonius' treatment of it in this 
book was not correct; accordingly, as I understood from my father, they 
proceeded to amend and rewrite it. But I myself afterwards came across 
another book published by Apollonius, containing a demonstration of the 
matter in question, and I was greatly attracted by his investigation of the 
problem. Now the book published by Apollonius is accessible to all; for it 
has a large circulation in a form which seems to have been the result of later 
careful elaboration. 

* For my part, I determined to dedicate to you what I deem to be 
necessary by way of commentary, partly because you will be able, by reason 
of your proficiency in all mathematics and particularly in geometry, to pass an 
expert judgment upon what I am about to write, and partly because, on 
account of your intimacy with my father and your friendly feeling towards 
myself, you will lend a kindly ear to my disquisition. But it is time to have 
done with the preamble and to begin my treatise itself. 


[Prop. 1.) “ The perpendicular drawn from the centre of any circle to the 
side of the pentagon inscribed in the same circle ts half the sum of the side of the 
hexagon and of the side of the decagon inscribed in the same circle.” 
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Let ABC be a circle, and BC the side of the inscribed regular pentagon. 

Take D the centre of the circle, draw DZ from D perpendicular to BC, 
and produce DE both ways to meet the circle in F, A. 

I say that DZ is half the sum of the side of the hexagon and of the side 
of the decagon inscribed in the same circle. 

Let DC, CF be joined; make GZ equal to ZF, and join GC. 

Since the circumference of the circle is five 
times the arc BFC, 


and half the circumference of the circle is the arc 
ACF, 


while the arc FC is half the arc BFC, 

therefore (arc ACF) = 5 (arc FC) 

or (arc AC) = 4(arc CF). 
Hence LADC-4 L CDF, 

and therefore L4LAFC=2 LCDF. 
Thus 2CGF=LAFC=2 L CDF; 

therefore [1.32] 4 CDG -- DCG, 





so that DG = GC= CF. 
And GE = EF; 

therefore DE = EF + FC. 
Add DE to each; 

therefore 2DE = DF + FC. 


And DF is the side of the regular hexagon, and FC the side of the regular 
decagon, inscribed in the same circle. 
Therefore etc. 


“Next it is manifest from the theorem [12] in Book xu. that ¢he perpen- 
dicular drawn from the centre of the circle to the side of the equilateral triangle 
[inscribed in it] is half of the radius of the cirele. 


[Prop. 2.] “The same circle circumscribes both the pentagon of the dodeca- 
hedron and the triangle of the tcosahedron inscribed in the same sphere. 


“This is proved by Aristaeus in his work entitled Comparison of the five 
figures. But Apollonius proves in the second edition of his comparison of the 
dodecahedron with the icosahedron that, as the surface of the dodecahedron 
is to the surface of the icosahedron, so also is the dodecahedron itself to the 
icosahedron, because the perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and to the triangle of the icosahedron is the 
same. 

** But it is right that I too should prove that 


[Prop. 2] Zhe same circle circumscribes both the pentagon of the dodecahedron 
and the triangle of the icosahedron inscribed in the same sphere. 


* For this I need the following 


Lemma. 


“ Tf an equilateral and equiangular pentagon be inscribed in a circle, the sum 
of the squares on the straight line subtending two sides and on the side of the 
pentagon is five times the square on the radius.” 


H. E. III. 33 
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Let ABC be a circle, AC the side of the pentagon, D the centre ; 
draw DF perpendicular to 4C and produce it to 
B, E; B 
join AB, AE. 
I say that 
BAE AC = 5DE. 
For, since BE = 2ED, 


BE = 4ED. 
And BE = BA + AE; 
therefore BA + 4E* + ED = 5ED. 
But AC =DE + EA’; 
[Eucl xın. 10] A Sb zd 


therefore BA? + AC? =5 DE’. 


“This being proved, it is required to prove that the same circle circum- 
scribes both the pentagon of the dodecahedron and the tnangle of the 
icosahedron inscribed in the same sphere.” 

Let AB be the diameter of the sphere, and let a dodecahedron and an 
icosahedron be inscribed. 


c A B K 


E 


Let CDEFG be one pentagon of the dodecahedron, and XZH one 
triangle of the icosahedron. l 
I say that the radii of the circles circumscribing them are equal. 
Join DG; then DG is the side of a cube inscribed in the sphere. 
[Eucl. xm. 17] 
Take a straight line MN such that 4 J* = 5M V*. 
Now the square on the diameter of the sphere is five times the square on 
the radius of the circle from which the icosahedron is described. ` 
[xir. 16, Por.] 
Therefore MN is equal to the radius of the circle passing through the five 
vertices of the icosahedron which form a pentagon. 
Cut MN in exfteme and mean ratio at O, MO being the greater segment. 
Therefore MO is the side of the decagon in the circle with radius MN. 
(xur. 9 and 5, converse] 


Now 5MN* = AB =3 DC. [xu 15] 
But 3DG*:3CG = 5 MN’: 5MO* 
(since, if DG is cut in extreme and mean ratio, the greater segment is equal 
to CG, and, if two straight lines are cut in extreme and mean ratio, their 
segments are in the same ratio: see lemma later, pp. 518—9). 
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And sMO + 5MN?* — SKI. 
[This follows from xin. 10, since KZ is, by the construction of xii. 16, the 
side of the regular pentagon in the circle with radius equal to MAN, that is, the 


circle in which MN is the side of the inscribed hexagon and MO the side of 
the inscribed decagon.] 


Therefore SEL = 3CG* + 3DE. 
But 5 KZ? = 15 (radius of circle about KZ), (xm. 12] 
and 3DG* + 3CG* = 15 (radius of circle about CDE FG)’. 
[Lemma above] 
Therefore the radii of the two circles are equal. 
Q. E. D. 


(Prop. 3.] “Zf there be an equilateral and equiangular pentagon and a 
circle circumscribed about it, and if a perpendicular be drawn from the centre to 
one side, then 

30 times the rectangle contained by the side and the perpendicular is equal to 
the surface of the dodecahedron.” 


Let ABCDE be the pentagon, F the centre of the circle, FG the 
perpendicular on a side CD. 

I say that A 

30CD. FG = 12 (area of pentagon). 
Let CZ, FD be joined. 
Then, since 
CD.FG-2(ACDF) 
SCD. FG -10(^ CDF), 

whence 30CD. FG = 12 (area of pentagon). G D 


Similarly we can prove that, 


[Prop. 4] Jf ABC e an equilateral triangle in a 
arce, D the centre, and DE perpendicular to BC, 
30BC . DE = (surface of icosahedron). 
For DE.BC=2(ADBC); 
therefore 3DE.BC=6(ADBC) 


= AOC? LA N 
whence 30DE . BC=20(A4BC). B wE 
It follows that [Prop. 5] 
(surface of dodecahedron) : (surface of icosahedron) 
= (side of pentagon) . (its perpendicular) : (side of triangle) . (its perp.). 


“This being clear, we have next to prove that, 


(Prop. 6] As the surface of the dodecahedron is to the surface of the icosahedron, 
so is the side of the cube to the side of the icosahedron.” 


33—2 
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Let ABC be the circle circumscribing the pentagon of the dodecahedron 
and the triangle of the icosahedron, and let CD 
be the side of the triangle, AC that of the 
pentagon. 

Let Æ be the centre, and EZ, EG perpen- 
diculars to CD, AC. 

Produce ÆG to meet the circle in B and 
join BC. 

Set out Æ equal to the side of the cube in- 
scribed in the same sphere. e 

I say that A 


(surface of dodecahedron) : (surface of icosahedron) 


For, since the sum of EZ, BC is divided at B in extreme and mean ratio, 


and BE is the greater segment, (xu. 9] 
and EG -4(EB + BC), [Prop. 1] 
while ZF-42E, [see p. 513 above] 


therefore, if ÆG is divided in extreme and mean ratio, the greater segment is 
equal to EZ [that is to say, since ÆB is the greater segment of EZ + BC 
divided in extreme and mean ratio, 4E7Z is the greater segment of 
3 (EB + BC) similarly divided]. 

But, if 77 is also divided in extreme and mean ratio, the greater segment 


is equal to CA. (xi. 17, Por.] 
Therefore H: CA= EG.: EF, 
or FE. H= CA. EG. 
And, since H:CD-FE.H:FE.CD, 
and FE.H-CA.EG, 
therefore H:CD-CA.EG: FE.CD 
= (surface of dodecahedron) : (surf. of icos.). 
[Prop. 5] 


Another proof of the same theorem. 

Preliminary. 

Let ABC be a circle and AB, AC sides of an inscribed regular pentagon. 

Join BC; take D the centre of the circle, join AD and produce it to 
meet the circle at E. Join BD. 


Let DF be made equal to 44D, and CH equal | A 
to $CG. 
I say that B PP ls à 
rect. AF. BH = (area of pentagon). E 
For, since 4D = 2DF, 
AF- $AD. 
And, since GC = 377C, LL 
GC-$GH. S 
Therefore FA: AD= CG: GH, 
so that AF.GH=AD.CG 
=AD.BG 


=2(AABD). 
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Therefore 
SAF. GH= 10(A ABD) = 2 (area of pentagon). 
And GH=2HC; 
therefore SAF. HC = (area of pentagon), 
or AF. BH = (area of pentagon). 


Proof of theorem. 


This being clear, let the circle be set out which circumscribes the pentagon 
of the dodecahedron and the triangle of the icosahe- 
dron inscribed in the same sphere. 

Let ABC be the circle, and 4B, AC two sides of 
the pentagon; join BC.  - 

Take £ the centre of the circle, join AZ and 
produce it to & 

Let AE -2EG, KC - 3CH. 

Through G draw DM at right angles to AF 
meeting the circle at D, M ; 

DM is then the side of the inscribed equilateral 
triangle. 

Join AD, AM, which are equal to DM. 





Now, since AG . BH = (area of pentagon), 
and AG . GD = (area of triangle), 
therefore BH : GD = (area of pentagon) : (area of triangle), 
and 12BH : 20GD = (surface of dod.) : (surface of icos.). 


But 1277 2 108C, since BH=5AHC, and BC=6HC; 
and 20GD = 10D M ; 
therefore (surface of dodecahedron) : (surface of icosahedron) 
= (side of cube) : (side of icosahedron). 


* Next we have to prove that, 


[Prop. 7] Uf any straight line whatever be cut in extreme aud mean ratio, then, 
as is (1) the straight line the square on which is equal to the, sum of the squares 
on the whole line and on the greater segment to (2) the straight line the square on 
which is equal to the sum of the squares on the whole and on the lesser segment, 
so ts (3) the side of the cube to (4) the side of the icosahedron.” 


Let AHB be the circle circumscribing both the pentagon of the dodeca- 
hedron and the triangle of the icosahedron inscribed 
in the same sphere, C the centre of the circle, and A 
CB any radius divided at D in extreme and mean 
ratio, CD being the greater segment. 

CD is then the side of the decagon inscribed in 
the circle. (xn. 9 and 5, converse] B 

Let Z be the side of the icosahedron, Æ that of 
the dodecahedron, and G. that of the cube, inscribed 
in the sphere. 

Then Æ, F are the sides of the equilateral triangle 
and pentagon inscribed in the circle, and, if G is 
divided in extreme and mean ratio, the greater F— 
segment is equal to Æ [xin. 17, Po]. G 
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Thus E = 3BC*%, [xan 12] 
and CP + BD = 3CD. [xm. 4] 
Therefore E : CB = (CP + BP): CD, 
or E : (CP + BD) = CP : CP 
= G*: P. 


Therefore, alternately and inversely, 
G: E = F : (CE + BD). 
But 7? = BC? + CD; for the square on the side of the pentagon is equal 


to the sum of the squares on the sides of the hexagon and decagon inscribed 
in the same circle. (x11. 10] 


Therefore G* : E! = (BC? + CP): (CP* + BD), 
which is the result required. 


It has now to be proved that 
[Prop. 8] (Side of cube) : (side of icosahedron) 
= (content of dodecahedron) : (content of icosahedron). 


Since equal circles circumscribe the pentagon of the dodecahedron and 
the triangle of the icosahedron inscribed in the same sphere, 


and in a sphere equal circular sections are equally distant from the centre, 
the perpendiculars from the centre of the sphere to the faces of the two solids 
are equal ; 


in other words, the pyramids with the centre as vertex and the pentagons of 
the dodecahedron and the triangles of the icosahedron respectively as bases 
are of equal height. 


Therefore the pyramids are to one another as their bases. 
Thus (12 pentagons) : (20 triangles) 
= (12 pyramids on pentagons) : (20 pyramids on triangles), 
or (surface of dodecahedron) : (surface of icosahedron) 


= (content of dod.) : (content of icos.). 
Therefore 


(content of dodecahedron) : (content of icosahedron) 
= (side of cube) : (side of icosahedron). [Prop. 6] 
Lemma. 


Jf two straight lines be cut in extreme and mean ratto, the segments of both 
are in one and the same ratio. 


Let AB be cut in extreme and mean ratio at C, AC being the greater 
segment ; 


and let DE be cut in extreme and mean ratio at Æ DF being the greater 
* segment. 


I say that 42: 4C- DE : DF. A  ..0 B 
Since AB.BC=AC', D F € 
and DE .EF= DF", e eS 
AB.BC:AC?=DE.EF: DF*, 
and 44B.BC: AC? - ADE. EF: DF. 
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Componendo, 
(444B.BC+ AC’): AC! -(ADE. EF+ DF): DF’, 

or (AB+ BC): AC*=(DE+ EF): DF’; [11. 8] 
therefore (AB + BC): AC=(DE+ EF): DF. | 

Componendo, | 

(AB+ BC+ AC): AC=(DE+EF + DF): DF, 

or 24B: AC-2DE:DF; 
that is, AB:AC- DE: DF. 


Summary of results. 


_If AB be any straight line divided at C in extreme and mean ratio, AC 
being the greater segment, and if we have a cube, a dodecahedron and an 
icosahedron inscribed in one and the same sphere, then: 


(1) (side of cube) : (side of icosahedron) = ,/ (4 + AC’): / (4B - BC?); 


(2) (surface of dod.) : (surface of icos.) 
— (side of cube) : (side of icosahedron) ; 
(3) (content of dod.) : (content of icos.) 


= (surface of dod.) : (surface of icos.) ; 
and (4) (content of dodecahedron) : (content of icos.) 


JP AC)  J(AB BC 


II. NOTE ON THE SO-CALLED “BOOK XV." 


The second of the two Books added to the genuine thirteen is also 
supplementary to the discussion of the regular solids, but is much inferior 
to the first, * Book xiv." Its contents are of less interest and the exposition 
leaves much to be desired, being in some places obscure and in others 
actually inaccurate. It consists of three portions unequal in length. The 
first (Heiberg, Vol. v. pp. 40—48) shows how to inscribe certain of the 
regular solids in certain others, (a) a tetrahedron (“pyramid”) in a cube, 
(5) an octahedron in a tetrahedron (* pyramid”), (c) an octahedron in a cube, 
(d) a cube in an octahedron and (e) a dodecahedron in an icosahedron. 
The second portion (pp. 48—50) explains how to calculate the number of 
edges and the number of solid angles in the five solids respectively. The 
third (pp. 50—66) shows how to determine the angle of inclination between 
faces meeting in an edge of any one of the solids. The method is to con- 
struct an isosceles triangle with vertical angle equal to the said angle of 
inclination ; from the middle point of any edge two perpendiculars are drawn 
to it, one in each of the two faces intersecting in that edge; these perpen- 
diculars (forming an angle which is the inclination of the two faces to one 
another) are used to determine the two equal sides of an isosceles triangle, 
and the base of the triangle is easily found from the known properties of the 
particular solid. The rules for drawing the respective isosceles triangles are 
first given all together in general terms (pp. 50—52) ; and the special interest 
of the passage consists in the fact that the rules are attributed to “ Isidorus 
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our great teacher.” This Isidorus is no doubt Isidorus of Miletus, the 
architect of the Church of St Sophia at Constantinople (about 532 A.D.) 
whose pupil Eutocius also was; he is often referred to by Eutocius ( Comm. 
on Archimedes) as 6 Mijows pnyavixòs ‘Ioidupos zérepos &àckaAos. Thus 
the third portion of the Book at all events was written by a pupil of Isidorus 
in the sixth century. Kluge (De Euclidis elementorum libris qui feruntur XIV 
et XV, Leipzig, 1891) has closely examined the language and style of the 
three portions and conjectures that they may be the work of different authors; 
the first portion may, he thinks, date from the end of the third century (the 
time of Pappus), and the second portion too may be older than the third. 
Hultsch however (art. “ Eukleides " in Pauly-Wissowa's Xeal-Encyclopadte der 
dassischen Altertumswissenschaft, 1907) does not think his arguments con- 
vincing. 

It may be worth while to set out the particulars of Isidorus' rules for 
constructing isosceles triangles with vertical angles equal respectively to 
the angles of inclination between faces meeting in an edge of the several 
regular solids. A certain base is taken, and then with its extremities as 
centres and a certain other straight line as radius two circles are drawn ; 
their point of intersection determines the vertex of the particular isosceles 
triangle. In the case of the cube the triangle is of course right-angled ; in 
the other cases the bases and the equal sides are as shown below. 








| Equal sides of 
Base of isosceles triangle isosceles triangie 
For the tetrahedron the side of a triangular face the perpendicular from the 
. vertex of a triangular face 
to its base 
For the octahedron the diagonal of the square ditto 
on one side of a triangular 
face 
For the icosahedron the chord joining two non- ditto 


consecutive angular points 
of the regular pentagon on 
an edge (the “pentagon of 
the icosahedron ”) 

For the dodecahedron the chord joining two non- | the perpendicular from the 
consecutive angular points E: middle point of the chord 


— —À— — 


of a pentagonal face [BC joining two non-consecu- 

in the figure of Eucl. xu. tive angular points of a 

17] face to the Priwe side of 
that face [77.X in the figure 
of Eucl. X111. 17] 
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Frontispiece. This is a facsimile of a page (fol. 45 verso) of the famous 
Bodleian Ms. of the Elements, D'Orville 301 (formerly x. 1 inf. 2, 30), written 
in the year 888. The scholium in the margin, not very difficult to decipher, 
though some letters are almost rubbed out, is one of the scholia Vaticana 
given by Heiberg (Vol. v. p. 263) as rit. No. 15: Aca row xévrpov ota dv obk Hv 
“yryoews a£wv, ei diya réuvovow dAAynAas TÓ yap Kévrpov airav y &xoropia. 
époiws xai) el rijs érépas Sia ToU Kévtpou ovens x érépa pý Sua Tov kévrpov «in, 
ore ov diya téuverar 7 Sta Tov kévrpov. The x before «i in the last sentence 
should be omitted. PFVat. read 7 without €. The marginal references lower 
down are of course to propositions quoted, (1) &à rò a’ rov y, “by 11. 1,” and 
(2) 9ià rò y rot airod, “by 3 of the same.” 


Vol. 1. p. 20. I am aware that the assumption that the reference in the 
Mechanics (1. 24, p. 62, ed. Nix and Schmidt) is to Posidonius of Rhodes is dis- 
puted. It is pointed out that the context seems to show that the Posidonius 
referred to lived before Archimedes. Hoppe considers that the reference is 
to Posidonius of 4Jexandria, who was a pupil of Zeno the Stoic in the third 
century B.C. (cf. Meier, De Heronis aetate, pp. 19—21). The passage of the 
Mechanics in the German translation is as follows: ** Posidonius, ein Stoiker, 
hat den Schwer- und Neigungspunkt in einer natürlichen (physikalischen ?) 
Definition bestimmt und gesagt: der Schwer- oder Neigungspunkt ist ein 
solcher Punkt, dass, wenn die Last in demselben aufgehängt wird, sie in zwei 
gleiche Teile geteilt wird. Deshalb haben Archimedes und seine Anhänger 
in der Mechanik diesen Satz spezialisiert und einen Unterschied gemacht 
zwischen dem Aufhángepunkt und dem Schwerpunkt." This passage may 
certainly indicate that Posidonius’ definition “represents a more imperfect 
standpoint than that of Archimedes” (Enestróm in Bibliotheca Mathematica 
Vill, p. 177). But I do not feel certain that “ deshalb" necessarily means so 
much as that it was the particular definition given by Posidonius Jersonally 
which suggested to Archimedes the necessity for a distinction between the 
* Aufhángepunkt" and the “Schwerpunkt.” I agree however with Meier 
(p. 21) that the doubt as to the reference makes it impossible to build upon 
the passage for the purpose of determining the date of Heron. 


Vol. I. pp. 32—33. As bearing on the question whether Proclus continued 
his commentary beyond Book 1., I should have referred to the scholium pub- 
lished by Heiberg in Hermes xxxvill., 1903, p. 341, No. 17. It begins with 
the heading **Scholium on the scholium of Proclus on the 9th proposition 
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where he says..." the words then quoted being taken from the last five lines 
of the long scholium x. No. 62 (Heiberg, Vol v. pp. 450—z2), one of the 
scholia Vaticana; and similar words lower down are accompanied by the 
parenthetical remark, **as the scholium of the divine Proclus says.” If Proclus 
was really the author of the scholium, this is a point in favour of those who 
maintain that Proclus did write commentaries on the other Books (cf. Meier, 
De Heronis aetate, pp. 27—28). Heiberg however points out that, while the 
scholium shows that a Byzantine scholar took the collection of scholia 
Vaticana to be the work of Proclus, it does not prove more than this, and 
certainly it is not conclusive evidence that Proclus' commentaries covered all 
the Books. That this is fossib/e cannot be denied; the scholia Vaticana to 
the other Books ay, like those to Book L, have been extracted from Proclus, 
as also may the fragments which they contain of the commentary of Pappus, 
though it is not easy to explain why Proclus should have included extracts 
from Pappus which had already been put into the text by Theon. But it is 
much more probable, Heiberg thinks, that a Byzantine mathematician who 
had in his Ms. of Euclid the collection of scholia Vaticana, and knew that 
those on Book 1. came from Proclus, himself attached the name of Proclus to 
the rest of the collection; and this hypothesis seems to be confirmed by the 
fact that none of the other, older, sources of the scholia Vaticana have 
Proclus name in x. No. 62. 


Vol. 1. pp. 64—66. Hultsch has some valuable remarks on the origin of 
the scholia (Bibliotheca Mathematica VIII, pp. 225 sqq. and art. “ Eukleides " 
in Pauly-Wissowa’s Aeal-Erncydopádie der classischen Altertumswissenscha/fi, 


1907). Theodorus, Plato's teacher, is quoted in Plato's Zheaetefus 147 D as 


having proved the irrationality of ,/3, ./5 etc. up to 17; and the expres- 
sions used to describe such square roots, evidently Theodorus' own, are 
Ovvajus wodiaia, Svvazus tpirovs, ÓOvvapas Tevrámovs etc., the “square root " or 
*side" of “one, three, five etc. square feet." The same phraseology sur- 
vives in the scholia x. Nos. 52, 94, 149, where we have the expressions 
X TpOrovs, 7 Terpaxous, 4 evramovs, 7 éfarous, y éxtarovs, y Ó«Tdwovs, jj 
évvearrovs etc. — Hultsch concludes that the sources go back as far as 
Theodorus. As regards the extracts from Geminus, Hultsch observes 
that the scholia to Book 1. contain a considerable portion of Geminus' 
commentary on the definitions. They are specially valuable because they 
contain extracts from Geminus oz/y, whereas Proclus, though drawing mainly 
upon him, quotes from others as well. On the postulates and axioms the 
scholia give more than is found in Proclus. Hultsch considers it probable 
that the scholium at the beginning of Book v. (No. 3) attributing the discovery 
of the theorems to Eudoxus but their arrangement to Euclid represents the 
tradition going back to Geminus ; similarly he regards scholium xii. No. 1 
as having the same origin. 


Vol 1. p. 71. The scholium numbered 17 on page 341 in Hermes 
XXXVHI is taken from a Ms, which was written in the 11th cent. Since the 
Arabic figures in it are in the first hand, it follows that the acquaintance of 
the Byzantines with these figures dates 100 years further back than the date 
given (12th cent.). 


Vol 1. p. 7r. Inthe numerical illustrations of Euclid’s propositions 
sexagesimal fractions are often used; e.g. approximations to the values of 
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surds are expressed as so many units, so many of the fractions 1/60, so 
many of the fractions 1/607 etc., going as far as ''fourth-sixtieths" or the 
fractions 1/60% Hultsch wrote a short paper on the sexagesimal fractions 
in the scholia to Book x (Bibliotheca Mathematica v, pp. 225—233). He 
shows that numbers expressed in these fractions are handled with skill and 
sometimes include results of surprising accuracy, as when 4/27 is given 
(allowing a slight correction of the last fraction by means of the context) 
as 5° 11 46" 1o", where ^ represents units and dashes the successive 
sexagesimal fractions, which gives for ,/3 the approximation 1° 43' 55” 23”, 
being the same result as that given by Hipparchus in his tables of chords 
reproduced by Ptolemy and correct to the seventh decimal place. Similarly 
Jn is given as 2° 49' 42" 20" 10"", which is equivalent to ,/2 = 1'4142135. 
Hultsch gives instances of the various operations, addition, subtraction, 
multiplication and division, carried out in these fractions, and shows how the 
extraciion of the square roots was effected, after the method which Theon of 
Alexandria in his commentary on Ptolemy's ovvra£ applies to the evaluation 


of 4/4500, and which evidently goes back to Hipparchus. 


Vol 1. p. ror. In the Bibliotheca Mathematica 1X4, 1908, p. 76, A. Sturm 
notes that the preface to Camerarius! Euclid was not by Rhaeticus but by 
Camerarius himself, since the printer of the Steinmetz edition, Johann Stein- 
mann, says, in a short preliminary notice, that Camerarius had written the 
preface 28 years before ** sub alieno nomine." 


Vol. 1. p. 116. The date given for Eudoxus is that arrived at by Susemihl, 
“Die Lebenszeit des Eudoxos von Knidos” in Rheintisches Museum für 
Philologie, L111., 1898, pp. 626—8.  Hultsch however shows cause for rejecting 
this conjecture and for adhering to the earlier determination of the date as 
408—355 B.C. 


Vol. 1. pp. 249, 370. The statement that Euclid does not use the 
expression ai BAT, “the straight lines BAC,” for “the straight lines 24, AC” 
is not accurate. Although I have not found it in the early Books, it is some- 
what common in Books x, x! and xin. Thus, e.g., in Book x “the rectangle 
(contained) by BD, DC” is often written ró $xó ræv BAT or 76 bro BAT, and 
in one place (X. 59) we find rò avyxeiuevor èx trav dro röv MNE for “the sum 
of the sguares on MN, NO." In Book xi the contracted form is used in 
expressions for the plane through two straight lines, e.g. rò dia trav BAA 
éríémeBov, “the plane through BD, DA.” In xin. 11 we have cvvapdorepos 
7 ATM for “the sum of the two straight lines DC, CM," where DC, CM 
form an angle. 


Vol. 1. pp. 343—4, 351; Vol. it. p. 97;:Vol. 111. pp. 1—3, etc. Heinrich 
Vogt's paper “Die Geometrie des Pythagoras" in the Bibliotheca Mathematica 
IX, (September, 1908), pp. 14—54, unfortunately appeared too late to be 
noticed in the proper places. I do not think it would have enabled me to 
modify greatly what I have written regarding the supposed discoveries of 
Pythagoras and the early Pythagoreans, because I have throughout endeavoured 
to give the traditions on the subject for what they are worth and no more, and 
not to build too much upon them. Vogt’s paper is however a valuable piece of 
' criticism, deserving of careful study; and it requires notice here so far as con- 
siderations of space allow. G. Junge had in his paper Wann haben die Griechen 
das irrationale entdeckt? mentioned above (Vol. 1. p. 351, Vol. it. p. 1 s) 
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tried to prove that Pythagoras himself could not have discovered the irrational ; 
and the object of Vogt’s paper is to go further on the same lines and to 
maintain (1) that the theory of the irrational was first discovered by Theodorus, 
to whom Plato refers, and (2) that neither could Pythagoras himself have been 
the discoverer (a) of the theorem of Eucl. 1. 47, or (5) of the construction of 
the five regular solids in the sense in which they are respectively constructed 
in Eucl. xii, or (c) of the application of areas in its widest sense, equivalent 
to the solution of a quadratic equation in its most general form. Vogt’s main 
argument as regards (a) the theorem of 1. 47 is based on a new translation 
which he gives of the well-known passage of Proclus' note on the proposition 
(p- 426, 6—9), Tav pèr icropérv rà apyaia BovAopévey axovovras rò Oeapypa 
Tovro eis IIvÜayópay avazeparovrov éariv. evpeiy kai BovOirny Aeyorrev avrov éxi 
T] «vpéve«. Vogt translates this as follows: “Unter denen, welche das 
Altertum erforschen wollen, kann man einige finden, welche denen Gehor 
geben, die dieses Theorem auf Pythagoras zurückführen und ihn als Stier- 
opferer bei dieser Gelegenheit bezeichnen," “ Among those who have a taste 
for research into antiquity, we can find some who give ear to those who refer 
this theorem to Pythagoras and describe him as sacrificing an ox on the 
strength of the discovery." According to this version the words r&v... 
BovAopévev and the words dvareprovrwv...xai...\eyovrwy refer respectively to 
two different sets of persons, in fact two different generations ; the latter are 
older authorities who are supposed to be cited by the former; the former are 
a later generation, perhaps contemporaries of Proclus, some of whom accepted 
the view of the older authorities while others did not. But this would have 
required the article róv before avaxeuzóvrev, or some such expression as 
awy Twáv ot avaméj.rovat instead of avarepwrovrwy. Vogt’s interpretation is 
therefore quite inadmissible. ‘The persons denoted by avarepróvrwv are some 
of the persons denoted by r&v BovAopevww ; hence 'l'annery's translation, to 
which mine (Vol. 1. p. 350) is equivalent, is the only possible one, namely 
“Si l'on écoute ceux qui veulent raconter l'histoire des anciens temps, on 
peut en trouver qui attribuent ce théoréme à Pythagore et lui font sacrifier un 
beeuf aprés sa découverte” (La Géométrie grecque, p. 103). dxovevras agrees 
with the assumed suec? of eùpeîv ; avamepróvrwv and Acyóvrov should, strictly 
speaking, have been avaréprovras and Aéyovras agreeing with rwàs (the direct 
object of evpeiv) understood, but are simply attracted into the case of fov. 
Aouévev; the construction is quite intelligible. I agree with Vogt that 
Eudemus' history contained nothing attributing the theorem to Pythagoras. 
The words of Proclus imply this; but I do not think that they imply (as 
Vogt maintains) any pronouncement by Proclus himself agazss/ such attribution. 
In my opinion, Proclus is simply determined not to commit himself to any 
view ; his way of evading a decision is the sentence following, éyo 8$ Gavpata 
pv kai roùs mpurous émravras rjj ro00€ TOD Dewpyparos dAvein, peu óvws 96 yapa 
rov orotxewryy...; the plural rovs mpwrovs émwrrávras is, I hold, used for the 
very purpose of making the statement as vague as possible ; he will not even 
allow it to be inferred that he attributed the discovery to any single person. 
Returning to 7 Trav addywv apaypareta (Proclus, p. 65, 19), we may concede 
that the imperfect (arithmetical) theory of proportion would probably be 
discovered earlier than the theory of the irrational ; but we can hardly accept 
the reading dvaAóyov or avaXoywv (instead of ahoywv) until it is confirmed by 
further investigation of the Mss. I do not agree in Vogt's contention that 
the theory of the irrational was first discovered by Theodorus. It seems to 
me that we have evidence to the contrary in the very passage of Plato referred 
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to. Plato (ZZeaefefus 147 D) mentions ,/3, ./5, ... up to V17 as dealt with by 
Theodorus, but omits ,/2. This fact, along with Plato's allusions elsewhere 
to the irrationality of ,/2, and to approximations to it, in the expressions appyros 
and pyr) Óuguerpos trys Teumdos, as if those expressions had a well-known 
signification, implies that the discovery of the irrationality of ,/2 had been 
made before the time of Theodorus. The words 7 trav dAcywv v pa ypareía 
might well be used even if the reference is only to ,/2, because the first step 
would be the most difficult, and mpaypareia need not mean the establishment of 
a complete theory or anything more than “investigation” of a subject. Coming 
now to (6) the construction of the cosmic figures, 7 ràv xoopixdv oynpdrwov 
avoracts (Proclus, p. 65, 20), I agree with Vogt to the following extent. It is 
unlikely that Pythagoras or even the early Pythagoreans “constructed” the five 
regular solids in the sense of a complete theoretical construction such as we 
find, say, in Eucl. xii; and it is possible that Theaetetus was the first to 
give these constructions, whether éypaye in Suidas’ notice, xpwros 96 rà révre 
xaAovpeva, oreped. éypaye, means “constructed” or “wrote upon.” But 
avoracis in the above phrase of Proclus may well mean something less than 
the theoretical constructions and proofs of Eucl. xir. ; it may mean, as Vogt 
says, simply the * putting together” of the figures in the same way as Plato 
puts them together in the Zimaeus, i.e. by bringing a certain number of angles 
of equilateral triangles and of regular pentagons together at one point. There 
is no reason why the early Pythagoreans should not have “constructed” the 
five regular solids in this sense; in fact the supposition that they did so 
agrees well with what we know of their having put angles of certain regular 
figures together round a point (in connexion with the theorem of Eucl. 1. 32) and 
shown that only three kinds of such angles would fill up the space i# one plane 
round the point. But I do not agree in the apparent refusal of Vogt to credit 
the Pythagoreans with the knowledge of the theoretical construction of the 
regular pentagon as we find it in Eucl. 1v. 1o, 11. I do not know of any 
reason for rejecting the evidence of the Scholia 1v. Nos. 2 and 4 which say 
categorically that “this Book” (Book 1v) and “the whole of the theorems” 
in it (including therefore Props. 10, 11) are discoveries of the Pythagoreans. 
And the division of a straight line in extreme and mean ratio, on which the 
construction of the regular pentagon depends, comes in Eucl. Book rr. 
(Prop. 11), while we have sufficient grounds for regarding the whole of the 
substance of Book 11. as Pythagorean. I am sorry that, when I was writing on 
the subject of the “five bodies of the sphere” in the fragment of Philolaus 
(Vol. 11. p. 97), my attention had not been called to the version of the 
passage in Diels’ Fragmente der Vorsokratiker (Berlin 1903, p. 254, and 
2nd ed. Berlin 1906, p. 244): xai rà piv ras opaipas awpara wévre vri rà èv 
Tü. opatpar wip «xai» vdwp kai ya kai ayp, kai ð ras c'jaípas óAxds, mépzrTov, 
“Und zwar gibt es fünf Elemente der Weltkugel: die iz der Kugel befind- 
lichen, Feuer, Wasser, Erde und Luft, und was der Kugel Lastschiff ist, das 
fünfte." If this version is right, there is (as Vogt points out) no allusion here 
to the five regular solids, and the fragment ceases to have any bearing on the 
present question. I will permit myself one more criticism out of many which 
Vogt's paper is sure to evoke. I think he bases too much on the fact that it 
was left for Oenopides (in the period from, say, 470 to 450 B.C.) to discover 
two elementary constructions (with ruler and compass only), namely that of a 
perpendicular to a straight line from an external point (Eucl. 1. 12), and 
that of an angle equal to a given rectilineal angle (Eucl 1. 23) Vogt 
infers that geometry must have been in a very rudimentary condition at 
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the time. I do not think this follows; the explanation would seem to be 
rather that, the restriction of the instruments used in constructions to the 
ruler and compass not having been definitely established before the time 
when Oenopides wrote, it had not previously occurred to anyone to substitute 
new constructions based on that principle for others previously in vogue. In 
the case of the perpendicular, for example, the construction would no doubt, 
in earlier days, have been made by means of a set square. 


Vol. 1. p. 411, column 2, line 12, for éxarépg éxarépa read éxarépa éxarépa. 


Vol 11. pp. 189—190.  Hultsch (art. “ Eukleides” in Pauly-Wissowa’s 
Real-Encyclopadie der classischen Altertumswissenschaft) thinks that the defini- 
tion of compound ratio (v1. Def. 5) is genuine. His grounds are (1) that it stood 
in the waAaa éxdoo1s represented by P (though P only has it in the margin) 
and (2) that some explanation on the subject must have been given by way of 
preparation for vi. 23, while there is nothing in the definition which is ##- 
consistent with the mode of statement of vi. 23. If however the definition is 
after all genuine, I should be inclined to regard it as a mere survival from 
earlier text-books, like the first of the two alternative definitions of a solid 
angle (x1. Def. 11); for its form seems to suit the old theory of proportion 
applicable to commensurable quantities only better than the generalised 
theory due to Eudoxus. 


Vol. 11. pp. 424—5. I should have added to the note on “perfect 
numbers” the following references. Nicomachus (1. 16, 2— 7) observes that 
perfect numbers are rare, there being only one among the units (6), one 
among the tens (28), one among the hundreds (496) and one among the 
thousands (8128), and that they end alternately in 6 and 8. Cf. Iamblichus, 
P. 33, 15—25. 

Nesselmann (Die Algebra der Griechen, p. 164, note) gives a reference to a 
letter from Fermat to Mersenne (Varta opera mathematica Petri de Fermat, 
Tolosae, 1679, p. 177) in which Fermat enunciates three propositions which 
much facilitate the investigation whether a number of the form 2* — 1 is prime 
or not. If we write in one line the successive exponents 1, 2, 3, 4 etc. of 
the successive powers of 2 and underneath them respectively, in another line, 
the numbers representing the corresponding powers of 2 diminished by rz, 
thus, 

I2 3 4 5 6 7 8 9 IO UL ven n 


I 3 7 I5 31 63 127 255 SII 1023 2047...... 2*—1I 


the following relations are found to subsist between the numbers in the first 
line and those directly below them in the second line. 

I. If the exponent is not a prime number, the corresponding number is 
not a prime number either (since a? — r is always divisible by a?— x as well 








as by a*— 1). 
2. If the exponent is a prime number, the corresponding number 
^ a-l 
diminished by r is divisible by twice the exponent. (* 22 fu L, so that 


this is a special case of ‘‘ Fermat’s theorem ” that, if 5 is a prime number and 
a is prime to J, then g?7!— 1 is divisible by 2.) 


ADDENDA ET CORRIGENDA 527 


3. If the exponent »* is a prime number, the corresponding number is 
only divisible by numbers of the form (2725 * 1r). If therefore the corre- 
sponding number in the second line has no factor of this form, it has no 
integral factor. 

The first and third of these propositions are those which are specially useful 
for the purpose in question. As usual, Fermat does not give his proofs but 
merely adds: *'Voilà trois fort belles propositions que j'ay trouvées et 
prouvées non sans peine. Je les puis appeller les fondements de l'invention 
des nombres parfaits." 


The first four perfect numbers, those mentioned above as given by 
Nicomachus, are 


2(27—1)=6, 27(2?—1)=28, 2¢(25—1)=496, 2*(2'— 1) - 8128. 


Hultsch investigated the next four, the fifth to the eighth (Wachr. d. Gesell- 
schaft d. Wissensch. su Gottingen, 1895, pp. 246 sqq); the fifth is 
2” (28 — 1) = 33,550,336, the sixth 2!*(2" — 1), the seventh 275 (2? — 1), and the 
eighth 29 (2? — 1), which is greater than 2 trillions. The ninth, 2” (2*! — 1), 
was discovered by P. Seelhoff (Zeitschrift für Math. u. Physik XXXI., 1886, 
pp. 174—8) and verified by Lucas (Mathésts vit. pp. 45—46); Hultsch also 
wrote upon it (Abhandlungen der Gesellschaft d. Wissensch. su Gottingen, 1897, 
PP. 47 sq.); it has 37 digits. 

Loria (Z periodo aureo della geometria greca, p. 39) gives further references. 
He observes that the question of the existence of further prime numbers of 
the form 2* — 1 where #>61 is not yet solved; it would be, however, if it 
were found possible to prove the empirical theorem of Catalan that, if 2* — 1 


is a prime number (=), the numbers p’ = 2? — 1, 9” = 2? — x etc. will also be 
prime numbers (** Mélanges mathématiques ” in Mémoires de la Société de Liége, 
2° Série, XII. p. 376). There have also been attempts, so far unsuccessful, to 
solve the question whether there exist other “perfect numbers” than those of 
Euclid and, in particular, perfect numbers which are odd (cf. several notes by 
Sylvester in Comptes rendus CV1., 1888 ; Catalan, “ Mélanges mathématiques ” in 
Mim. de la Soc. de Lidge, 2° Série, XV., 1888, pp. 205—7; C. Servais, in 
Mathésis vit. pp. 228—230 and vill. pp. 92—93, 135; E. Cesàro in Mathésis 
VII. pp. 245—6; E. Lucas in Mathésis x. pp. 74—76). 


*— 


GENERAL INDEX OF GREEK WORDS 
AND FORMS. 


[The references are to volumes and pages.] 


á&yorior, angle-less (figure) 1. 187 
addvarov: ?) els 7d dà. draywyh, 7 dià Tod d. 
Geitis, 7) els TÒ dO. dyovga dwddectes 1. 136 

&xiboetófjs, barb-li&e 1. 188 

&xpos, extreme (of numbers in a series) 1I. 
328, 367: (els) dxpov xal péso» Ddbyor 
rerpncOa, “to be cut in extreme and 
mean ratio” 11. 189 

dXo'yos, having no ratio, irrational 11. 117-8: 
a relative term, resting on assumption or 
convention (Pythagoreans) III. I, It: use 
of term restricted in Euclid rir. 12 

dufAeia (ywrla), obtuse (angle) I. 181 

áuBAvyor(ios, obtuse-angled I. 187 

åuephs, indivisible 1. 41, 268 

dudixocdos (of curvilineal angles) 1. 178 

dudixupros (of curvilineal angles) I. 178 

dvaypdgew  dxó, to describe on, contrasted 
with to construct (cvorhcagOa) 1. 348: 
peculiar use of active participle, al fca 
TeTpaywra dvaypdgovcat — straight lines on 
which equal squares are described 111. 13 

dvadoyia, proportion: definitions of, inter- 
polated II. 119 

dráXo'yor — dvd Adyor, proportional or in pro- 
portion: used as indeclinable adj. and as 
adv. 11. meg, 165: éon dyddoyor, mean 
proportional (of straight line) 11. 129, 
similarly uécos áráXoyor of numbers II. 
295, 303 etc.: Tpírg (rpiros) áváXoyov, 
third proportional 11. 214, 407-8: rerdprn 
(rérapros) dyddoyor, fourth proportional 
II. 215, 409: éfis dvddoyor, in continued 
proportion II. 346 

dvadvéuevos (rówos), Treasury of Analysis, 
I. 8, to, r1, 138 

dydwakty (Adyos), inverse (ratio), inversely 11. 
I34 

dvaorpéparri, convertendo, in proportions II. 
135: analogous use otherwise than in 
proportions III. 164 

üracrpod?) Néyou, “conversion” of a ratio 11. 


135 
dvyacrpogixds (species of locus) I. 330 
H. E. III. 


dvigdxts åvıgáxıs (cos, unequal by unequal 
by equal (of solid numbers) = scakne, 
ognricxos, opynxloxos or Bwplokos 1I. 290 
dvopotopepís, non-uniform 1. 40, 161-2 
dvopolws Trera-yuévuv TOY Néywr (of perturbed 
proportion) in Archimedes 11. 136 
dyravalpeots,  abry, definition of same ratio 
in Aristotle (dy@udalpeots Alexander) 11. 
120: terms explained II. 121 
dyrirerovObra oxjuara, reciprocal (= recipro- 
cally related) figures, interpolated def. of, 


dyrictpogy}, conversion 1. 256-7: leading 
variety, 7) wpoywyovuérm or 1) kvplws, ibid. 

drirapkros, non-existent I. 129 

dwy, axis III. 269 

dópurros, indeterminate: (of lines or curves) 
1. 160: (of problems) I. 129 

amwayuyh, reduction 1. 135: els rò ddvvaror 
I. 136 

&meipos, infinite: 7 ér’ dw. éxBaddouérn of 
line or curve extending without limit and 
not “forming a figure” I. 160-1: ér’ är. or 
els dw. adverbial 1. 190: ér’ dw. d:apetoOan 
I. 268: Aristotle on 7d repov 1. 232-4 

admwdarhs, breadthless: in definition of a line, 
piíjkos awdarés, breadthless length 1. 158: 
(of prime numbers) 11. 285 

áx obs, simple: (of lines or curves) 1. 161-2: 
(of surfaces) 1. 170 

dwédacks, Proof (one of necessary divisions of 
a proposition) I. 129, 130 

dwoxaracrarix6s, recurrent. (=spherical), of 
numbers II. 291 

drorouh, apotome, a compound irrational], 
difference of two terms II, 7: defined 111. 
158-9: péons åmorouh *pórm (Sevrépa), 
first (second) apotome of a medial (straight 
line) 111. 7, defined 111. 159-60 

&xreoÓai, to meet, occasionally to fouch 
(instead of é$ásrecÓ0a:) I. 57, II. 3: also 
=to pass through, to lie on 11. 79 

dp6ués, number, definitions of, 11. 280 

&ppyros, inexpressible, irrational: of Xóyos 
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I. 137: üppyros Biduerpos ris weuwados, 
*' irrational diameter of 5” (Plato) = N 50, 
I. 399, III. 12, 525 

dpriaxis åprıoðóvapov (Nicomachus) 11. 282 

dpriaxis Gprios, even-times even 11. 281-2 

dpridxis wepioods, even-times odd 11. 282-4 

dprioméprros even-odd (Nicomachus etc.) 11. 
282 

Aprios (ápsÓuós), even (number) rr. 281 

deóuBaros, incompatible 1. 129 

dobpuerpos, incommensurable: d. uhxer (uóvov) 
incommensurable in length (only), óvráuet 
‘tin square " III. 1i - 

dovurrwros, not-meeting, non-secant, asym- 
plotic 1. 40, 161, 203: (of parallel planes 
IH. 265 : 

dovrGeros, incomposite : (of lines) 1. 160, 161: 
(of surfaces) 1. 170: (prime and) incom- 
posite (of numbers) 11. 284 

&rakros, unordered: (of problems) 1. 128: 
(of irrationals) 1. 115, II. 10 

Érouot pappal, **indivisible lines" 1. 268 


Ba8os, depth 1. 158-9 

Bdors, base 1. 49 

BeBnxéva, to stand (of angle standing on 
circumference) II. 4 

Buwploxos, altar-shaped (of ‘‘scalene” solid 
numbers) 11. 290 


yeyorérw (in constructions), “ let it be (žave 
been) made ” 11. 248 

yeyouds ay ely rò irıraxôér, “what was 
enjoined will have been done " i1. 8o, 261 

yeypád8w, “let it be (lit. kave deen) drawn” 
I. 242 

vyevopevos, 6 é£ abro», "their product” 11. 
316, 326 etc.: ò éx ro évós yevdpevos 
=“ the square of the one” 11. 327 

yvópw», gnomon g.v.: Democritus wept ĝia- 
$opfjs "yvópovos (yrwuns or ywrins?) 7 rep 
Yatous Kixdov xal e$alpys 11. 40: (of 
numbers) II. 289 

paf, line (or curve) g.v. 

ypauusxés, linear (of numbers in one dimen- 
sion) 11. 287: (of prime numbers) r1. 285: 

pappux@s, graphically 1. 400 
ypaperOa, ‘to be proved” (Aristotle) 11. 120 


Sedonévos, given, different senses 1. 132-3: 
Euclid’s dedouéva or Data g.v. 

8elypyara, illustrations, of Stoics 1. 329 

det h, “thus it is required” (or “is neces- 
sary”), introducing &opiuós 1. 293 

debrepos, secondary (of numbers): in Nico- 
machus and Iamblichus a subdivision of 
odd 11. 286, 287 

Sex duevoy, "admitting ” (of segment of circle 
admitting or containing an angle) II. 5 

&áypauua = proposition (Aristotle) 1. 252 

Sıaipeig ĝar (used of ** separation" of ratios): 
&uupeÜérra, separando, opp. to ovyxelueva, 
com 11, 168 

Sialpeors, point of division (Aristotle) 1. 165, 
170, 171: method of division (exhaustion) 
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I. 285: Euclid's repl 8uupéceur, On divi- 
sions (of figures) 1. 8, 9, 18, 87, 110: ékal- 
pesis Nóryov, separation, literally division, 
of ratio II. 135 

dderpos, diameter: of a circle, parallelogram 
etc. I. 185, 325: of sphere III. 370 

diacrdces, almost = “dimensions” I. 157, 
158, III. 262: Aristotle speaks of sx 111. 263 

Suacraréy, extended, ip €» one way, ¿rì do 
two ways, ¿mì rpla three ways (of lines, 
surfaces and solids respectively) 1. 158, 
170, III. 263 

Que ropa, distance 1. 166, 167, 207 : (of radius 
of ie I. 199: (of an angle) =divergence 
I. 176-7 

dtefevypérn (dvadoyla), disjoined = discrete 
(proportion) II. 293 

A&eMórri, separando, literally dividendo (of 
proportions) II. 135 

Scetodixds (of a class of loci) 1. 330 

&ypnuévn (dvadoyla), discrete (proportion), i.e. 
in four terms, as distinct from continuons 
(rcwexfis, evrnupérn) in three terms I1. 131, 


293 

dodo, “let it be drawn through” (- pro- 
duced) or “across” 1. 280, II. 7 

9i lsov, ex aequali (of ratios) 11. 136: & 
loov év rerapaypuéry dradoyig, **ex aegwali 
in perturbed proportion " 11. 136 

Sixdroupos, fwtce-truncated (of pyramidal 
numbers) II. 291 

opo pós — (1) particular statement or defini- 
tion, one of the formal divisions of a pro- 
position 1. 129: (2) statement of condition 
of possibility 1. 128, 129, 130, 131, 234, 
243, 293 

Sirddoros dyos, double ratio: diwhaclew Mryos, 
duplicate ratio, contrasted with, II. 133 

óórajus, power: =actual value of a sub- 
multiple in units (Nicomachus) 11. 282: 
=side of number not a complete square 
(i.e. foot or surd) in Plato 11. 288, 290, 
III. I, 2, 3: =sguare in Plato 1I. 294-5 

Swwacba, “to be side of square equal to” 
III. 13: al duvauerac abrá, sides of squares 
equal to them 111. 13: ù BT rs A ueijor 
Sivara: ry AZ, “the square on SC is 
greater than the square on 4 by the square 
on DF,” literally *' BC is ss power greater 
than A by DF" IIl. 43 


eldos, figure 11. 234: =form II. 254 

eloayuryh ápuorucj, Introduction to Harmony, 
by Cleonides 1. 17 

Exagros, each: curious use of, 11. 79 

éxarépa éxarépg, meaning respectively 1. 248, 


350 

éxBeBAfjo8wcar, use of, 1. 244 

éxetvos = Euclid 1. 400 

ExOeots, setting-out, one of formal divisions 
of proposition I. 129: may sometimes be 
omitted I. 130 

éxrés, xarà TÒ (of an exterior angle in sense 
of re-entrant) I. 263: ġġ éxrós ywola, the 
exterior angle 1. 280 


GENERAL INDEX OF GREEK. WORDS AND FORMS 


éMacawv, minor (irrational) straight line 111. 
7 etc. 

éMkoeiójs, spiral-shaped 1. 159 

&EXxeuipa, defect (in application of areas) 11.262 

éAXelrew, **fall short" (in application of 
areas) II. 262 

ArAayis, falling-short (in application of areas) 
I. 36, 343-5. 383-4 

Arcwés vpóBAgua, a deficient (=indetermi- 
nate) problem 1. 12 

éumlerew, fall in (=be interpolated) 11. 358 

évadrAd£, alternately or (adjectivally) alternate 
I. 308: évad Adyos, alternate ratio, 
alternando M. 134 

fva wielw, ‘‘several ones” (def. of number) 
II. 380 l 

érapuótew, to ft in (active) Book Iv. Def. 7 
and Prop. 1, II. 79, 80, 81 

Evvoa, notton, use of, I. 221 

Evoracis, objection 1. 135 

érrós, within: (of internal contact of circles) 
II. 13: xarà rà évrós or h érràs (ywrla), of 
an tsterior angle I. 263, 380: h) évrds xal 
drevaytiov *yovía, the interior and opposite 
angle 1. 280 

éfjjs dyadoyor, in continued proportion (of 
terms in geometrical progression) 11. 346 

éwefevyOwoay (erivedyrusm, join) I. 242 

éxtudpos byos, superparticularis ratio — ratio 
(2+1): nt, 11. 295 

éximedov, plane in Euclid, used for surface 
also in Plato and Aristotle 1. 169, 111. 263 

éwiwedos (&pÓnós), plane (number) 11. 287—8 

émexpooGety, cmimposhey elvai, to stand in 
front of (hiding from view), in Plato’s 
definitions of straight line and plane 1. 
165, 166 

éxmipaveaa, surface: in Euclid 1. 169: in 
Aristotle 111. 263 

éwéuera, consequents (= ** following " terms) 
in a proportion II. 134, 238 

érepouyxns, oblong: érepdunxes, oblong (figure) 
I. 151, 188: (of numbers) in Plato = rpo- 

ins, which however is distinguished from 

érepousjkys by Nicomachus etc. 11. 289-90, 


1 

bho rd, the straight I. 159: ev0eta (ypaupy), 
straight line 1. 165-9 

eUOvypapupaxós, rectilinear (term for prime 
numbers) 11. 285 

evOvypaupos, rectilineal 1. 187: neuter as 
substantive I. 346 

evOuperpixds, euthymetric (of prime numbers) 
I. 285 

éparrerGat, to touch 1. 57 

épapudfew, to coincide, épapudtecOa, to be 
applied to 1. 168, 224-5, 249 

égexrixés (of a class of loci) 1. 330 

pegis, “in order” 1. 181: of adjacent angles 
I. 181, 278 


iryobpera, antecedents (‘‘ leading” terms) in 
a proportion II. 134 
Trrep, than: construction after d&wrAaclwy etc. 


II. 133 
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Oewpnya, theorem, g.v. 
8vpeós (shield) —ellipse 1. 165 


(Siouyxys, of square number (Iamblichus) 11. 


293 

los mén, hippopede (horse-fetter), name 
for a certain curve 1. 162-3, 176 

loaxis lodxis ľgos, equal multiplied by equal 
and again by equal (of a cube number) 11. 


290, 291 


. isárıs tos, equal multiplied by equal (of a 


square number) II. 291 

ladxis loos éXarrovdxts (pectoraxcs), species of 
solid numbers, =wxAwOls (Soxls or ornXs) 
II. 291 

loopérpww  axnuárurv, wepl, On isometric 
Figures (Zenodorus) 1. 26, 27, 333 


KáÜeros (eb0cim ypauuy), perpendicular 1. 
181-2, 271: ''plane" and “solid” per- 
pendicular 1. 272 

careloOw, “let it be called,” indicating 
originality of a definition II. 129 

kauTÓAos, curved (of lines) I. 159 

karauerpetw, measure II. 115: without re- 
mainder,'' completely" (xAnpodrrws) 11. 280 

Karackevajw, construct: rô» aùrûv kara- 
oxevacbévrwy, ‘with the same construc- 
tion" IH. 11 

karackeví), construction, or machinery, one 
of the divisions of a proposition I. 129: 
sometimes unnecessary I. 130 

kataron) xaydvos, Sectio canonis of Euclid 1. 
17, IL. 295 

xelaOw, ‘‘let it be made" 1. 269 

kekapuévn, bent (of lines) I. 159, 176 

Kérrpor, centre I. 183, 184, 199: of sphere 
III. 270: ù ék ToU kérrpov— radius I. 199, 


II. 2 
keparoedhs ("ywrla), horn-like (angle) 1. 177, 
178, 182, II. 4, 39, 40 


KMá», to break off, deflect, ox inflect : kexXda0au, 


def. of, alluded to by Aristotle 1. 118, 150, 
176, 178, Il. 47: kekhaguévm ypapuy, 
defined by Heron I. 150, 159: xekAáa0w 
oh vá» Il, 47 

kMácis, breaking (of lines) 1. 176 

KMo:s, inclination: (of line to line) I. 176: 
(of straight line to plane or of plane to 
plane) 111. 263-4: ópolws kexMa0as, to be 
similarly inclined i11. 265 

Kothoywor, hollow-angled (figure), in Zeno- 
dorus I. 27, 188 

kowal Érvoiu,, Common Notions (=axioms) 
I. 221-2: called also rà kowá, kowal 8btac 
(Aristotle) I. 120, 221 

kou) wporxelaOw, ádnpjo0uw, *'let there be 
added to, subtracted from, each" 1. 276 

kou) Tou, common section (of planes) 111. 
263 

kóNovpos, truncated (of pyramidal number 
minus vertex) I1. 291 

Kopuph, vertex ; xarà kopudrjv, vertical (angles) 
I. 378 

xpixos, ring (Heron) 1. 163 


34—2 
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kukMkós, cyclic, a particular species of square 
number II. 291 

kÜMÜpos, cylinder 111. 271 

kvos, cone III. 270 


ĝua, lemma (=something assumed, Aap- 
Barvópevor) 1. 133-4 

Aéyos, ratio: meaning 1I. 117: definition of, 
II. 116—9: original meaning (of something 
expressed) accounts for use of 4&Xoyos, 
having no ratio, irrational 11. 117 

Aourós, remaining: Aarh ?) AA Aari rý BH 
lon écrir 1. 245 


pelfwy, major (irrational straight line) 111. 7, 
87-8 etc. 

peporagÓ0au to be isolated, of pords, unit 
(Theon of Smyrna) r1. 279 

pépos, part: two meanings II. 115: generally 
=submultiple 11. 380: uépy, parts (= proper 
fraction) 11. 115, 280: uépy (= direction) 
I. 190, 308, 323: (- side) 1. 271 

éon dváXoyor (eb0cia), ésos dvddoyor (dpx0- 
mós), mean proportional (straight line or 
number) ii. 129, 295, 363 etc. 

pécos, “medial” (of a certain irrational 
straight line or area) I11. 49, 50: 7) éx dvo 
péoww wpurn (Sevrépa), “the first (second) 
bimedial (straight line)" 111. 7, 84-6: 
péons dworoun poro (Óevrépa)  '*first 
(second) apotome of a medial (straight 
line)” 111. 7, 159-62: jmró»v kal pécor 
Suvapévn, ''side of (square equal to) the 
sum of a rational and a medial area" 
III. 7, 88-9: óo uéca Suvapévn, ‘‘side of 
the sum of two medial areas" Ii. 7, 
89-90: 1) merà pyroü (uéoov) uérov Td ÓXor 
wotoUca, ‘‘side of (square equal to) the 
difference between a medial and a rational 
(medial) area 111. 7, 164-7 

Heréwpos, elevated (above a plane) 111. 272 

Bh yap, ** suppose it is not" 11. 7 

MÎKOS, length I. 158-9: in Plato = side of 
complete square or length commensurable 
with unit of length 11. 288, 111. 3: more 
generally, of number in one dimension 
II. 287-8 ` 

unvoeðhs, lune-like (of angle) 1. 26, 201: 70 
pnvoedées (oxfjua), lune I. 187 

pakTós, “ mixed ” (of lines or curves) 1. 161, 
163 : (of surfaces) I. 170 

povas, unit, monad : supposed etymological 
connexion with Aóros, solitary, ový, rest 
II. 279: povàs pos aBoÜca 0écw, definition 
of a fois I. 155 

povdorpogos ENE, '' single-turn spiral " I. 122- 
3 n., 164-5: in Pappus- cylindrical helix 
I. 165 


vetoes, inclinations, a class of problems 
I. 150-1 : vevew, to verge 1. 118, 150 


Evorpoedhs, scraper-like (of angle) 1. 178 


ópoció s, ‘of the same form” 1. 250 
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épocouephs, uniform (of lines or curves) L 40, 
161-2 

500s, similar: (of rectilineal figures) 11. 188: 
(of angles) = equal (Thales, Aristotle) I. 
252: (of segments of circles) 11. 5; (of 
plane and solid numbers) 1. 357, 11. 393 

ópotórns ASywr, “similarity of ratios" (inter- 
polated def. of proportion) 11. 119 

ópóNoyos, homologous, corresponding II. 134: 
exceptionally “in the same ratio with” 
II. 238 

dvoua, name or ferm, in such expressions as 
j| ék S60 óvouárwr, the binomial (straight 
line) 111. 7 etc. 

dfeta (ywrla), acute (angle) 1. 181 

ó£vyóvtos, acute-angled I. 187 

Ürep Ee: eikai (or raoa) Q.E.D. (or F.) 1. 57 

ópÜo'yóvios, right-angled : as used of quadri- 
laterals = rectangular 1. 188-9 

dpiopés, definition I. 143 

ópos, definition 1. 143: original meaning of, 
I. 143: =boundary, limit 1. 182: —4/erm 
in a proportion II. 131 

dyes, visual ray I. 166 


wavry uera anBavónevas, ‘taken together in 
any manner ' I. 282 

vmapaBáAXecw, to apply (an area): wapaBd\New 
dvd used, exceptionally, instead of wapa- 
BáXXew wapd or dvaypddew áró 11. 26a 

mwapaBohy TO» Xwplev, application of areas 
I. 36, 343-5: contrasted with trepBodd 
(exceeding) and fAXewuas. (falling-shert) 1. 
343: wapaBod} contrasted with ctoraccs 
(construction) 1. 343: application of terms 
to conics by Apollonius I. 344-5 

wapddotos réwos, 6, The Treasury of Para- 
doxes I. 329 

wapah\drrw, "fall beside," '*sideways" or 
“awry” t. 262, II. 54 

vapaAAmAemimeÓos (adj.), parallelepipedal = 
"with parallel planes or faces": arepeor 
rapaAAQAemimeóo! =  *''parallelepipedal 
solid," not *' solid parallelepiped” 111. 326 

wapad\n\éypaxuos, parallelogrammic (= pa- 
rallel-lined) : xapaAAqAéypaupop xewpior 
‘*parallelogrammic area," shortened to 
wapah\n\éypaypor, parallelogram I. 325 

wapardijpwua, complement (of a parallelo- 
gram) g.v. 

evTá'ypappop II. 99 

xepalvouca  wogórgs, “limiting quantity” 
(Thymaridas' definition of unit) 11. 279 

Tépas, extremity I. 165, 182 : wépas e vykAetor 
(Posidonius' definition of figure) 1. 183 

wepexouérn (of angle), repexduevor (of rect- 
angle), contained 1. 370: Tò dis mepiexó- 
merov, twice the rectangle contained 1. 380: 
(of figure) contained or bounded 1. 182, 
183, 184, 186, 187 

wepocdks dprios, odd-times even Y. 282-4 

wepooans aepuaós, odd-times odd 11. 284 

wepuradprios, odd-even (Nicomachus etc.) 
II. 283 

wepocés, odd (number) r1. 281 
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wepipépeca, circumference (includes arc) 1. 184 

wepipephs, circular I. 159 

wepubepóypaupos, contained by a circum- 
ference of a circle or by arcs of circles 
I. 182, 184 

79Alkos, how great: refers to continuous 
(geometrical) magnitude as morós to discrete 
(multitude) 11. 116-7 

mnduxérys, used in v. Def. 3 and vi. Def. 5: 
— size (not guantuplicity as it is translated 
by De Morgan) 11. 116-7, 189-90: sup- 
posed multiplication of wndcxérnres (Vi. 
Def. 5) II. 133: distinction between 
wnrcxérns and uéyeÜos 11. 117 

. TAáros, breadth 1. 158-9: (of numbers) 11. 288 

meoráfor (póBXqua), ** (problem) in excess ” 
I. 12 

wAevpá, side: (of factors of “plane” and 
* solid" numbers) 11. 288 

wAi0os opucuévov or semepaouévor, defined 
or finite multitude (definition of number) 
II. 280: ék povddwy acvykeluevop wM00s 
(Euclid's def.) 11. 280 

voXÀamAacifew, multiply: defined 11. 287 

voÀAasxAacicuós, multiplication: xab’ ror- 
oroÜv toXAas acia cuór,'* (arising) from any 
multiple whatever” 11. 120 

ToXXamAdcios, multiple: lodxis oXNasAáota, 
equimultiples II. 120 etc. 

Tóňos, a mathematical instrument I. 370 

vToNUTAevpor, multilateral, many-sided figure 
I. 187: excludes rerpásAevpor, quadri- 
lateral 1I. 239 

woploac@a, to '*find" or “furnish” I. 125, 
II. 248 

vópuw pa, porism g.v. 

wocáxis xocákus woool, **so many times so 
many times so many" (of solid numbers, 
in Aristotle) 11. 286, 2 

Tocáxus morol, “so many times so many " (of 
plane numbers, in Aristotle) 11. 286 

woody, quantity, in Aristotle II. 115: refers 
to multitude as wyAlxoy to magnitude II. 
116-7 

wpleua, prism III. 268 

wpóg^"ua, problem g.v. 

wporryouuevos, leading: (of conversion)= 
complete I. 256-7 : mponyotpuevor (Oewpnua), 
Leading (theorem), contrasted with converse 


I. 257 

mpouhrys, oblong (of numbers): in Plato 
= érepopjxns, but distinguished from it by 
Nicomachus etc. 11. 289-90, 293 

vpós, in geometry, various meanings of, I. 277 

wpocavaypdyat, to draw on to: (of a circle) to 
complete, when segment is given 11. 56 

v pocappbfovea (ei8€ia) = “annex,” the straight 
line which, when added to a compound ir- 
rational straight line formed by subtraction, 
makes up the greater "term," i.e. the 
negative ‘‘term” III. 15 

*poceupei», to find in addition (of finding 
third and fourth proportionals) II. 214 

wpóragis, enunciation 1. 129-30 

mporelvw, to propound I. 128 
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vportÜérai, to 


ropose : 7?) vporeOeica evOeia, 


any assig straight line 111. 11 
mpra wpos d&\djAous, (numbers) prime to: 


one another 11. 285-6 
pros, prime: two senses of, I. 146: II. 284-5 
BTW, case I. 134 : 
*Tvpauls, pyramid III. 268 


pnrés, rational (literally ‘‘ expressible”) 1. 
137, II. 117, I. I : a relative term, un- 
like dovuperpos (incommensurable) which 
is a #atural kind (Pythagoreans) 111. 1: 
purà Odiuerpos Tíjs weuwddos, ‘rational 
diameter of 5" (=7, as approximation to 
50) I. 399, III. 12, 525: Dyrór xal uécor 
duvauévn ( —side of square equal to sum of 
a rational and a medial area) etc. 111. 7 


onuetov, point I. 155-6 

cráÜus, a mathematical instrument I. 371 

eTepeós, solid 111. 263-3: of solid numbers 
II. 290-1: oreped ywvla, solid angle III. 
267-8: Spo oreped oxhyara, similar 
solid figures III. 265-7 

eTvyu, point 1. 156 

oroxetov, element 1. 114-6 

e rpo^yryóXor, 7d, the round (circular), in Plato 
I. 159, 184 

orpoyyvdérns, roundness I. 182 

ovpperpos, commensurable : puxet, in length, 
óvráyet póvov, in square only III. 11 

ouuwépagua, conclusion (of a proposition) 
I. 129, 130 

ovvevots, convergence I. 282 

ouvexys, continuous:  cvwexis dvadoyia, 
* continuous proportion " (in three terms) 
II. I31 

ournupérn dvadoyla, connected (i.e. continuous) 
proportion II. 131, 293: cvw7-uuévos of 
compound ratio in Archimedes II. 133 

ower, componendo 11. 134-5 

otvOeots Adyou, *'composition of a ratio,” 
distinct from compounding of ratios II. 
134-5 

ovv@eros, composite: (of lines or curves) 
I. 160: (of surfaces) r. 170: (of numbers), 
in Nicomachus and Iamblichus a sub- 
division of odd 11. 286 

ouvlorac@a:, construct: special connotation 
I. 259, 389 : with évrés 1. 389: contrasted 
with vapagáAAew (apply) 1. 343: ob ovora- 
Ojoerat, cveradjoovra, ' there cannot be 
constructed " I. 259, II. 53 

ouvrlOnpu, c éykeuu (of ratios) II. 135, 189- 

evykeluera and dtapeOévra (com- 

ponendo and separando) used relatively to 
one another 11. 168, 170 

avornua movdðwv, “ collection of units" (def. 
of number) 11. 280 

ovornparcKxds, collective II. 279 

c $aitpa, sphere III. 269 

o $a«puós, spherical (of a particular species of 
cube number) II. 291 

a $»kloxos or e$mrlokos, of solid number with 
all three sides unequal (=scalene) 11. 290 
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oxéors, “relation”: woud oxéors, “a sort of 
relation" (in def. of ratio) 11. 116-7 

oxnMaToypagely, oxnuaToypagla, representing 
(numbers) by figures of like shape 1. 359 

exnuaromouÜca or expa woodca, “forming 
a figure ” (of a line or curve) I. 160-1 


rabrouhxns, of square number (Nicomachus) 
Il. 293 

rion Aóbywy, “sameness of ratios" II. 119 

TéAevs, perfect (of a class of numbers) 11. 
2 — 

BEI ae " ordered" : rera-yuévor rpdSrnua, 
“ordered” problem I. 128: rerayuérm 
dyadoyla, ‘‘ ordered” proportion 11. 137 

iain id dvadoyla, perturbed proportion 
II. I 

mE NE squaring, definitions of, I. 149- 
50, 4IO 

rerpdywvoy, square: sometimes (but not in 
Euclid) any four-angled figure. 1. 188 

rerpámAevpor, quadrilateral 1. 187: not a 
* polygon” II. 239 

TRO kÓKXov, ent of a circle: ruuaros 
ywvla, angle oj a segment II. 4: & TUATI 
ywvla, angle 2» a segment II. 4 

ropeds (kórňov), sector (of a ee GKVTOTO- 
puxds rouevs, * shoemaker's knife ” 11. 5 

Toh, section, = point of section I. 170, 171, 
278: xowh Trou}, '* common section ” III. 


263 
ropoedys (of figure), sector-like Il. 5 
romixdy Üeópnua, locus-theorem 1. 329 


TóÓwos, locus I. 329-31: =room or space 


I 23 #.: place (where things may be 
found), thus réwos ávaAvóuervos, Treasury 
of Analysis 1. 8, 10, wapddotes Tómos, 
Treasury of Paradoxes, 1. 329 


répvos, instrument for drawing a circle 1. 371 

rogavramAáctor, ‘‘ the same multiple ” 11. 145 

Tplywror, triangle : rà rperXoür, Tò Ó dM 
Aw», triple, interwoven triangle, = penta- 
gram II. 99 

Tpirddovos, triple, rpurAacier, triplicate iol 
ratios) 1I. 133 

TplxAevpor, three-sided figure 1. 187 

Tvyxárew, happen: rvxó» onpetoy, any pomt 
at random |. 251: Tuxotca ywela, “* any 
angle" i1. 212: GAXa, d Frvxer, laduzss wod- 
Aawddova, **other, chance, equimultiples " 
Il. 143-4 


UrepBoM,, exceeding, with reference to method 
o ao PpuaNion of areas I. 36, 343-5. 
8 


7 

vmepredns or virepréAeis, ‘‘over-perfect ” (of 
a class of numbers) II. 293-4 

úró, in expressions for an angle (3 ord BAT 
ywrla) 1. 249, and a rectangle I. 370 

bwoüderAágios, sub-duslicate, = half (Nico- 
machus) 11. 280 

vwoxelxevos, laid down or assumed: rà ére- 
xeluevoy éxixedov, the plane of reference 
III. 272 

vréxecra, ‘Sis by hypothesis" 1. 303, 312 

ee submultiple (N an achus} 
II. 280 

vrorelvew, subtend, with acc. or dd and acc. 
I. 249, 283, 350 

Üyos, height 11. 189 


xwploy, area II. 254 


epurpévn ypauuh, determinate line (curve), 
* forming a figure" 1. 160 
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al- Abbās b. Sa'id al-Jauhari 1. 85 

** Abthiniathus” (or ** Anthisathus") 1. 203 

Abū ’l ‘Abbas al-Fadl b. Hatim, see an- 
Nairizi 

Abū ‘Abdallah Muh. b. Mu'ádh al-Jayyàni 


I. 

Abü TAI al-Basri 1. 88 

Aba ‘Ali al-Hasan b. al-Hasan b. al-Haitham 
I. 88, 89 

Abū Dà'üd Sulaiman b. bs I. 85, go 

Abü Ja'far al-Kházin I. 77, 8 

Abū Jafar Muh. b. Muh. ^b. al-Hasan 
Nasiraddin at- 'Tüsl, see Nasiraddin 

Abū Muh. b. Abdalbaqi al- Bagdadi al- Faradi 
1. 8 5., 

Abü Muh. al- Hasan b. 'Ubaidallàh b. Sulai- 
màn b. Wahb I. 87 

Abū Nasr Gars al-Na'ma 1. 9o 

Abū Nasr Mansür b. ‘Ali b. ‘Iraq I. go 

Abii Nasr Muh. b. Muh. b. Tarkhan b. 
Uzlag al-Farabi 1. 88 

Abii Sah] Wijan b. Rustam al-Kühl 1. 88 

Abū Sa'id Sinan b. Thàbit b. Qurra 1. 88 

Abi 'Uthmàn ad-Dimashd! I. 25, 77 

Abi °l Wafa al-Bizjini 1. 77, 85, 86 

Abi Yüsuf Ya'qüb b. Ishaq b. as-Sabbàh al- 
Kindi 1. 86 

Abi Yüsuf Yaqüb b. Muh. ar-Ràzi 1. 86 

Adjacent (épetijs), meaning 1. 181 

Adrastus II. 292 

Aenaeas (or Aigeias) of Hierapolis 1. 28, 311 

nis I. 27-8, 191 

Ahmad b. al-Husain al- Ahwazi al-Kátib 1. 89 

Ahmad b. ‘Umar al-Karàábisi 1. 85 

al-Ahwazi 1. 89 

Aigeias (? Aenaeas) of Hierapolis 1. 28, 311 

Alcinous 11. 98 

Alexander Aphrodisiensis I. 7 #., 29, II. 120 

Algebra, geometrical 1. 372-4: classical 
method was that of Eucl. 11. (cf. Apol- 
lonius) I. 373: preferable to semi-alge- 
braical method 1. 377-8: semi-algebraical 
method due to Heron I. 373, and favoured 
by Pappus I. 373 : geometrical equivalents 
of algebraical operations 1. 374: algebraical 
equivalents of Jpn in Book II., I. 
372-3: equivalents in Book x. of pro- 
positions in algebra, ,/4-./A cannot be 


equal to Z, 111. 58-60: if a Jó— x Jy, 
then a=x, ó—y, III. 93-4, 167-8 
‘Ali b. Ahmad Abi "1 Qasim al-Antaki 1. 86 
Allman, G. J. 1. 1357, 318, 352, III. t8- 


1 439 
Alternate: (of angles) 1. 308: (of ratios), 
alternately 1i. 134 


Alternative proofs, interpolated 1. 58, 59: 
cf. 111. 9 and following 11. 22: that in 
III. 10 claimed by Heron 11. 23-4 

Amaldi, Ugo 1. 175, 179-80, 193, 201, 313, 
328, II. 30, 126 

Ambiguous case 1. 306-7 : in VI. 7, II. 208-9 

Amphinomus I. 125, 128, 150 #. 

Amyclas of Heraclea 1. 117 

Analysis (and synthesis) 1. 18: definitions 
of, interpolated, 1. 138, 111. 442: described 
by Pappus I. 138—9: mystery of Greek 
analysis 111. 246: modern studies of Greek 
analysis I. 139: theoretical and problem- 
atical analysis I. 138: Zreasury of Analy- 
sis (rómos dyadudpevos) 1. 8, 10, 11, 138: 
method of analysis and precautions neces- 
sary to, I. 139-40: analysis and synthesis 
of problems I. 140-2 : two parts of analysis 
(a) transformation, (b) resolution, and two 
parts of synthesis, (a) construction, (b) 
demonstration 1. 141: example. from. 
Pappus I. 141-2: analysis should also. 
reveal dtopopués (conditions of possibility) © 
I. 142: interpolated alternative proofs of 
XIII. 1—5 by analysis and synthesis I. 137, 
III. 442-3 

Analytical method 1. 36 : supposed discovery 
of, by Plato I. 134, 137 

Anaximander I. 370, II. III 

Anaximenes II. 111 

Anchor-ring I. 163 

Andron 1. 126 

Angle: curvilineal and rectilineal, Euclid's 
definition of, 1. 176 s definition criti- 
cised by Syrianus I. 17 : Aristotle’ s notion 
of angle as xAdocrs I. 176: Apollonius’ view 
of, as contraction 1. 176, 177: Plutarch and 
m us on, I. 177: to which category does 

long? Eerie Plutarch, Carpus, 
* Apani” I. 177, Euclid 1. 178; quale, 
Aristotle and Eudemus I. 177-8: relation, 
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Euclid 1. 178: Syrianus’ compromise 
I. 178: treatise on ‘he Angle by Eudemus 
I. 34, 38, 177-8: classification of angles 
(Geminus) 1. 178-9: curvilineal and 
* mixed" angles 1. 26, 178—9, horn-like 
(xeparoecó js) 1. 177, 178, 182, 265, 11. 4, 
39, 40, lune-like (unvoed}s) 1. 26, 178-0, 
scraper-like (fvarpoecd}s) 1. 178: angle of a 
segment I. 253, II. 4: angle of a semi- 
circle I. 182, 253, TI. 4: controversies about 
“angle of semicircle” and horslthe angle 
II. 39-42: definitions of angle classified 
I. 179: recent Italian views I. 179-81: 
angle as cluster of straight lines or rays 
I. 180-1, defined by Veronese 1. 180: as 
part of a plane (‘‘ angular sector ”) 1. 179- 
80: flat angle (Veronese etc.) 1. 180-1, 
269: three kinds of angles, which is prior 
(Aristotle)? 1. 181-2: angles not less than 
two right angles not recognised as angles 
(cf. Heron, Proclus, Zenodorus) 11. 47-9: 
did Euclid extend '*angle" to angles 
greater than two right angles in VI. 33? 
II. 275-6: adjacent angles 1. 181 : alternate 
I. 308: similar ( — equal) 1. 178, 182, 252: 
vertical 1. 278: exterior and interior 
(to a figure) I. 263, 280: exterior when 
re-entrant I. 263, in which case we have a 
hollow-angled figure I. 27, 188, 1. 48: 
interior and opposite 1. 280: construction 
by Apollonius of angle equal to angle 
I. 296: angle in a semicircle, theorem of, 
I. 317-9: trisection of angle, by con- 
choid of Nicomedes 1. 265-6, by quadratrix 
of Hippias 1. 266, by spiral of Archimedes 
I. 267: dihedral angle iti. 264-5: solid 
angle 111. 261, 267-8 

Annex (wpocapuófovca) =the straight line 
which, when added to a compound ir- 
rational straight line formed by subtraction, 
makes up the greater *term," i.e. the 
negative ‘‘term” III. 159 

al-AntàkI 1. 86 

Antecedents (leading terms in proportion) 11. 


134 
«t Anthisathus " (or ** Abthiniathus ?) t. 203 
Antiparallels : may be used for construction 
of VI. I2, II. 215 
Antiphon I. 7 #., 35 


Apastamba-Sulba-Sutra I. 352: evidence in, 
as to early discovery of Eucl. 1. 47 and use 
of gnomon I. 360-4: Bürk's claim that 
Indians had discovered the irrational 1. 
363-4: approximation to 4/2 and Thibaut's 
explanation I. 361, 363-4: inaccurate 
values of v in, I. 364 

Apollodorus “ Logisticus” 1. 37, 319, 35! 

Apollonius: disparaged by Pappus in com- 
parison with Euclid 1. 3: supposed by 
some Arabians to be author of the E/- 
ments 1. 5: a “carpenter” I. 5: on ele- 
mentary geometry I. 42: on the Zine 1. 
159: on the azg/e 1.176: general defini- 
tion of diameter 1. 325: tried to prove 
axioms 1. 42, 62, 222-3: his ‘‘general 


treatise” 1I. 42: constructions by, for 
bisection of straight line 1. 268, for a 
perpendicular 1. 270, for an angle equal to 
an angle 1. 296: on parallel-axiom (?) 
I. 42-3: adaptation to conics of theory of 
application of areas I. 344-5: geometrical 
algebra in, 1.373: Plane Loci, 1.14, 359, 330, 
theorem from (arising out of Eucl. v1. 3), 
also found in Aristotle 11. 198-200: Plane 
vetoes I. 151, problem from, 1I. 81, lemma 
by Pappus on, 11. 64-5: comparison of do- 
decahedron and icosahedron 1. 6, III. 439, 
512, 513: on the cochlias 1. 34, 42, 162: 
on “unordered” irrationals 1. 42, 115, 11I. 
3, 10, 246, 255—9: general definition of ob- 
lique (circular) cone 111. 270: I. 138, 188, 
211, 222, 246, 259, 370, 373, II. 75, 190, 
258, 111. 264, 267 


A potome: compound irrational straight line 


difference between two ‘‘terms”’) Ill. 7: 

efined 111. 158-9: connected by Theae- 
tetus with harmonic mean III. 3, 4: 
biquadratic from which it arises III. 7: 
uniquely formed 111. 167-8: first, second, 
third, fourth, fifth and sixth apotomes, 
qu from which arising III. 5-6, 

efined 111. 177, and found respectively 
(x. 85-90) 111. 178—90: apotome equivalent 
to square root of first apotome III. 190-4 : 
first, second, third, fourth, fifth and sixth 
apotomes equivalent to squares of afoforme, 
frat apotome of a medial etc. III. 212-29: 
apotome cannot be binomial also 111. 240-2 : 
different from medial (straight line) and 
from other irrationals of same series with 
itself 111. 242: used to rationalise binomial 
with E terms III. 243-8, 252-4 


Apotome of a medial (straight line): first and 


second, and biquadratics of which they are 
roots III. 7: first apotome of a medial 
defined UI. 159—60, uniquely formed 111. 
168-9, equivalent to square root of second 
apotome III. 194-8: second apotome of a 
medial, defined 111. 161-2, uniquely formed 
III. 170-2, equivalent to square root of 
third apotome III. 199-202 


Application of areas I. 36, 343-5: contrasted 


with exceeding and falling-short 1. 343: 
complete method equivalent to geometrical 
solution of mixed quadratic equation 1. 
344-5, 383-5, 386-8, 11. 187, 258-60, 
263-5, 266-7 : adaptation to conics (Apol- 
lonius) 1. 344-5: application contrasted 
with construction (Proclus) 1. 343 


"E 7/5 as approximation to 2 


ythagoreans and Plato) 11. 119: approxi- 
mations to 4/3 in Archimedes and (in 
sexagesimal fractions) in Ptolemy 11. 119: 


to m (Archimedes) m. rro: to ^/ 4500 
(Theon of Alexandria) 11. 119: remarkably: 
close approximations (stated in sexagesimal 
fractions) in scholia to Book X., 111. 523 


* Aqaton " 1. 88 
Arabian editors and commentators I. 75- 
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Arabic numerals in scholia to Book. x., 
IIth c., I. 71, III. 523 
Archimedes: ** postulates” in, 1. 120, 123: 
^ porisms" in, I. ri#., 13: on straight 
line 1. 166: on plane 1. 171-2: Liber 
assumplorum, proposition from, II. 65: 
approximations to ,/3, square roots of large 
numbers and to r, II. 119: extension of 
a proportion between commensurables to 
cover incommensurables 11. 193: ' Axiom” 
of (called however “lemma,” assumption, 
by A. himself) 1. 234: relation of ‘ Axiom” 
to X. 1, IIL. 15-6: “Axiom” already 
used by Eudoxus and mentioned by 
Aristotle 111. 16: proved by means of 
Dedekind's Postulate (Stolz) 111. 16: on 
discovery by Eudoxus of method of ex- 
haustion 111. 365-6, 374: new fragment 
of, ** method (&podos) of Archimedes about 
mechanical theorems,” or éddtov, dis- 
covered by Heiberg and published and 
annotated by him and Zeuthen 11. 40, III. 
366-8, adds new chapter to history of 
integral calculus, which the method actually 
is, III. 366-7: application to area of para- 
bolic segment, 2d¢d.: spiral of Archimedes 
I. 26, 267: I. 116, 142, 225, 370, II. 136, 
190, III. 246, 270, 375, 521 
Archytas I. 20: proof that there is no 
numerical geometric mean between # and 
R+1 II. 295 
Areskong, M. E. 1. 113 
Arethas, Bishop of Caesarea 1. 48: owned 
Bodleian Ms. (B) 1. 47-8: had famous 
Plato Ms. of Patmos (Cod. Clarkianus) 
written I. 48 
Argyrus, Isaak I. 74 
Aristaeus I. 138: on conics 1. 3: Solid Loci 
I. 16, 339: comparison of five (regular 
solid) figures 1. 6, HI. 438-9, 513 
Aristotejian Problems 1. 168. 182, 187 
Aristotle: on nature of elements 1. 116: on 
first principles 1. 177 sqq.: on definitions 
I. 117, 119-20, 143-4, 146—50: on distinc- 
tion between hypotheses and definitions 
I. 119, 120, between hypotheses and 
postulates 1. 118, 119, between hypotheses 
and axioms I. 120: on axioms I. 119-21: 
axioms indemonstrable I. 121: on defini- 
tion by negation 1. 156-7: on points 1. 
155-6, 165: on dines, definitions of, I. 
158-0, classification of, I. 159-60: quotes 
Plato's definition of straight line 1. 166: 
on definitions of surface 1. 170: definition 
of ''body" as that which has three 
dimensions or as '* depth" 111. 262: body 
‘‘ bounded by surfaces" (émıréðors) III. 
263: speaks of séx ‘‘ dimensions” i11. 263: 
definition of sphere 111. 269: on the angle 
.1. 176-8: on priority as between right and 
acute angles I. 181-23: on figure and 
definition of, 1. 182-3: definitions of 
“squaring” I. 149-50, 410: on parallels 
I. 190-2, 308-9: on gnomon 1. 351, 355, 
359: on attributes xarà marrós and vpóror 
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kaÓ0óXov I. 319, 320, 325: on the objection 
I. I35: on reduction 1. 135: on reductio ad 
absurdum 1. 136: on the infinite 1. 233-4: 
supposed postulate or axiom about diver- 
gent lines taken by Proclus from, 1. 45, 
207: gives pre- Euclidean proof of Eucl. 1. 
5; I. 252-3: on theorem of angle in a semi- 
circle I. 149; has proof (pre-Euclidean) 
that angle in semicircle is right 11. 63: 
on sum of angles of triangle I. 319-21: 
on sum of exterior angles of polygon 1. 
322: on def. of same ratio (= fame 
dyravalpeocs) 11. 120-1: on proportion as 
“equality of ratios” II. 119: on theorem in 
proportion (alternando) not proved generally 
till his time 11. 113: on proportion in three 
terms (cvrexjs, continuous), and in four 
terms (d:ppqyuévy, discrete) 11. 131, 393: on 
alternate ratios IT. 134 : on inverse ratio 1I. 
134, £49: on similar rectilineal figures 11. 
188: has locus-theorem (arising out of 
Eucl. vi. 3) also given in Apollonius' 
Plane Loci 11. 198-200: on unit 11. 279: 
on number 11. 280: on non-applicability of 
arithmetical proofs to magnitudes if these 
are not numbers II. 113: on definitions of 
odd and even by one another 11. 281: on 
prime numbers II. 384-5: on composite 
numbers as plane and solid 11. 286, 288, 
290: on representation of numbers by 
pebbles forming figures 11. 288: gives 
proof (no doubt Pythagorean) of incom- 
mensurability of ,/2, III. 2: I. 38, 45, 117, 
150 #., 181, 184, 185, 187, 188, 195, 202, 
203, 221, 222, 223, 226, 259, 262-3, 283, 
Il. 2, 4, 22, 79, I12, 135) 149, 159, 160, 
165, 184, 188, 189, III. 4 

Arithmetic, Elements of, anterior to Euclid 
II. 295 

al-Arjani, Ibn Rahawaihi 1. 86 

Ashkal at-ta'sis I. 5 7. 

Ashraf Shamsaddin as-Samarqandi, Muh. b. 
I. 572., 89 

Astaroff, Ivan 1. 113 

Asymptotic (non-secant) : of lines 1. 40, 161, 
203: of parallel planes III. 265 

Athelhard of Bath 1. 78, 93-6 

Athenaeus of Cyzicus I. 117 

August, E. F. 1. 103, II. 23, 25, 149, 238, 
256, 412, 111. 2, 48 

Austin, W. 1. 103, 111, II. 172, 188, 211, 259 

Autolycus, On the moving sphere, 1. 17 

Avicenna, I. 77, 89 

* Axiom of Archimedes" lI. 15-6: already 
used by Eudoxus, 111. 15, and mentioned by 
Aristotle, 111. 16: relation of, to Eucl. x. 
I, III. 15-6 

Axioms, distinguished from postulates by 
Aristotle r. 118-9, by Proclus (Geminus 
and ''others") 1. 40, 121-3: Proclus on 
difficulties in distinctions I. 123-4: distin- 
guished from hypotheses, by Aristotle r. 
120-5, by Proclus I. 121-2: indemonstrable 
I. 121: attempt by Apollonius to prove I. 
222-3: = ''common (things)" or “common 
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: opinions" in Aristotle I. 120, 221: com- 
mon to all sciences I. 119, 120: called 
- “common notions " in Euclid I. 121, 221: 
- which are genuine? 1. 221 sqq.: Proclus 
recognises five I. 222, Heron three I. 222: 
. interpolated axioms I. 224, 232: Pappus’ 
. additions to axioms I. 25, 223, 224, 232: 
. axioms of congruence, ( r) Euclid's Common 
; Notion 4, I. 224-7, (2) modern systems 
_ (Pasch, Veronese and Hilbert) 1. 2238-31: 
. axiom” with Stoics = every simple 
declaratory statement I. 41, 221: axioms 
tacitly assumed, in Book v., 11. 137, in 
Book vi., II. 294 
Axis: of sphere 111. 261, 269: of cone III. 
261, 271: of cylinder 111. 262, 271 


Babylonians: knowledge of triangle 3, 4, 5, 
. 1-352: supposed discoverers of ** harmonic 
. proportion " II. 112 

Bacon, Roger I. 94 

Baermann, G. F. it. 213 

Balbus, de mensuris 1. 91 

Baltzer, R. 11. 30 

Barbarin 1. 219 

Barlaam, arithmetical commentary on Eucl. 
Il, I. 74 

Barrow: on Eucl. v. Def. 3, It. r17: on 
V. Def. 5, 11. 121: I. 103, 105, 110, III, 
II. 56, 186, 238 

Base: meaning 1. 248-9: of cone II. 262: 
of cylinder III. 262 

Basel editio princeps of Eucl., I. 100-1 

Basilides of fyre I. 5, 6, III. 512 

Baudhayana Sulba-Sütra 1. 360 

Bayfius (Baif, Lazare) I. 100 

Becker, J. K. I. 174 

Beez 1. 176 

Beltrami, E. 1. 219 

Benjamin of Lesbos I. 113 

Bergh, P. 1. 400-1 

Betnard, Edward 1. 103 

Besthorn and Heiberg, edition of al-Hajjaj's 
translation and an-Nairizi's commentary 
I. 22, 27%, 79. 

Bhaskara I. 355 

Billingsley, Sir Henry, 1. 109-10, I1. 56, 238, 
IH. 48 

Bimedial (straight line): first and second, 
and biquadratic equations of which they 
are roots III. 7: first bimedial defined 111. 
84-5, equivalent to square root of second 
binomial 111. 84, 120-3, uniquely divided 
Il. 94—5: second bimedial defined 111. 
:85-7, equivalent to square root of third 
binomial 111. 84, 124-5, uniquely divided 
IIl. 95-7 

Binomial (straight line): compound ir- 
rational straight line (sum of two “ terms”) 
III. 7: defined 111, 83, 84: connected by 
Theaetetus with arithmetic mean III. 3, 4: 
biquadratic of which binomial is a positive 
root III. 7: first, second, third, fourth, 
fth and sixth binomials, quadratics from 
which arising 111. 5-6, defined 111. 101-2, 
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and found respectively (x. 48-53) III. 102— 
15, are equivalent to squares of binomial, 
first bimedial etc. 111. 132-45: dsnomesal 
equivalent to square root of frst binomial 
III. 116-20: binomial uniquely divided, 

: and algebraical equivalent of this fact 111. 
92—4: cannot be afotome also IIT. 240-2: 
different from medial (straight line) and 
from other irrationals (first bimedial etc.) 
of same series with itself 111. 242: used to 
rationalise apotome with proportional terms 
III. 248—52, 252-4 

al-Birüni 1. go 

Bjornbo, Axel Anthon I. 17%., 93 

Boccaccio 1. 

Bodleian Ms. (B) I. 47, 48, III. 521 

Boeckh I. 351, 371 

Boethius I. 92, 95, 184, II. 295 

Bologna Ms. (b) 1. 49 

Bolyai, T. 1. 219 

Bolyai, W. I. 174-5, 219, 328 

Bolzano I. 167 

Boncompagni I. 93 #., 104 7. 

Bonola, R. I. 202, 219, 237 

Borelli, Giacomo Alfonso I. 106, 194, 11. 2, 84 

Boundary (8pos) 1. 182, 183 

Brákenhjelm, P. R. I. 113 

Breadth (of numbers) —- second dimension or 
factor II. 288 

Breitkopf, Joh. Gottlieb Immanuel 1. 97 

Bretschneider I. 136 #., 137, 395, 304, 344; 
354. 358, III. 439, 442 

Briconnet, François I. 100 

Briggs, Henry 1. 102, II. 143 

Brit. Mus. palimpsest, 7th—8th c., 1. 5o 

Bryson, 1. 8 s. 

Bürk, A. 1. 352, 360-4 

Bürklen I. 179 

Buteo (Borrel), Johannes 1. ro4. 


Cabasilas, Nicolaus and Theodorus 1. 73 

Caiani, Angelo I. ror 

Camerarius, Joachim 1. ror, HI. 533 

Camerer, J. G. I. 103, 293, II. 22, 25, 28, 
33» 34» 40, 67, 121, 131, 189, 213, 244 

onan rigo, I. 112 

panus, Johannes 1. 3, 78, 94-6, 104, 

106, 110, 407, II. 28, 41, 56, 90, 116, 119, 
121, 146, 189, 211, 234, 235, 253. 275, 
320, 323, 328 

Candalla, Franciscus Flussates (Francois de 
Foix, Comte de Candale) I. 3, 104, 110, 
II. 189 

Cantor, Moritz 1. 77., 20, 272, 304, 318, 
320, 333: 352, 355, 357-8, 360, 401, Il. 5, 
4°, 97; III. 8, 15, 438 

Cardano, Hieronimo II. 41, III. 8 

Carduchi, L. 1I. 112. 

Carpus, on Astronomy, I. 34, 43: 45, 129; 
128, 177 

Case, technical term 1. 134: cases inter- 
poner I. 58, 59: Greeks did not tafer 
imiting cases but proved them separately 
Il. 75 

Casey, J. 11. 227 
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Casiri, I. 47., gn. 

Cassiodorius, Magnus Aurelius 1. 92 

Catalan i11. 527 

Cataldi, Pietro Antonio 1. 106 

Catoptrica, attributed to Euclid, probably 
Theon's 1. 17: Catoptrica of Heron 1. 21, 
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Cauchy 111. 267: proof of Eucl. XI. 4, III. 280 

“ Cause ”: consideration of, omitted by com- 
mentators I. I9, 45: definition should state 
cause (Aristotle) 1. 149: cause- middle 
term (Aristotle) 1. 149: question whether 
geometry should investigate cause (Gemi- 
nus), 1. 45, 1507. 

Censorinus I. gr 

Centre, xérrpor I. 184~5 

Ceria Aristotelica 1.. 35 

Cesàro, E. 111. 527 

“ Chance equimultiples” in phrase “other, 
chance, equimultiples” II. 143-4 

Chasles on Forisms of Euclid 1. 10, 11, 14, 15 

Chinese, knowledge of triangle 3, 4, 5, 
I. 352: ''Tcheou pei” 1. 355 

bum HI. 8 
rysippus I. 330 

Chrystal, G. III. 19 

Cicero I. 9r, 351 

Circle: definition of, 1. 183-5: = round, 
orpoyyodow (Plato), I. 184: = wepipeps- 
ypaypor (Aristotle) 1. 184: a plane figure 
I. 183-4: exceptionally in sense of ‘‘cit- 
cumference” 11. 23: centre of, 1. 184-5: 

le of, 1. 185: bisected by diameter 

Thales) 1. 185, (Saccheri) 1. 185-6: inter- 
sections with straight line I. 237-8, 272-4, 

: with another circle 1. 238-40, 242-3, 
293-4: definition of ** equal circles ” 11. 2: 
circles touching, meaning of definition, 
II. 3: circles intersecting and touching, 
difficulties in Euclid's treatment of, 11. 
25-7, 28-9, modern treatment of, II. 30-2 

Circumference, wepipépera, 1. 184 

Cissoid, I. 161, 164, 176, 33o 

Clairaut 1. 338 . 

Clavius (Christoph Schlüssel) 1. 103, 105, 194, 
232, 381, 391, 407, II. 2, 4T, 42, 47, 49, 
53: 56, 67, 70, 73, 130, 170, 190, 231, 238, 
344; 271, III. 273, 331, 34, 35% 359, 433 

Claymundus, Joan. 1. ror 

Cleonides, /m4roduction to Harmony, 1. 17 

Cochlias or cochlion (cylindrical helix) 1. 162 

Codex Leidensis 399, 1: I. 22, 27 5t., 79 n. 

Coets, Hendrik, 1. 109 

Commandinus I. 4, 102, 103, 104-5, 106, 
IIO, III, 407, II. 47, 130, 190: scholia 

: included in translation of Elements 1. 73: 
edited (with Dee) De divisionibus 1. 8, 
9, IIO 

Commensurable: defined III. ro: com- 
mensurable i# /ength, commensurable zs 
square, and commensurable é square only 
efined 111. 10, 11: symbols used in notes 
for these terms 111. 34 


Commentators on Eucl. criticised by Proclus 


I. 19, 26, 45 
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Common Notions: -—axioms I. 62, 120-1, 
221-2: which are genuine? I. 221 sq.: 
meaning and appropriation of term I. 221: 
called ** axioms" by Proclus 1. 221 

Complement, raparihpwpa: meaning of, 1. 
341: “about diameter" 1. 341: not 
necessarily parallelograms I. 341: use for 
application of areas I. 342-3 

Componendo (cvvbérr:), denoting “ composi- 
tion" of ratios g.v.: com and 
separando used relatively to each other 
II. 168, 170 

Composite, otv@eros: (of lines) 1. 160: (of 
surfaces) I. 170: (of numbers) 11. 286: 
with Eucl. and Theon of Smyrna composite 
numbers may be even, but with Nicom. 
and Iamblichus are a subdivision of odd 11. 
286, plane and solid numbers are species 
of, 11. 286 

* Composite to one another” (of numbers) 
II. 286-7 

Composition of ratio (sór0ecis  Xóyov), de- 
noted by componendo (ovvGérrt), distinct 
from compounding ratios Il. 134-5 

Compound ratio: explanation of, II. 133-3: 
(interpolated ?) definition of, 11. 189—990, III. 
526: compounded ratios in V. 20-3, Il. 
176-8 

Conchoids 1. 160-1, 265-6, 330 

Conclusion, oupwépagua: necessary part of a 
proposition I. 129-30: particular con- 
clusion immediately made general I. 131: 
definition merely stating conclusion 1. 149 

Cone: definitions of, by Euclid 111. 262, 270, 
by Apollonius 111. 270: distinction between 
right-angled, obtuse-angled and acute- 
angled cones a relic of old theory of 
conics III. 270: similar cones, definition 
of, III. 262, 271 

Congruence- Axioms or Postulates: Common 
Notion 4 in Euclid I. 324-5: modern 
systems of (Pasch, Veronese, Hilbert) 1. 
228-31 

Congruence theorems for triangles, recapitula- 
tion of, I. 305-6 

Conics, of Euclid, 1. 3, 16: of Aristaeus, I. 3, 
16: of Apollonius I. 3, 16: fundamental 
property as proved by Apollonius equi- 
valent to Cartesian equation 1. 344-5: focus- 
directrix property proved by Pappus I. 15 

Consequents (‘‘following” terms in a pro- 
portion) II. 134 

Constantinus Lascaris 1. 3 

Construct (ovvicrag@as) contrasted with 
describe on 1. 348, with apply to 1. 343: 
special connotation I. 259, 289 

Construction, karasckev), one of formal 
divisions of a proposition I. 129: some- 
times unnecessary I. 130: turns nominal 
into real definition 1. 146: mechanical 
constructions I. 151, 387 l 

Continuity, Principle of, 1. 234 sq., 242, 272, 
294 ] 

Continuous proportion (cuvex7s or evrgupnér 

. Qvadoyla) in three terms HI. 131 
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Conversion, geometrical: distinct from /ogical 
I. 256: “leading” and partial varieties 
of, 1. 256-7, 337 

Conversion of ratio (dvacrpoó?) Aéyov), de- 
noted by convertendo (dvacrpéwyayrt) 11. 
135: convertendo theorem not established 
by v. 19, Por. 11. 174-5, but proved by 
Simson's Prop. E. 11. 175, 111. 38: Euclid's 
roundabout substitute 111. 38 

Convertendo denoting ‘‘conversion”’ of ratios, 
qv. 

Copernicus 1. 101 

Cordonis, Mattheus I. 97 

Corresponding magnitudes I1. 134 

Cossali 111. 8 

Cratistus I. 133 

Crelle, on the lane 1. 172-4, 111. 263 

Ctesibius I. 20, 31, 39. 

Cube: defined 111. 262: problem of in- 
cribing in sphere, Euclid’s solution 111. 
478-80, Pappus’ solution 111. 480: duplica- 
tion of cube reduced by Hippocrates of 
Chios to problem of two mean propor- 
tionals I. 135, II. 133: cube number, de- 
fined II. 291: two mean proportionals 
between two cube numbers II. 294, 364-5 

Cunn, Samuel 1. rrr 

Curtze, Maximilian, editor of an-Nairizi 
I. 22, 78, 92, 94, 96, 97 ". 

Curves, classification of: see line 

Cyclic, of a particular kind of square number 
II. 391 

Cyclomathia of Leotaud 1I. 42 

Cylinder: definition of, 111. 262: similar 
cylinders defined 111. 262 

Cylindrical helix 1. 161, 162, 329, 330 

Czecha, Jo. 1. 113 


Dasypodius (Rauchfuss) Conrad 1. 73, 102 

Data of Euclid: 1. 8, 132, 141, 385, 391: 
Def. 2, 11. 248: Prop. 8, II. 249-50: 

- Prop. 24, II. 246-7: Prop. 55, Il. 354: 
Props. 56 and 68, 11. 249: Prop. 58, II. 
263-5: Props. 59 and 84, II. 266-7: 
Prop. 67 assumes part of converse of 
Simson's Prop. B (Book VI.) II. 224: 
Prop. 70, II. 250: Prop. 85, 11. 264: 
Prop. 87, 11. 238: Prop. 93, Il. 227 

Deahna I. 174 

Dechales, Claude Francois Milliet r. 106, 
107, 108, 110, II. 259 

Dedekind’s theory of irrational numbers 
corresponds exactly to Eucl. v. Def. 5, 
i. 124-6; Dedekind’s Postulate and 
applications of, 1. 235-40, III. 16 

Dee, John 1. 109, 110; discovered De 
divisionibus 1. 8, 9 

Definition, in sense of **closer statement ” 
(topia uós), one of formal divisions of a pro- 

ition I. 129: may be unnecessary I. 130 

Definitions: Aristotle on, I. 117, 119, 120, 
143: a class of /Aesis (Aristotle) I. t20: 
distinguished from hypotheses 1. 119, but 
confused therewith by Proclus I. 121-2: 
must be assumed I. 117-9, but say nothing 
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about existence (except in the case of a few 
primary things) I. 119, 143: terms for, dpes 
and ópigsuós 1. 143: real and sominal 
definitions (real nominal $/«s postulate 
or proof), Mill anticipated by Aristotle, 
Saccheri and Leibniz I. 143-5: Aristotle's 
requirements in, I. 146-50, exceptions 
I. 148: should state cause or middle term 
and be genetic 1. 149-50: Aristotle on un- 
scientific definitions (é« uh wporépwr) I. 
148-9: Euclid’s definitions agree generally 
with Aristotle’s doctrine I. 146: inter- 
polated definitions 1. 61, 62: definitions 
of technical terms in Aristotle and Heron, 
not in Euclid 1. 150 

De levi et ponderoso, tract 1. 18 

Demetrius Cydonius I. 72 

Democritus I. 38: On difference of gnomon 
etc. (? on ‘‘angle of contact”) 11. 40: on 
parallel and infinitely near sections of cone, 
II. 40, I!1. 368: stated, without proving, 
propositions about volumes of cone and 
pyramid, II. 40, 111. 366: was evidently 
on the track of the infinitesimal calculus 
111. 368 : treatise on irrationals (wept dAéywr 
ypaupar kal vacray B) 111. 4 

De Morgan, A.: I. 246, 260, 269, 284, 291, 
298, 300, 309, 313, 314, 315, 369, 376, 
II. 5, 7, 9-10, 11, 15, 20, 22, 29, 56, 76-7, 
83, 101, 104, 116-9, 120, 130, 139, 145, 
197, 202, 217-8, 232, 233, 234, 272, 275: 
on definition of ratio II. 116-7: on ex- 
tension of meaning of ratio to cover 
incommensurables HI. 118: means of ex- 
pressing ratios between incommensurables 
y approximation to any extent II. 118-9: 
defence and explanation of v. Def. 5, 11. 
121—4: on necessity of proof that tests for 
greater and less, or greater and equal, 
ratios cannot coexist II. 130-1, 157: on 
compound ratio II. 132-3, 234: sketch of 
roof of existence of fourth proportional 
assumed in V. 18) II. 171; proposed 
lemma about duplicate ratios as alternative 
means of proving VI. 22, II. 246-7: on 
Book x., 111. 8 

Dercyllides 11. rrr 

Desargues I. 193 

Describe on (dvaypagew dad) contrasted with 
construct 1. 348 

De Zolt 1. 328 

Diagonal (8ayovws) 1. 185 

* Diagonal" numbers: see '*Side-" and 
' diagonal-" numbers 

Diameter (Bkáperpos), of circle or parallelogram 
I. 185: of sphere IlI. 261, 269, 270: 
as applied to figures generally 1. 325; 
** rational" and “ irrational " diameter of 
5 (Plato) 1. 399, taken from Pythagoreans 
I. 399—400, III. I2, 525 

Dihedral angle — inclination of plane to plane, 
measured by a plane angle III. 264-5 

Dimensions (cf. Ouoráces), I. 157, 158: 
Aristotle's view of, I. 158-9, III. 262-3, 
speaks of six 111. 263 
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Dinostratus 1. 117, 266 

Diocles 1. 164 

Diodorus 1. 203 

Diogenes Laertius I. 37, 305, 317) 351, III. 4 

Diophantus 1. 86 

Diorismus (Sopopss) = (a) ** definition" or 
“ specification,” a formal division of a 
proposition I. 129: (4) condition of i- 
bility 1. 128, determines how far solution 
possible and in how many ways I. 130-1, 
243: diorismi said to have been discovered 
by Leon 1. 116; revealed by analysis 
I. 142: introduced by ĝe? 84 1. 293: first 
instances in Zements 1. 234, 293: for 
solution of quadratic II. 259 

Dippe I. 108 : 

Direction, as primary notion, discussed I. 
179: direction-theory of parallels 1. 191-2 

Discrete proportion, &eypnuérn or drefevypévn 
áraAXoyía, in four terms, II. 131, 293 

“ Dissimilarly ordered” proportion (dvopolws 
Terayuévwv TOv Aéywr) in Archimedes 
=“ perturbed proportion” 11. 136 

Distance, Suaornua: = radius I. 199: in 
Aristotle has usual general sense and 
= dimension I. 199 

Dividendo (of ratios): 
separando 

Division (method of), Plato’s I. 134 

Divisions (of figures), treatise by Euclid, 1. 
8, 9: translated by Muhammad al-BagdádI 
I. 8: found by Woepcke in Arabic I. 9, 
and by Dee in Latin translation 1. 8, 9: 
1. 110: proposition from, 11. 5 

Dodecahedron: decomposition of faces into 
elementary triangles 11. 98: definition of, 
III. 262: dodecahedra found, apparently 
dating from centuries before Pythagoras 
IIl. 438, though said to have been dis- 
covered by Pythagoreans jbid.: problem 
of inscribing in sphere, Euclid's solution 
III. 493, Pappus’ solution III. 501-3 

Dodgson, C. L. 1. 194,254; 261, 313,11. 48,275 

Dou, Jan Pieterszoon 1. 108 

Duhamel, J. M. C. 1. 139, 328 

Duplicate ratio 11. 133; derAaciws, duplicate, 
distinct from ówrAdetos, double (= ratio 
2:1), though use of terms not uniform 
II. 133: “duplicate ” of given ratio found 
by VI. 11, 11. 214: lemma on duplicate 
ratio as alternative to method of vi. 22 
(De Morgan and others) II. 242-7 

Duplication of cube ; reduction of, by Hippo- 
crates, to problem of finding two mean 
proportionals 1. 135, 11.133: wrongly sup- 
posed to be alluded to in Zimacus 33 A, B, 
Il. 294-5 fi. 


see Separation, 


Egyptians 11. 112: knowledge of right-angled 
triangles I. 352: view of sumber I1. 280 
Elements: pre-Euclidean Elements, by Hip- 
pocrates of Chios, Leon 1. 116, Theudius 
I. 117: contributions to, by Eudoxus 1. 1, 
37, II. 112, III. 18, 365-6, 374, 441, The- 
aetetus I. 1, 37, 111. 3; 438, Hermotimus of 
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Colophon 1. 117; Euclid’s Elements, ulti- 
mate aims of, I. 2, 115-6; commentators 
on, I. 19-45, Proclus 1. 1% 29-45 and 
passim, Heron 1. 20-24, an-NairizI 1. 21- 
£ Porphyry 1. 24, Pappus I. 24-7, 
implicius I. 38, Aenaeas (Aigeias) 1. 28: 

MSS. of, 1. 46-51: Theon’s changes in text 
I. 54-8: means of comparing Theonine with 
ante- Theonine text I. 51-3: interpolations 
before Theon's time 1. 55-63: scholia 1. 
64-74, III. 521-3: external sources 
throwing light on text, Heron, Taurus, 
Sextus Empiricus, Proclus, Iamblichus 1. 
62-3: Arabic translations (1) by al-Hajjaj 
I. 75, 76, 79, 80, 83-4, (2) by Ishaq and 
Thabit b. Qurra I. 75-80, 83-4, (3) Nagtrad- 
din at-Tüsi 1. 77-80, 84: Hebrew transla- 
tion by Moses b. Tibbon or Jakob b. 
Machir I. 76: Arabian versions compared 
with Greek text 1. 79-83, with one another 
I. 83, 84: translation by Boethius 1. 92: 
old translation of roth c. I. 93 ; translations 
by Athelhard r. 93-6, Gherard of Cremona 
I. 93-4, Campanus I. 94-6, 97-100 etc., 
Zamberti 1. 98-100, Commandinus I. 104- 
5: introduciion into England, roth c., 
I. 95: translation by Billingsley 1. 109-10: 
Greek texts, edifio princeps 1. 100-1, 
Gregory's 1. 102-3, Peyrard's I. 103, 
August's I. 103, Heiberg's passim: trans- 
lations and editions generally I. 97-113: 
writers on Book x., 111. 8-9: on the nature 
of elements (Proclus) 1. 114-6, (Menaech- 
mus) I. 114, (Aristotle) 1. 116: Proclus on 
advantages of Euclid's Elements 1. 115: 
immediate recognition of, 1. 116: first 
principles of, definitions, postulates, com- 
mon notions (axioms) I. 117-24: technical 
terms in connexion with, I. 123-42: no 
definitions of such technical terms I. 150: 
sections of Book 1., I. 308 

Elinuam 1. 95 

Enestróm, G. Hl. 521 

Engel and Stáckel 1. 219, 321 

Enriques, F. 1. 157, 175, 193, 195, 201, 313, 
II. 30, 126 

Enunctation (xpbracis), one of formal di- 
visions of a proposition I. 129-30 

Epicureans, objection to Eucl. I. 20, I. 41, 
287: Savile on, 1. 387 

Equality, in sense different from that of 
congruence (= “ equivalent," Legendre) 1. 

27-8: two senses of equal (r) ‘‘ divisibly- 

equal” (Hilbert) or **equivalent by sum" 
(Amaldi), (2) ** equal in content ” (Hilbert) 
or "equivalent by difference" (Amaldi) 
I. 338: modern definition of, 1. 238 

Equimultiples: ‘‘any equimultiples what- 
ever," lodxts wod\amwAdowa kab’ Ómotoroüv 
wo\\am\actacudy II. 120: stereotyped 
phrase “other, chance, equimultiples ” 
II. 143-4: should include once each magni- 
tude II. 145 

Eratosthenes : 1. t, 162: contemporary with 
Archimedes I. 1, 2: Archimedes’ “ Method " 
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. addressed to, HI. 366: measurement of 
obliquity of ecliptic (23° 51' 20”) rr. 111 
re Jean, de Bar-le-Duc 1. 108 
rycinus I. 27, 290, 32 
Escribed circles of angle II. 85, 86-7 
Euclid : account of, in Proclus' summary 1. 1: 
` date I. 1-2: allusions to, in Archimedes 
I. I: (according to Proclus) a Platonist 
I. 2: taught at Alexandria 1. 3: Pappus 
„on personality of, 1. 3: story of (in 
Stobaeus) 1. 3: not **of Megara" I. 3, 4: 
supposed to have been born at Gela 1. 4: 
Arabian traditions about, I. 4,5: “of Tyre” 
I. 4-6: ‘Sof Tis” 1. 4, 57.: Arabian 
derivation of name (“key of geometry ") 
1.6: Elements, ultimate aim of, 1. 2, 115-6: 
_ other works, Cossics 1. 16, Pseudaria |. 7, 
Data 1. 8, 132, 141, 385, 391, On divisions 
(of figures) I. 8, 9, Porisms 1. 10-15, 
Surface-loct 1. 15, 16, Phaenomena 1. 16, 
17, Optics 1. 17, Elements of Music or 
` Sectio Canonis 1. 17, 11. 294-5: on ‘‘three- 
and four-line locus" 1. 3: Arabian list of 
works I. 17, 18: bibliography I. 9t-113 
Eudemus I. 29: On the Angle 1. 34, 38, 
177-8: History of Geometry 1. 34, 35-8, 
* 478, 295, 304, 317, 320, 387, II. 99, 111, 
. VII. 3, 366, 524 
Eudoxus 1. 1, 37, 116, II. 40, 99, 280, 295: 
- discoverer of theory of proportion covering 
incommensurables as expounded generally 
in Bks. V., VI., I. 137, 351, II. 112: on the 
golden section 1. 137: discoverer of method 
of exhaustion 1. 234, 111. 365-6, 374: used 
‘c Axiom of Archimedes” 111. 15: first to 
prove theorems about volume of pyramid 
(Eucl. xir. 7 Por.) and cone (Eucl. X11. 10), 
also theorem of Eucl. XH. 2, III. 15: 
theorems of Eucl. X111. 1-5 probably due 
to, III. 441: inventor of a certain curve, 
the Aippopede, horse-fetter 1. 163: possibly 
wrote Sphaerica 1. 17: 111. 442, 522, 523, 526 
Euler, Leonhard 1. 401 
Eutocius: I. 25, 35, 39, 142, 161, 164, 259, 
317, 329, 330, 373: on “VI. Def. 5” and 
meaning of s7uxórys 11. 116, 132, 189-90: 
. gives locus-theorem from Apollonius’ Plane 
Loci 11. 198-200 
Even (number): definitions by Pythagoreans 
and in Nicomachus 11. 381: definitions of 
odd and even by one another unscientific 
(Aristotle) I. 148-9, 1I. 281: Nicom. 
‘divides even into three classes (1) even- 
times even and (2) even-times odd as ex- 
tremes, and (3) odd-times even as interme- 
diate 11. 282-3 
Even-times even: Euclid's use differs from 
_use by Nicomachus, Theon of Smyrna and 
Iamblichus 11. 281-2 
Even-times odd in Euclid different from even- 
odd of Nicomachus and the rest II. 382-4 
Ex j, of ratios, II. 136: ex aequali pro- 
positions (v. 20, 22), and ex aequali ‘‘in 
perturbed proportion" M 11, 23) 11. 176-8 
Exhaustion, method of: discovered by 


GENERAL INDEX 


Eudoxus I. 234, III. 365-6: evidence of 

Archimedes 111. 365-6: III. 374-7 
Exterior and interior (of angles) 1. 263, 280 
Extreme and mean ratio (line cut in) : defined, 

IH. 188: known to I. 403, 

II. 99, III. 19, 525: irrationality of seg- 

ments of (apfotomes) 111. 19, 449-51 
Extremity, tépas, 1. 182, 183 


Faifofer 11. 126 

Falk, H. 1. 113 

al-Faradi I. 8%., go 

Fermat HI. 526—7 

Figure, as viewed by Plato 1. 182, by 
Aristotle 1. 182-3, by Euclid 1. 183: 
according to Posidonius is comming 
. boundary only 1. 41, 183: figures bounded 
by two lines classified 1. 187: asegle-less 
(&yórior) figure 1. 187 

Figures, prinung of, 1. 97 

Fihrist 1. 4n., 57., 17, 21, 24, 25, 27; list 
of Euclid's works in, I. 17, 18 

Finaeus, Orontius (Oronce Fine) L ro:, 104 

Flauti, Vincenzo I. 107 

Florence Ms. Laurent. XXVIII. 3 (F) 1. 47 

Flussates, see Candalla 

Forcadel, Pierre 1. 108 

Fourier: definition of plane based on Eucl 
XI. 4, I. 173-4, III. 263 

Fourth proportional: assumption of existence 
of, in V. 18, and alternative methods for 
avoiding (Saccheri, De Morgan, Simson, 
Smith and Bryant) 11. 170-4: Clavius made 
the assumption an axiom II. 170: sketch of 
proof of assumption by De Morgan 1I. 171: 
condition for existence of number which 
is a fourth proportional to three numbers 
II. 409-11 

Frankland, W. B. 1. 173, 199 

Frischauf, J. 1. 174 


Galileo Galilei: on angle of contact 11. 42 

Gartz I. on. 

Gauss I. 172, 193, 194, 202, 219, 321 

Geminus: name not Latin 1, 38-9: title of 
work (d$«AoxaMa) quoted from by Proclus 
I. 39, and by Schol. rr. 522: elements 
of astronomy I. 38: comm. on Posidonius 
I. 39: Proclus’ obligations to, 1. 39-43: 
on postulates and axioms I. 122-3, IIL 
522: on theorems and problems I. 128: 
two classifications of lines (or curves) 1. 
160-2: on homoeomeric (w»iform) lines 
I. 162: on ''mixed" lines (curves) and 
surfaces I. 162: classification of surfaces 
I. £70, of angles I. 178-9: on parallels 
I. 191: on Postulate 4, 1. 200: on stages 
of proof of theorem of 1. 32, I. 317-20: 
I. 21, 27—8, 37, 44» 45; 133%., 203, 265, 330 

Geometrical algebra 1. 372-4:  Euclid's 
method in Book 11. evidently the classical 
method 1. 373: preferable to semi-alge- 
braical method 1. 377-8 

Geometrical progression 11. 346 sqq. : summa- 
tion of # terms of (Ix. 35) 1I. 420-1 
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Geometric means II. 357 sqq.: one mean 
~ between square numbers II. 294, 363, or be- 
tween similar plane numbers 11. 371-2: two 
means between cube numbers 11. 294; 364-5, 
or between similar solid numbers I. 373-5 
Gherard of Cremona, translator of Elements 
I. 93-4: of an-Nairizi’s commentary I. 22, 
94, I. 47: of tract De divisionibus 1. 9 
Giordano, Vitale 1. 106, 176 
Given, SeSopuévos, different senses, 1. 132-3 
Gnomon: literally “that enabling (something) 
to be £nown” 1. 64, 370: successive senses 
of, (1) upright marker of sundial, 1. 181, 
_ 185, 271-2, introduced into Greece by 
Anaximander 1. 370, (2) carpenter's eee 
. for drawing right angles 1. 371, (3) figure 
placed round Hune to make larger square 
I. 351, 371, In 
sense 1. 362, (4) use extended by Euclid to 
parallelograms 1. 371, (5) by Heron and 
Theon to any figures I. 371-2: Euclid's 
method of denoting in figure 1. 383: arith- 
metical use of, 1. 358-60, 371, II. 289 
‘t Gnomon-wise" (xarà yrwpova), old name 
for perpendicular (xá£eros) 1. 36, 181, 272 
Gorland, A. 1. 233, 234 
Golden section (section in extreme and mean 
ratio), discovered by Pythagoreans I. 137, 
403, 11. 99: connexion with theory of irra- 
tionals I. 137, 111. 19: theory carried further 
by Plato and Eudoxus 11. 99: theorems of 
Eucl. xiii. 1-5 on, probably due to Eu- 
doxus IIL. 441 
s Goose's foot ” (pes anseris), name for Eucl. 
Ill. 7, I. 99 
Gow, James I. 135 s». 
Gracilis, Stephanus 1. 101-2 
Grandi, Guido 1. 107 
Greater ratio: Euclid's criterion not the only 
one II. 130: arguments from greater to less 
ratios etc. unsafe unless they go back to 
original definitions (Simson on v. ro) II. 
156-7 : test for, cannot coexist with test 
for equal or less ratio II. 130-1 
Greatest common measure: Euclid's method 
of finding corresponds exactly to ours II. 
118, 299, I11. 18, 21-2: Nicomachus gives 
the same method 11. 300: method used to 
prove incommensurability 111. 18-9; for 
. this purpose often unnecessary to carry it 
far (ees of extreme and mean ratio and 
. of ./2) 111. 18-9 
Gregory, David 1. 102-3, 11. 116, 143, III. 32 
Gregory of St Vincent I. 401, 404 
Gromatici 1. 91 9»., 95 


Grynaeus I. 100-1 


Hábler, Th. 11. 2945. 

al-Haitham 1. 88, 89 

al-Hajjáj b. Yüsuf b. Matar, translator of the 
Elements 1. 22, 75, 76, 79, 80, 83, 84 

Halifax, William 1. 108, 110 

Halliwell (-Phillips) 1. 95 7. 

Hankel, H. I. 139, 141, 232, 234, 344» 354, 
UL. 016, 117, HI. 8 


ian use of gnomon in this. 
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Harmonica of Ptolemy, Comm. on; 1. 17 

Harmony, Introduction (o, not by Euclid, 1. 17 

Harin ar-Rashid I. 73 

al-Hasan b. ‘Ubaidallah b. Sulaiman b. 
Wahb 1. 87 oe 

Hauber, C. F. r1. 244 

Hauff, J. K. F. 1. 108 * 

* Heavy and Light," tract on, I. 18 

Heiberg, J. L. passim 3 

Helix, cylindrical 1. 161, 162, 329, 330 

Helmholtz, 1. 226, 227 | 

Henrici and Treutlein 1. 313, 404, II. 30 

Henrion, Denis 1. 108 : 

Hérigone, Pierre 1. 108 o 

Herlin, Christian 1. 100 

Hermotimus of Colophon 1. 1 

Herodotus 1. 37 **., 370 

'! Heromides” 1. 158 

Heron of Alexandria, mechanicus, date of, 
I. 20-1, IIJ}. 521: Heron and Vitruvius 
I. 20-1; commentary on Euclid’s Elements 
I. 20-4: direct proof of I. 25, 1. 301: com- 
parison of areas of triangles in I. 24, 1. 334- 
5: addition to 1. 47, 1. 366-8: apparently 
originated semi-algebraical : method of 
proving theorems of Book II., 1. 373, 378: 
Eucl. 111. 12 interpolated from, 11. 28: 
extends III. 20, 21 to angles in segments 
less than semicircles 11. 47-8: does not 
recognise angles equal to or rae thantwo: 
right angles 11. 47-8: proof of formula for 
area of triangle, A =V5(s- a) (s - b) (s - c), 
II. 87-8: I. 137%., 159, 163, 168, 170, 
171-2, 176, 183, 184, 185, 188, 189, 232, 

_ 323) 243, 253, 285, 287, 299, 351, 369, 

. 971, 405, 407, 408, II. 5, 16-7, 24, 28, 
33» 34, 36» 44, 47, 48, 116, 189 302, 320, 
383, 395, III. 24, 263, 265, 267, 268, 269, 
270, 366, 404, 442 

Heron, Proclus' instructor 1. 29 

* Herundes” I. 156 

Hieronymus of Rhodes I. 305 

Hilbert, D. 1. 157, 193, 201, 228-31, 249, 
313, 328 

Hipparchus 1. 4#., 307%., III. 523 

Hippasus 11. 97, III. 438 

Hippias of Elis 1. 42, 265-6 

Hippocrates of Chios 1. 872., 29, 35, 38, 116, 
135, 1367., 386-7, 11. 133: first proved 
that circles (and similar segments of circles) 
are to one another as the squares on their 
diameters 111. 366, 374 | 

gi ha ciel (rov rén), a certain curve used 
by Eudoxus 1. 162-3, 176 

Hoffmann, Heinrich 1. 107 

Hoffmann, Joh. Jos. Ign. 1. 108, 365 ` 

Holgate, T. F. III. 284, 303, 331 

Holtzmann, Wilhelm (Xylander) 1. 107 

Homocomeric (uniform) lines I. 40, 161, 162 

Hoppe, E. 1. 21, III. 521 

Hornlike angle (xeparoeibis ywrla) 1. 177, 
178, 182, 265, 11. 39, 40: Aornlike angle 
and angle of semicircle, controversies on,. 


II. 39-42: Proclus on, II. 39-40: Demo- 
critus may bave written on the angle 
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II. 40: view of Campanus (“not angles in 
same sense") 11. 41: of Cardano 7.) 
of different orders or kinds): Peletier 
(hornlike angle no angle, no quantity, 
nothing; angles of all semicircles right 
angles and equal) 11. 41: of Clavius 11. 42: 
of Vieta and Galileo (‘‘angle of contact no 
angle ") i1. 42: of Wallis (angle of contact 
not inclination at all but degree of curvature) 
I. 42 

Horsley, Samuel 1. 106 

Hotel, J. 1. 219 

Hudson, John 1. 102 

Hultsch, F. 1. 20, 329, 400, II. 133, III. 4, 
511, 523, 526, 527 

Hunain b. Isháq al-Ibadi 1. 75 

Hypotheses, in Plato 1. 122: in Aristotle 
I. 118-20: confused by Proclus with 
definitions 1. 121-2: geometer’s hypo- 
theses not false (Aristotle) 1. 119 

Hypothetical construction 1. 199 

Hypsicles 1. §: author of Book xiv. 1. 5, 6, 


HI. 438-9, 513 


Iamblichus 1. 63, 83, II. 97, 116, 279, 280, 
281, 283, 284, 285, 286, 287, 288, 289, 290, 
291, 292, 293, 419, III. 52 

Ibn al; Amid 1. 86 

Ibn al-Haitham 1. 88, 89 

Ibn al-Lubid! 1. go 

Ibn Rahawaihi al-Arjani 1. 86 

Ibn Sind (Avicenna) 1. qi: 89 

Icosahedron 11. 98: defined 111. 262: dis- 
covery of, attributed to Theaetetus 111. 
438: problem of inscribing in sphere, 
Éuclià s solution III. 481-9, appus' solu- 
tion 111. 489-91: Mr H. M. Taylor's con- 
struction III. 491-2 

* Iflaton"" 1. 88 

Inclination (xMats) of straight line to plane, 
defined 111, 260, 263-4 : of plane to plane 
(=dihedral angle) 111. 260, 264 

Incommensurables : discovered by Pythagoras 
or Pythagoreans IlI. 1, 2, 3, and with 
reference to ./2, 1. 351, III. I, 2, I9: in- 
commensurable a natural kind, unlike zz- 
rational which depends on convention or 
assumption (Pythagoreans) IH. 1: proof 
of incommensurability of ./2 no doubt 
Pythagorean IH. 2, proof in Chrystal's 
Algebra i11. 19-20: incommensurable i» 
length and incommensurable in square 
defined 111. 10, 11: symbols for, used in 
notes I1I. 34: method of testing incom- 
mensurability (process of finding G.C.M.) 
1I 118, 111. 18-9: means of expression 
consist in power of approximation without 
limit (De Morgan) 1t. 119: approximations 
to ,/2 by means of sde- and diagonal- 
numbers 1. 399-401, II. 119, by means of 
sexagesimal fractions 111. 533, to 4/3 II. 
119, III. 523: to V/4500 by means of sexa- 
gesimal fractions II. 119: to 7, IL. 1 19 

Incomposite: (of lines) 1. 160-1, (of su aces) 
1. 170: (of number) = prime 11. 284 
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Indivisible lines (rope: -ypappal), theory of, 
rebatted 1. 268 

Infinite, Aristotle on the, 1. 332—4: infinite 
division not assumed, but proved, by geo- 
meters 1. 268 

Infinity, parallels meeting at, 1. 192-3 

Ingrami, G. 1. 175, 193, 195, 201, 217-8, 
Ii. 30, 126 

Integral calculus, in new fragment of Archi- 
medes III. 

Interior and exterier (of angles) 1. 263, 280: 
interior and opposite angle 1. 280 

Interpolations in the Elements before Theon's 
time 1. 58-63: by Theon 1. 46, 55-6: Eucl. 
I. 40 interpolated L 338: other proposi- 
tions interpolated, (111. 12) 11. 28, (propo- 
sition after XI. 37) 11. 360, (x111. 6) m1. 
449-51: cases in XI. 23, HI. 319-21: 
defs. of analysis and synthesis, and proofs 
of XIII. 1—5 by, III. 442-3 

Inverse (ratio), inversely (drázraXur) 11. 134: 
inversion is subject of v. 4, Por. 
Hl. (44, and of v. 7, Por. 11. 149, but is 
not properly put in either place II. 149: 
Simson's Prop. B on, directly dedncible 
from v. Def. 5, 11. 144 

Irrational: discovered by Pythagoras or Py- 
thagoreans I. 351, IIl. 1-2, 3, and with 
reference to \/2, I. 351, III. 1, 2, 19, cf. 1L 
524—5: depends on assumption or conven- 
tion, unlike i»commensuralle which is a 
natural kind (Pythagoreans) 111. 1: claim 
of India to uon; of discovery 1. 363-4; 
"irrational diameter of 5" (Pythagoreans 
and Plato) 1. 399-400, III. 12: approxima- 
tion to ,/a by means of ''side-" and 
* diagonal-" numbers I. 399-401, II. 119: 
Indian approximation to 4/23, I. 361, 363-4: 
unordered trrationals (Apollonius) 1. 42, 
115, III. 3, 10, 246, 255-9: irrational 
ratio (dppyros Adyos) 1. 137: an irrational 
straight line is so relatively to any straight 
line taken as rational III. 10, 11: irrational 
area incommensurable with rational area 
or square on rational straight line 111. 10, 
12 - Euclid's irrationals, object of classifi- 
cation of, III. 4, 5: Book X. a repository 
of results of solution of different types of 
quadratic and biquadratic equations IlI. 5: 
types of equations of which Euclid's irra- 
tionals are positive roots III. 5-7: actual 
use of Euclid's irrationals in Greek 
metry III. 9-10: compound irrationals in 
Book x. all different 111. 242-3 

Isaacus Monachus (or Argyrus) I. 73-4, 407 

Ishaq b. Hunain b. Ishaq al-Ibàdi, Abi 
Ya qib, translation of Elements by, 1. 75- 
8o, 83-4 

Isidorus of Miletus 111. 520 

Isma'il b. Bulbul 1. 88 

Isoperimetric (or isometric) figures: Pappus 
and Zenodorus on, I. 26, 27, 333 

Isosceles (laooxed}s) 1. 187: of numbers (= 
even) 1. 188: isosceles right-angled tri- 
angle 1. 352: isosceles triangle of 1v. 10, 
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construction of, due to Pythagoreans 1I. 
97-9 


acobi, C. F. A. II. 188 
akob b. Machir 1. 76 
ah pacer al“ Abbas b. Sa'id 1. 85 
al- Jayyànt I. go 
oannes Pediasimus I. 72-3 
ohannes of Palermo 111. 8 
Junge, G., on attribution of theorem of 1. 47 
and discovery of irrationals to Pythagoras 
I. 351, III. 1%. 523 


Kástner, A. G. 1. 78, 97, tot 

al-Karábisi H 85 

A iita ulba-Sütra 1. 360 

Keill, John 1. 105, 110-11 

Kepler 1. 193 

al- in, Abū Jafar 1. 77, 85 

Killing, W. 1. 194, 219, 225-6, 235, 241, 
272, III. 376 

al-Kindi 1. 5 ., 86 

Klamroth, M. 1. 75-84 

Klügel, G. S. 1. 212 

Kluge 111. 520 

Knesa, Jakob 1. 112 

Knoche I. 32 5., 33%., 73 

Kroll, W. I. 399-400 

al-Kühl 1. 88 


Lachlan, R. 11. 226, 227, 245-6, 247, 256, 
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Lambert, J. H. 1. 212-3 

Lardner, Dionysius 1. 112, 246, 250, 298, 
Mee ay a 359, 271 

Lascaris, Constantinus 3 

Leading theorems (as distinct from converse) 1. 
257: ading variety of conversion I. 25 

Least common multiple 11. 336-41 

Leeke, John 1. 11:0 

Lefévre, Jacques I. 100 

Legendre, Adrien Marie 1. 112, 169, 213-9, 
II. 30, III. 263, 264, 265, 266, 267, 268, 
273, 275, 298, 309, 356, 436: proves VI. 1 
and similar propositions in two parts (1) for 
commensurables, (2) for incommensurables 
II. 193-4: proof of Eucl. XI. 4, III. 280, 
of XI. 6, 8, III. 284, 289, of XI. 15, III. 
299, of XI. 19, III. 305: definition of 
planes at right angles 111. 303: alternative 
proofs of theorems relating to prisms III. 
331-3: on equivalent parallelepipeds 111. 
335-6: proof of Eucl. xit. 2, III. 377-8: 
propositions on volumes of pyramids III. 
389-91, of cylinders and cones rit. 422-3 

Leibniz I. 145, 169, 176, 194 

Leiden Ms. 399, 1 of al-Hajjàj and an- 
Nairizi I. 22 

Lemma Y, 114: meaning (=assumption) I. 
133-4: lemmas interpolated 1. 59-60, 
especially from Pappus 1. 67: lemma 
assumed in VI, 22, II. 242-3: alternative 
propositions on duplicate ratios and ratios 
of which they are duplicate (De Morgan 
and others) 11. 242-7: lemmas interpo- 


H. E. III. 
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lated, (after x. 9) 111. 30-1, (after X. 59) 11. 
97, 131-2: lemmas suspected, (those added 
to X. 18, 23) III. 48, (that after xir. 2) 
Ill. 375, (that after XIII. 2) 111. 444-5 

Length, 4$xos (of numbers in one dimension) 
II. 287: Plato restricts term to side of 
complete square II. 387 

amas of I. 36, 134 

Leon 1. 116 

Leonardo of Pisa 111. 8 

Leotaud, Vincent 11. 42 

Linderup, H. C. r. 113 

Line: Platonic definition I. 158: objection 
of Aristotle I. 158: “ itude extended 
one way” (Aristotle, **Heromides") 1. 
158: ''divisible or continuous one way” 
(Aristotle) 1. 158-9: “flux of point" 1. 
159: Apollonius on, I. 159: classification 
of lines, Plato and Aristotle 1. 159-60, 
Heron 1. 159-60, Geminus, first classifica- 
tion 1. 160-1, second 1. 161: straight 
(evOeta), curved (xayaróX9), circular (wepipe- 
phs), spiral-shaped (éAccoecd%s), bent (xexap- 
péyn), broken (xexd\acuéry), round (rà 
erpowyyóAor) I. 159» composite (cdvr@eros), 
incomposite (daórOeros), ‘forming a figure” 
(cxnnaroronoica), determinate (wpcpuérn), 
indeterminate (dópwros) I. 160: ‘‘asym- 

totic” or non-secant (doójmrwros), secant 

cvumrToTÓs) 1. 161: simple, "mixed" 1. 
161-2: homocomeric (uniform) 1. 161-2: 
Proclus on lines without extremities I. 165: 
boci on lines I. 329, 330 

Linear, loci 1. 330: problems 1. 330: num- 
bers=(1) in one dimension 11. 287, (2) 
prime 1I. 285 

Lionardo da Vinci, proof of 1. 47, I. 365-6 

Lippert I. 88 #. 

Lobachewsky, N. I. 1. 174-5, 213, 219 

Locus-theorems (rowed Oewphyara) and loci 
(róma): locus defined by Proclus 1. 329: 
loci likened by Chrysippus to Platonic 
ideas 1. 330-1: locus-theorems and loci 
(1) on dines (a) | spied loci (straight lines and 
circles) (b) so/sd loci (conics), (2) on sur- 
faces 1. 329: corresponding distinction be- 
tween plane and solid problems, to which 
Pappus adds /i»ear problems 1. 330: fur- 
ther distinction in Pappus between (1) 
éóexrukol (2) dtetodixol (3) avacrpogixol 
téwot 1. 330: Proclus regards locus in 
I. 35, III. 21, 31 as an area which is locus 
of area (parallelogram or triangle) I. 330 

Logica ni distinct from geometrical 
I. 25 

Logical deductions 1. 256, 284-5, 300: not 
made by Euclid 11. 22, 29: logical equi- 
valents I. 309, 314-5 

Lorenz, J. F. 1. 107-8, III. 34 

Loria, Gino I. 7»1., IOn., II5*5., 127., III. 
8, 9, 537 

Luca Paciuolo 1. 98—9, 100, III. 8 

Lucas, E. 111. 527 

Lucian 1t. 9? 

Lundgren, F. A. A. I. 113 
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Machir, Jakob b. 1. 76 
Magni, Domenico I. 106 


Magnitude: common definition vicious I. 148 

al-Mahani 1. 85 

Major (irrational) straight line: biquadratic 
of which it is positive root 111. 7: defined 
II. 87-8: equivalent to square root of 
fourth binomial 111. 84, 125-7: uniquely 
divided 111. 98: extension of meaning to 
irrational straight line of free terms 111. 258 

al-Ma'mün, Caliph 1. 75 

Mansion, P. I. 219 

al-Mansür, Caliph 1. 75 

Manuscripts of Elements 1. 46-51 

Martianus Capella 1. 91, 155 

Martin, T. H. 1. 20, 297., 30". 

Mas'üd b. al-Qass al-Bagdadi 1. go 

Maximus Planudes, scholia and lectures on 
Elements 1. 72 

Means: three kinds, arithmetic, geometric 
and harmonic II. 292-3: geometric mean 
is “ proportion par excellence” (xuplws) 11. 
292-3: one geometric mean between two 
square numbers, two between two cube 
numbers (Plato) 11. 294, 363-5: one geo- 
metric mean between similar plane num- 
bers, two between similar solid numbers 
Il. 371-5: no numerical geometric mean 
between # and # +1 (Archytas and Euclid) 


II. b 7 

Medial (straight line): connected by Theae- 
tetus with geometric mean III. 3, 4: defined 
III. 49, 50: medial area 111. 54-5: an un- 
limited number of irrationals can be de- 
rived from medial straight line, 111. 254-5 

Meguar=axis I. 93 

Mehler, F. G. 1. 404, III. 268, 284-5 

Meier, Rudolf 1. a1», 111. 521, 522 

Menaechmus: story of M. and Alexander 1. 
I: on elements 1. 114: I. 117, 125, 133%. 

Menelaus I. 21, 23: direct proof of I. 25, 


I. 300 

Middle term, or cause, in geometry, illus- 
trated by Eucl. 111. 31, I. 149 

Mill, J. S. I. 144 

Minor (irrational) straight line: biquadratic 
of which it is root 11. 7: defined rir. 
163-4: uniquely formed III. 172-3: equi- 
valent to square root of fourth apotome 
III. 203-6 

*'* Mixed" (lines) 1. 161-2: (surfaces) I. 162, 
170: different meanings of “mixed ” 1. 162 

Mocenigo, Prince I. 97-8 

Moderatus, a Pythagorean II. 280 

Mollweide, C. B. 1. 108 

Mondoré (Montaureus), Pierre 1. 102 

Moses b. Tibbon 1. 76 

Motion, in mathematics I. 226: motion with- 
out deformation considered by Helmholtz 
necessary to geometry I. 226-7, but shown 
by Veronese to be petitio principii 1. 226-7 

Müller, J. H. T. 1. 189 

Muller, J. W. 1. 365 

Muhammad (b.' Abdalbáqi) al- Bagdádi, trans- 
lator of De divisionibus 1. 8 n., 9o, 110 
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Muh. b. Ahmad Abü'r-Raibán al-Birüni 1. 
9o 
Muh. b. Ashraf Shamsaddin as-Samargandi 


I. 8 

Muh. b. "Isa Abi ‘Abdallah al-Mahani 1. 85 

Multinomial (straight line): an extension 
from dtxomzal, probably investigated by 
Apollonius, 111. 256 

Multiplication, definition of, 11. 287 

Munich Ms. of enunciations (R) 1. 94-5 

Misa b. Muh. b. Mahmüd Qadizáde ar- 
Rim! I. 57., go 

Music, Elements of (Sectio Canonis), by 
Euclid 1. 17, II. 295 

Musici scriptores Graeci Y1. 294 

al-Musta'sim, Caliph 1. 9o 

al-Mutawakkil, Caliph 1. 75 


an-Nairizi, Abii "1 ‘Abbas al-Fadl b. Hatim, 
I. 21-4, 85, 184, 190, IQI, 195, 223, 232, 
258, 270, 285, 299, 303, 326, 364, 367, 
369, 373, 405, 408, 11. 5, 16, 28, 34, 36, 
44» 47» 302, 320, 383 

Napoleon 1. 103 

Nasiraddin at-Tüsl 1. 4, 5%. 77, 84, 89, 
208-10, II. 28 

Nazif b. Yumn (Yaman) al-Qass 1. 76, 77,87 

Neide, J. G. C. 1. 103 

POTUM G. H. F. 11. 287, 293, III. 8, 
52 

Nicomachus I. 92, II. 116, 119, 131, 279 
280, 281, 282, 283, 284, 285, 286, 287, 
288, 289, 290, 291, 292, 293, 194. 300, 
363, III. 526, 527 

Nicomedes I. 42, 160-1, 265-6 

Nipsus, Marcus Junius I. 305 

Nixon, R. C. J. 11. 16 

Nominal and real definitions: see Definitions 

Number: defined by Thales, Eudoxus, 
Moderatus, Aristotle, Euclid 1r. 280: 
Nicomachus and Iamblichus on, 11. 280: 
represented by lines 11. 287, and by points 
or dots II. 288-9 


Objection (Évaracis), technical term, in geo- 
metry I. 135, 257, 260, 265: in logic 
(Aristotle) 1. 135 

Oblong: (of geometrical figure) 1. 151, 188: 
(of number) in Plato either rpouņxys or 
érepou7jxns 11. 288: but these terms denote 
two distinct divisions of plane numbers in 
Nicomachus, Theon of Smyrna and Iam- 
blichus 11. 289—90 


" Octahedron 11. 98: definition of, 111. 262: 


discovery of, attributed to Theaetetus 111. 
438: problem of inscribing in sphere, 
Euclid's solution 111. 474-7, Pappus’ solu- 
tion III. 477 

Odd (number): defs. of in Nicomachus 11. 
281: Pythagorean definition 11. 281: def. 
of odd and even by one another unscientific 
(Aristotle) I. 148-9, II. 381 : Nicom. and 
Iambl. distinguish three classes, of odd 
numbers (1) prime and incomposite, 
(2) secondary and composite, as extremes, 
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(3) secondary and composite in themselves 
but prime and incomposite to one another, 
which is intermediate 11. 287 

Odd-times even (number) : definition in Eucl. 
spurious II. 283-4, and differs from defi- 
nitions by Nicomachus etc. i274. 

Odd-times odd (number): defined in Eucl. 
but not in Nicom. and Iambl. rt. 284: 
Theon of Smyrna applies term to prime 
numbers II. 284 

Oenopides of Chios 1. 34, 36, 126, 271, 295, 

71, II. 525, 526 

Ofterdinger, L. F. 1. g., 10 

Olympiodorus 1. 29 

Oppermann 1. 151 

Optics of Euclid 1. 17 

* Ordered ” proporton (reraypévn dvadoyla), 
interpolated definition of, 11. 137 

Oresme, N. I. 97 

Orontius Finaeus (Oronce Fine) 1. 101, 104 

Ozanam, Jaques I. 107, 108 


Paciuolo, Luca 1. 98-9, 100, 111. 8 
Pamphile 1. 317, 319 
Pappus: contrasts Euclid and Apollonius 1. 3: 
on Euclid’s Porisms 1. 10-14, Surface-loci 
I. I5, 16, Data 1. 8: on Treasury of 
Analysis 1. 8, 10, 11, 138: commentary 
on Elements 1. 24-7, partly preserved in 
scholia 1. 66: evidence of scholia as to 
Pappus’ text 1. 66-7: commentary on 
Book x. survives in Arabic 111. 3: quota- 
tions from it, III. 3-4, 255-9: lemmas in 
Book x. interpolated from, 1. 67: on 
Analysis and Synthesis 1. 138-9, 141-2: 
additional axioms by, I. 25, 223, 224, 232: 
on converse of Post. 4, 1. 25, 201: proof of 
l. 5 by, I. 254: extension of 1. 47, 1. 366: 
semi-algebraical methods in, 1. 373, 378: 
on loci 1. 329, 330: on conchoids I. 161, 
266: on quadratrix 1. 266: on isoperime- 
tric figures I. 26, 27, 333: on paradoxes 
of Erycinus 1. 27, 290: lemma on Apollo- 
nius’ Plane veboecs 11. 64-5: problem from 
same work II. 81: assumes case of VI. 3 
where external angle bisected (Simson’s 
VI. Prop. A) 11. 197: theorem from Apol- 
lonius’ Plane Loct 11. 198: theorem that 
ratio compounded of ratios of sides (of equi- 
angular parallelograms) is equal to ratio of 
rectangles contained by sides 11. 250: use of 
Euclid's irrationals 111. 9, 10: methods of 
inscribing regular solids in sphere, tetra- 
hedron III. 472-3, octahedron I11. 477, cube 
IJI. 480, icosahedron 111. 489-91, dodeca- 
hedron 111. 501-3: I. 17, 39, 133%., 137, 
151, 225, 388, 391, 401: II. 4, 27, 29, 67, 79, 
81, 113, 133; 211, 250, 251, 292, 11I. 522 
Papyrus, Herculanensis No. 1061, I. 50, 
184: Oxyrhynchus 1. 50: Fayüm I. 51, 
337, 338: Rhind 1. 304 
Paradoxes, in geometry 1. 188: of Erycinus 
I. 27, 290, 319: an ancient “Budget of 
Paradoxes" I. 329 
* Parallelepipedal" = with parallel planes or 
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faces: ‘‘parallelepipedal solid ” (not “solid 
parallelepiped”) or “parallelepiped” 111. 
326: generally has six faces but sometimes 
more (‘‘parallelepipedal prism") 111. 401, 
404: ''parallelepipedal" (solid) numbers 
in Nicomachus have two of sides differing 
by unity II. 290 | 

Parallelogram (= parallelogrammic area), 
first introduced 1. 325: rectangular paral- 
lelogram 1. 370 : 

Parallels: Aristotle on, 1. 190, 191-23: defi- 
nitions, by ''Aganis" 1. 191, Geminus 
I. 191, Posidonius I. 190, Simplicius 1. 
190: as equi-distants 1. 190-1, 194: direc- 
tion-theory of, 1. rg1-2, 194: definitions 
classified 1. 192-4: Veronese’s definition 
and postulate 1. 194: Parallel Postulate, 
see Postulate 5: Legendre’s attempt to 
establish theory of, I. 213-9: parallel 
planes, definition of, 111. UE 265 

Paris Mss. of Elements, (p) 1. 49, (q) 1. 50 

Pasch, M. 1. 157, 228, 250 

“ Peacock's tail," name for Eucl. 111. 8, 1. 99 

Pediasimus, Joannes 1. 72-3 

Peithon 1. 203 

Peletarius (Jacques Peletier) 1. 103, 104, 249, 
407, II. 47, 56, 84, 146, 190: on angle of 
contact and angle of semicircle 11. 41 

Pena I. 104 

Pentagon : decomposition of regular pentagon 
into 30 elementary triangles 11. 98: rela- 
tion to pemanen Il. 99 

Pentagonal numbers 11. 289 

* Perfect" (of a class of numbers) t1. 393-4, 
421-5, III. 526-7: Pythagoreans applied 
term to IO, II. 294: 3 also called *' perfect" 


II. 294 

Perpendicular (xdOeros): definition 1. 181: 
** plane" and “solid” 1. 272: perpendicu- 
lar and a ba I. 291: perpendicular to 
plane, 111. 260, 263: perpendicular to two 
straight lines not in one plane III. 306—7 

Perseus I. 42, 162-3 

Perturbed proportion (rerapaypévn avadoyla) 
II. 136, 176-7 

Pesch, J. G. van, De Procli fontibus 1. 33sqq., 
29 t. 

Petrus Montaureus (Pierre Mondoré) I. 102 

Peyrard and Vatican MS. 190 (P) I. 46, 47, 
103: I. 108 

Pfleiderer, C. F. 1. 168, 298, 11. 2 

Phaenomena of Euclid 1. 16, 17 

Philippus of Mende 1. 1, 116 

Phillips, George 1. 112 

Philo of Byzantium I. 20, 23: proof of 1. 8, 
I. 263-4 

Philolaus, I. 34, 351, 371, 399, II. 97, III. 525 

Philoponus I. 45, 191-2, II. 234, 282 

Pirckenstein, A. E. Burkh. von, I. 107 

Plane (or plane surface): Plato's definition 
of, I. 171, III. 272-3: Proclus' and Sim- 
plicius’ interpretation of Euclid's def. 1. 
171: possible origin of Euclid's def. 1. 
171: Archimedes’ assumption I. 171, 172: 
other ancient definitions of, in Proclus, 
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Heron, Theon of Smyrna, an-Nairizi 1. 
171—2: “Simson’s” definition (“axiom of 
the plane") 1. 172-3, 111. 273, and Gauss 
on, I. 172-3: Crelle's tract on, I. 172-4: 
other definitions by Fourier 1. 173, Deahna 
1. 174, J- K. Becker 1. 174, Leibniz 1. 176, 
Beez 1. 176: evolution of, by Bolyai and 
Lobachewsky 1. 174-5: iques and 
Amaldi, Dern sri EIE 
on, 1. 175: e at right angles to e, 
Euclid's definition of ini 260, ig and 
alternative definition making it a particular 
case of *'inclination" 111. 303-4: parallel 
lanes defined 111. 360, 265 
u Plane loci” t. 329-30: Plane Loci of Apol- 
lonius 1. 14, 259, 330, II. t oo 
Plane numbers, product of two factors 
(*sides" or “length” and “breadth ”) 
II. 387-8 : in Plato either square or oblong 
II. 287-8 : similar plane numbers II. 293 : 
one mean proportional between similar 
lane numbers II. 371-2 
“ Plane problems" 1. 329 
Planudes, Maximus 1. 72 
Plato: I. 1, 2, 3, 137, 155-6, 159, 184, 187, 
203, 221, III. I, 3; Su invention of 
Analysis by, 1. 134: def. of straight line 
I. 165-6 : def. of plane surface 1. 171: on 
ecd section 11. 99: on art of stereometry 
engtb, breadth, and depth) as one of three 
padhpara, next to geometry but commonly 
put after astronomy because little advanced 
II. 262: generation of cosmic figures by 
putting together triangles, I. 226, 11. 97-8, 
III. 267, 525: rule for rational right-angled 
triangles 1. 356, 357. 359, 360, 385: “ra- 
tional diameter of 5” 1. 399, gives 7/5 as 


td to 4/2, II. I19: passage of 


etus on Surdyecs (square roots or surds) 
II. 288, 290, III. 1-3, 524-5: on square 
and oblong numbers 11. 288, 290: theorem 
that between square numbers one mean 
suffices, between cube numbers two means 
are necessary II. 294, 364 
“ Platonic” figures 1. 2, III. $25: scholium 
on, IIL 438 
Papar John 1. 103, rrr: “ Playfair’s” 
iom I. 220: used to prove Eucl. I. 29, 1. 
312, and Eucl. Post. 5, 1. 313: comparison 
of Axiom with Post. 5, I. 313-4 : 11. a 
Pliny 1. 20, 333 
Plutarch 1. 21, 29, 37, 177) 343; 351, II. 98, 
254, III. 368 
Point: Pythagorean definition of, 1. 155: in- 
terpretation of Euclid's definition 1. 155: 
Plato’s view of, and Aristotle’s criticism 
I. 185-6: attributes of, according to Aris- 
totle I. 156 : terms for (creypu7}, onpetor) 1. 
156: other definitions by “ Herundes,” 
Posidonius 1. 156, Simplicius 1. 157 : nega- 
tive character of Euclid's def. 1. 156: is it 
sufficient? 1. 156: motion of, produces 
line 1. 157 : an-Nairizl on, 1. 157: modern 
explanations by abstraction I. 157 
Polybius I. 331 


III. 310-1 
Porism : two senses 1. 13: (1) —corollary I. 
134, 278-9: as to in 
es “Q.E.D.” or *Q.E. F." I. 8, 64: 
orism to IV. r5 mentioned by 
IL 109: Porism to VI. 19, II. 234 : inter- 
lated Porisms (corollaries) 1. 6o—1, 381 - 
2) as used in Porisms of Euclid, distin- 
guished from theorems and problems r. 
10, I1: account of the Forisaes given by 
Pappus I. 10-13: modern restorations by 
Simson and Chasles I. 14: views of Hei- 
berg 1. 11, 14, and of Zeuthen 1. 15 
Porphyry 1. 17 : commentary on Euchd 1. 24: 
Symmikta 1.24, 34, 44: 1. 136, 277, 283, 387 
Poselger 111. 8 
Posidonius of Alexandria 111. 521 
Posidonius, the Stoic I. 20, 21, 27, 28%., 
189, 197, 1IL 521: book directed against 
the Epicurean Zeno I. 34, 43: on parallels 
1. 40, 190: definition of Agure 1. 41, 183 
Postulate, distinguished from axiom, by 
Aristotle I. 118-9, by Proclus (Geminus 
and “ others”) r. 121-3: from h i 
by Aristotle I. 120-1, by Proclus 1. 121-2: 
pese in Archimedes I. 120, 123: 
uclid’s view of, reconcileable with Ans- 
totle’s I. 119-20, 124: postulates do not 
confine us to rule and compass I. 124: 
Postulates 1, 2, significance of, I. 195-6: 
famous “ Postulate" or “ Axiom of Archi- 
medes " I. 234, III. 15-6 
Postulate 4: significance of, 1. 200: proofs 
of, resting on other postulates 1. 300-1, 
231: converse true only when angles recti- 
lineal (Pappus) 1. 201 
Postulate 5: probably due to Euclid himself 
I. 202 : Proclus on, 1. 202-3 : attempts to 
rove, Ptolemy 1. 204-6, Proclus 1. 206-8, 
asi-raddin at-Tüsi 1. 208-ro, Wallis 1. 
210-1, Saccheri I. 311-2, Lambert I. 312- 
3: substitutes for, '' Playfair’s” axiom (in 
Proclus) 1. 220, others by Proclus 1. 207, 


220, Posidonius and Geminus 1. 220, Le- ` 


gendre I. 213, 214, 220, Wallis 1. 220, 
Carnot, Laplace, Lorenz, W.  Bolyai, 
Gauss, Worpitzky, Clairaut, Veronese, 
Ingrami I. 220: Post. 5 proved from, and 
compared with, “ Playfair's" Axiom I. 313- 
4: I. 30 is /ogical equivalent of, 1. 220 

Potts, Robert I. rta, 246 

Prime (number): definitions of, it. 284-5: 
Aristotle on two senses of “ prime" 1. 146, 
1I. 285: 2 admitted as prime by Eucl. and 
Aristotle, but excluded by Nicomachus, 
Theon of Smyrna and Iamblichus, who 
make prime a subdivision of odd 11. 284-5: 
“ prime and incomposite (deórÓeros)" 11. 
284: different names for prime, “ odd- 
times odd” (Theon), “linear” 
“ rectilinear” (Thymaridas), ''euthyme- 
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tric” (Iamblichus) 11. 285: prime abso- 
. lutely or in themselves as distinct from 
prime to one another (Theon) rt. 385: defi- 
nitions of ‘ prime to one another" 11. 285-6 
Principles, First, I. 117-24 
Prism, definition of, by Euclid 111. 261, 
by others 111. 368-9: *'parallelepipedal 
prisms" III. 404 
Problem, distinguished from theorem I. 124- 
8: problems classified according to number 
of solutions (a) one solution, ordered (re- 
raypéva) (5) a definite number, interme- 
diate (uéca) (c) an infinite number of solu- 
tions, unordered (Érakra) 1. 128: in widest 
sense anything propounded (possible or 
not) but generally a construction which is 
ible I. 128-9: another classification 
i problem i excess (wXeoráfor), asking 
- too much I. 129, (2) deficient problem (6XX- 
vis spófiAnua), giving too little i. 129 
Proclus : details of career 1. 29-30: remarks 
on earlier commentators I. I9, 33, 45: 
commentary on Eucl. t, sources of, I. 29- 
* 45, object and character of, 1. 31-2: com- 
- mentary probably not continued, though 
continuation intended I. 32-3, III. 521-23: 
books quoted by name in, 1. 34: famous 
“summary” I. 37-8: list of writers quoted 
1. 44: his own contributions I. 44-5: 
character of Ms. used by, 1. 62, 63: on 
the nature of elements and things elemen- 
(ary I. 114-6: on advantages of Euclid’s 
Elements, and their object I. 115-6: on 
. first principles, hypotheses, postulates, 
axioms I. 121-4: on difficulties in three 
distinctions between postulates and axioms 
' I. 123: on theorems and problems I. 124-9: 
on formal divisions of proposition 1. 129- 
3t, II. 100: attempt to prove Postulate 5, 
I. 206-8: commentary on Plato's Republic, 
allusion in, to **side-" and *''diagonal-" 
- numbers in connexion with Eucl. 1I. 9, 10, 
I. 399-400 : on use of ‘‘ quindecagon ” for 
astronomy II. III: II. 4, 39, 40, 193, 247, 
269, LIL 1, 10, 264, 267, 273, 310, 441, 524, 


525 
Proof (awddekis), necessary part of proposi- 
. tion I. 129-30 
Proportion: complete theory applicable to 
incommensurables as well as commensur- 
ables is due to Eudoxus I. 137, 351, t1. 112: 
. old (Pythagorean) theory practically repre- 
sented by arithmetical theory of Eucl. v11., 
II. 113: in giving older theory as well 
Euclid simply followed tradition II. 113: 
Aristotle: on general proof (new in his 
. time) of theorem (a/ternando) in proportion 
- Ik 183: X. § as connecting two theories 
II. 213: De Morgan on extension of mean- 
ing of rafio to cover incommensurables 11. 
118: power of expressing incommensurable 
. ratio 1s power of approximation without 
. limit ir rọ: interpolated definitions of 
proportion as “ sameness” or “ similarity 
of ratios" 11. 119: definition in v. Def. 5 
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substituted for that of vrr. Def. 20 becáuse 
latter found inadequate, not vice versa 11. 
121: De Morgan’s defence of v. Def. s as 
‘necessary and sufficient II. 122-4: V. Def. 
5 corresponds to Weierstrass’ conception 
. of number in general and to Dedekind's 
. theory of irrationals 11. 124-6: alternatives 
for v. Def. 5 by a geometer-friend of Sac- 
cheri, by Faifofer, Ingrami, Veronese, 
Enriques and Amaldi 1. 126: propor- 
tionals of vir. Def. 20 (numbers) a per- 
ticular case of those of v. Def. 5 (Simson's 
. Props. C, D and notes) 11. 126-9, 111. 25: 
oportion in three terms (Aristotle makes 
. It four) the **least" 11. 131: “continuous” 
proportion (evrexs or ownuuérm draXoyía, 
in Euclid é£gs á»áXoyo») II. 131, 293: 
three ‘‘proportions” 11. 292, but propor- 
tion par excellence or primary is continuous 
or geometric II. 292-3: “discrete” or 
** disjoined " (&ypnuérn, õie tevyuérn) 11.131, 
293: “ordered” proportion (rerayuérn), 
interpolated definition of, 11. 137: “‘ per- 
turbed” proportion (Terapayuérņ) 11. 136 
176-7: extensive use of proportions in 
Greek geometry 11. 187 : proportions ‘enable 
any quadrate equation with real roots to 
be solved 11. 187: supposed use of pro- 
positions of Book v. in arithmetical Books 
II. 314, 320 
Proposition, formal divisions of, I.. 129-31 
Protarchus I. 5, 111. 512 
Psellus, Michael, scholia by, 1. 70, 71, IL. 
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Psendaria of Euclid 1. 7 : Pseudographemata 


I. 7 ft. 
Pseudoboethius 1. 92 
Ptolemy I.: 1. 1, 2: 
Ptolemy 1. t 
Ptolemy, Claudius 1. 30%.: Harmonica of, 
and commentary on, I. 17: on Parallel- 
Postulate I. 28 »., 34, 43, 45: attempt to 
por it I. 204-6: lemma about quadri- 
ateral in circle (Simson's vi. Prop. D) 
Il. 225-7: II. III, 117, 119, III. 523 
Pyramid, definitions of, by Éuclid IH. 261, 
by others 111. 268 TE: 
Pyramidal numbers 11. 290: pyramids trun- 
cated, twice-truncated etc. II. 291 
Pythagoras I. 4%., 36: supposed discoverer 
. Of the irrational I. 351, III. 1-2, 524-5, of 
application of areas 1. 343-4, MI. 524, of 
theorem of I. 47, I. 343-4. 350-4, 111.524, 
of construction of five regular solids 11. 97, 
: HI. 524-5: story of sacrifice I. 37, 343, 
350: probable method of discovery of 1. 47 
. and proof of, 1. 352-5: suggestions by Bret- 
schneider and Hankel 1. 354, by Zeuthen 1. 
355-6: rule for forming right-angled tri- 
angles in rational numbers 1. 351, 356-9, 
385: construction af figure equal to one and 
similar to another rectilineal figure 11. 254: 
_ "introduced **the most proportion in 
four terms and specially called ‘harmonic’ " 
into Greece II. 112 l E 


story of Euclid and 


35—3 


55° 


Pythagoreans I. 19, 36, 155, 188, 279: term 
for surface (xpod) 1. 169: angles of triangle 
equal to two right angles, theorem and 
proof 1. 317-20: three polygons which in 
contact fill space round point 1. 318, II. 
98: method of application of areas (includ- 
ing exceeding and falling-short) 1. 343, 
384, 403, II. 187, 258-60, 263-5, 266-7: 
gnomon Pythagorean I. 351: ‘rational ” 
and “irrational diameter of 5" I. 399-400, 
III. 525 : story of Pythagorean who, having 
divulged the irrational, perished by ship- 
wreck III. 1: 7/5 as approximation to ha, 
II, 119: approximation to 4/2 by “ side-” 
and *'* diagonal-" numbers I. 398—400, III. 
2, 20: proof of incommensurability of 4/2, 
III. 2 : construction of isosceles triangle of 
Eucl. tv. 1o, and of regular pentagon, II. 
97-8, III. 525: possible method of discovery 
of latter 11. 97-9: distinguished three sorts 
of means, arithmetic, geometric and har- 
monic 1I. 112 : had theory of proportion 
applicable to commensurables only tt. 112: 
construction of dodecahedron in sphere 11. 
97, and of other regular solids 111. 438, 
525: definitions of unit 11. 279, of even and 
odd 11. 281: called ro ** perfect" 11. 294 


Qàdizáde ar-Rüml 1. 5%., go 

Q.E.D. (or F.) I. 57 

al-Qifti I. 47., 94 

Quadratic equations: solution assumed by 
Hippocrates 1. 386-7: geometrical solu- 
tion of particular quadratics 1. 383-5, 
386-8: solution of general quadratic by 
means of proportions 11. 187, 263-5, 266-7: 
&opwpós or condition of possibility of solv- 
ing equation of Eucl. vi. 28, 11. 259: one 
solution only given, for obvious reasons 
II. 260, 264, 267: but method gives both 
roots if real 11. 258: exact correspondence 
of geometrical to algebraical solution, 11. 
263-4, 266-7: indication that Greeks 
solved them numerically 111. 43-4 

Quadratrix 1. 265-6, 330 

Quadrature (rerpaywviøuós) definitions of, 


I. 14 

Quadrilateral : varieties of, I. 188-90: in- 
scribing in circle of quadrilateral equi- 
angular to another II. 91-3: condition for 
inscribing circle in, II. 93, 95: quadri- 
lateral in circle, Ptolemy's lemma (Simson's 
VI. Prop. D) 11. 225-7 : quadrilateral not 
a “polygon " II. 239 

Quadrinomial (straight line), compound ir- 
rational (extension from dznomial) 111. 256 

** Quindecagon ” (fifteen-angled figure): use- 
ful for astronomy Il. 111 

Quintilian I. 333 

Qustà b. Lüqà al-Balabakki, translator of 
* Books xiv, xv" 1. 76, 87, 88 


Radius, no Greek word for, 1. 199, 11. 2 
Ramus, Petrus (Pierre de la Ramée) I. 104 
Ratdolt, Erhard t. 78, 97 
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Ratio: definition of, 11. 116-9, no sufficient 
ground for regarding it as spurious II. 117, 
Barrow's defence of it 11. 117 : method of 
transition from arithmetical to more general 
sense covering incommensurables II. 118 : 
means of expressing ratio of incommen- 
surables is by approximation to any degree 
of accuracy II. 119: def. of greater ratio 
only ome criterion (there are others) 1t. 
I30: tests for greater, equal and less ratios 
mutually exclusive 11. 130-1: test for 
greater ratio easier to apply than that for 
equal ratio II. 129-30: arguments about 
greater and less ratios unsafe unless they 
go back to original definitions (Simson on 
V. 10) HI. 156-7: compound ratio I1. 132-3, 
189-90, 234: operation of compounding 
ratios II. 234: ‘‘ratio compounded of their 
sides” (careless expression) 11. 248: dupli- 
cate, triplicate etc. ratio as distinct from 
double, triple etc. 11. 133: alternate ratio, 
alternando Y. 134: inverse ratio, inversely 
II. 134: composition of ratio, componendo, 
different from compounding ratios II. 1 34-5: 
separation of ratio, separando (commonly 
dividendo) 11. 138: conversion of ratio, 
convertendo 11. 135: ratio ex aequali 11. 
136, ex aequali in perturbed proportion 11. 
136: division of ratios used in Data as 
general method alternative to compounding 
II. 249-50: names for particular arith- 
metical ratios 11. 292 

Rational (fyrós): (of ratios) 1. 137 : ‘‘rational 
diameter of 5 ” I. 399-400: rational right- 
angled triangles, see right-angled triangles: 
any straight line may be taken as rational 
and the irrational is irrational in relation 
thereto III. 10: rational straight line is 
still rational if commensurable with rational 
straight line i» sguare only (extension of 
meaning by Euclid) III. to, 11-12 

Rationalisation of fractions with denominator 
of form a+,/B or JA *£,/B, 111. 243-52 

Rauchfuss, see Dasypodius 

Rausenberger, O. 1. 157, 175, 313, III. 307, 
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ar-Razf, Abii Yiisuf Ya qüb b. Muh. 1. 86 

Reciprocal or reciprocally-related figures: de- 
finition spurious II. 189 

Rectangle: =rectangular parallelogram 1. 
370: “rectangle contained by” 1. 370 

Rectilineal angle: definitions classified 1. 
179-81 : rectilineal figure I. 187: “ recti- 
lineal segment" 1. 196 

Reductio ad absurdum 1. 134: described by 
Aristotle and Proclus 1. 136: synonyms 
for, in Aristotle I. 136: a variety of Analy- 
sis I. 140: by exhaustion I. 285, 293: 
nominal avoidance of, I. 369: the only 
possible method of proving Eucl. 111. 1, 
It. 8 

Reduction (axayeryh), technical term, ex- 
plained by Aristotle and Proclus 1. 135: 
first “reduction” of a difficult construction 
due to Hippocrates I. 135, II. 133 
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Regiomontanus (Johannes Müller of Kónigs- 
berg) 1. 93, 96, 100 

Reyher, Samuel I. 107 

Rhaeticus I. 101, HI. 523 

Rhomboid 1. 18 

Rhombus, meaning and derivation 1. 189 

Riccardi, P. 1. 96, 112, 202 

Riemann, B. 1. 219, 273, 274, 280 

Right angle: definition 1. 181: drawing 
run line at right angles to another, 
Apollonius! construction for, I, 270: con- 
struction when drawn at extremity of second 
line (Heron) 1. 270 

Right-angled triangles, rational: rule for 
finding, by Pythagoras 1. 356-9, by Plato 
I. 356, 357, 359, 360, 385, by Euclid 11. 
63-4: discovery of rules by means of 
gnomons I. 358-60: connexion of rules 
with Eucl. 11. 4, 8, 1. 360: rational right- 
angled triangles in Apastamba I. 361, 363 

Róth 1. 357-8 

Rouché and de Comberousse I. 313 

Rudd, Capt. Thos. I. 110 

Ruellius, Joan: (Jean Ruel) I. 100 

ts Rule of three”: Eucl. vi. 1a equivalent to, 
H. 215 

Russell, Bertrand 1. 227, 249 


Saccheri, Gerolamo 1. 106, 144-5, 167-8, 
185-6, 194, 197-8, 200-1, II. 126, 130: 
roof of existence of fourth proportional by 
ucl. vi. r, 2 and 12, II. 170 

cs b. Mas'üd b. al-Qass I. 9o 

athapatha-Brahmana I. 362 
Savile, Henry 1. 105, 166, 245, 250, 262, II. 
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Scakene (oxadnvés or oxadnvijs) 1. 187-8: of 
numbers (=odd) 1. 188: a class of solid 
numbers 11. 290: of cone (Apollonius) 1. 
188 

Schessler, Chr. 1. 107 

Scheubel, Joan. I. 101, 107 

Schiaparelli, G. V. 1. 163 

Schlüssel, Christoph, see Clavius 

Schmidt, Max C. P. 1. 304, 319 

Schmidt, W., editor of Heron, on Heron's 
date I. 20-1 

Scholia to Elements and Mss. of, 1. 64-74: 
historical information in, I. 64: evidence 
in, as to text I. 64-5, 66—7: sometimes in- 
terpolated in text 1.67: classes of, “ Schol. 
Vat." 1. 65-9, “Schol. Vind." 1. 69-70, 
miscellaneous I. 71-4: “ Schol. Vat.” partly 
derived from Pappus’ commentary I. 66: 
many scholia partly extracted from Proclus 
on Bk. 1., 1. 66, 69, 72: many from Geminus 
solely 111. 522: sources go back as far as 
Theodorus i1. 532: numerical illustra- 
tions in, in Greek and Arabic numerals 1. 
71, III. 522: scholia by Psellus 1. 70-1, by 
Maximus Planudes I. 72, Joannes Pediasi- 
mus 1. 73-3: scholia in Latin published by 
G. Valla, Commandinus, Conrad Dasypo- 
dius I. 73: scholia on Eucl. 1. 13, 1. 407: 
Scholium 1v. No. 2 ascribes Book 1v. to 
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reans 11. 97, III. 525: Scholium v. 
No. r attributes Book v. to Eudoxus i1. 112: 
Scholium x. No. 1 attributes discovery of 
irrational and incommensurable to Pytha- 
reans III. 1: scholium published later 
y Heiberg attributes Scholium x. No. 63 
to Proclus 111. 521-2 
Scholiast to Clouds of Aristophanes 11. 99 
Schooten, Franz van I. 108 
Schopenhauer I. 227, 354 
Schotten, H. 1. 167, 174, 179, 192-3, 202 
Schultze, A. and Sevenoak, F. L. 111. 284, 
303, 331 
Schumacher 1. 321 
Schur, F. 1. 338 
Schweikart, F. K. 1. 219 
Scipio Vegius 1. 99 
Sectio Canonis by Euclid 1. 17, II. 294-5, 
III. 33 
Section (Tou) : = Zorn? of section I. 170. 171, 
383: “Zhe section ” =" golden section" g.v. 
Sector (of circle): explanation of name: two 
kinds (1) with vertex at centre, (2) with 
vertex at circumference II. § 
Sector-like (figure) 11. 5: bisection of such a 
re by straight line 1I. 5 
Seelhoff, P. 111. 527 
Segment of circle: angle of, I. 253. II. 4: 
similar segments II. 5: segment less than 
semicircle called dyis 1. 187 
Semicircle: 1. 186: centre of, 1. 186: angle 
of, 1. 182, 253, II. 4, 39-41 (see Angle): 
angle in semicircle a right angle, pre- 
Euclidean proof tt. 6 
ion of ratio, d:alpeots Mryov, and 
separando (OweXórvri) 11. 135: separando and 
componendo used relatively to one another, 
not to original ratio II. 168, 170 
Segt 1. 304 
Serenus of Antinoeia I. 203 
Serle, George 1. 110 
Servais, C. 111. 527 
Setting-out (Éx0ecis), one of formal divisions 
of a proposition I. 129: may be omitted I. 
I30 
Sexagesimal fractions in scholia 111. 523 
Sextus Empiricus 1. 63, 63, 184 
Shamsaddin as-Samarqandi I. 57s., 89 
** Side-" and ‘‘diagonal-” numbers, described 
1. 398-400: due to Pythagoreans I. 400, 
III. 2, 20: connexion with Eucl. 1I. 9, 10, 
I. 398-400: use for approximation to ,/3, 


I. 3 

" Side of a medial minus a medial area" (in 
Euclid * that which produces with a medial 
area a medial whole"), a compound ir- 
rational straight line: biquadratic of which 
it is a root III. 7: defined III. 165-6: 
uniquely formed 111. 174-7: equivalent to 
square root of sixth apotome 111. 209-11 

*t Side of a medial minus a rational area” (in 
Euclid “that which produces with a rational 
area a medial whole"), a compound ir- 
rational straight line: biquadratic of which 
it is a root III. 7: defined Irr. 164: 
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. uniquely formed 111. 173-4: equivalent to 
square root of A/th afotome 111. 206-8 
‘Side of a rational plus a medial area,” a 
compound irrational straight line: biquad- 
ratic equation of which it is a root Ill. 7: 
defined 111. 88-9: uniquely divided 111. 99: 
equivalent to square root of /f/tk binomial 

HI. 84, 12 

‘Side of the sum of two reg oo 
compound irrational straight line: biquad- 
ratic of which it is a root 111. 7: defined 


III. 89-91: uniquely divided 111. IOI : 
equivalent to square root of sixth binomial 


HI. 84, 130-1 

** Side” used in translation of Book x. for 4 
Ovrapéry (rà xwpior), “side of a square 
equal to (the area)" HI. 13, 119 

Sides of plane and solid numbers, 11. 287-8 

ro hien I. 94 

“Similar” (=equal) angles 1. 182, 252 

* Similarly inclined” (of planes) 111. 260, 265 

Similar plane and solid numbers 1. 357, 1I. 
293: one mean between two similar plane 
numbers I1. 294, 371—2,two means between 
two similar solid numbers II. 294, 373-5 

Similar rectilineal figures: def. of, given in 
Aristotle 11. 188: def. gives at once too 
little and too much 11. 188: similar figures 
on straight lines which are proportional 
are themselves proportional and conversely 
(VI. 22), alternatives for proposition 11. 
241-7 

Similar ents of circles II. 5 

Similar solids: definitions of, 111. 261, 265-7 

Simon, Max 1. 108, 155, 157-8, 167, 202, 
328, 1I. 124, 134 

Simplicius: commentary on Euclid 1. 27-8: 
on lunes of Hippocrates 1. 29, 35, 386-7: 
on Eudemus' style 1. 35, 38: on parallels 
I. 190-1: I. 22, 167, 171, 184, 185, 197, 
203, 223, 224, III. 366 

Simpson, Thomas, II. 121, III. 274 

Simson, Robert: on Euclid's Porisms 1. 14: 

. on *‘vitiations” in E/emersts due to Theon 
I. 46, 103, 104, 106, 111, 148: definition 
of plane 1. 172-3: Props. C, D (Bk. v.) 
connecting proportionals of vir. Def. 20 as 
particular case with those of v. Def. 5, r1. 
126—9, 111. 25: Axioms to Bk. V., II. 137: 
Prop. B (inversion) 11. 144: Prop. E (con- 
vertendo) 11. 175: shortens v. 8 by com- 

ressing two cases into one II. 152-3: 

important note showing flaw in v. 10 and 

ving alternative II. 156-7: Bk. vı. 

rop. A extending VI. 3 to case where 

. external angle bisected 11. 197: Props. B, 
C, D r1. 222-7: remarks on VI. 27-9, II. 
a Prop. D, Book X1., 111.345: 1. 185, 
186, 255, 259, 287, 293, 296, 322, 328, 
384, 387, 403, 11. 2, 3, 8, 22, 23, 33; 34, 
37> 43» 49» 53, 70» 73» 79» 90, 117, 131, 
132, 140, 143-4, 145, 146, 148, 154, 161, 
162, 163, 165, 170-2, 177, 179, 180, 182, 
183, 184, 185, 186, 189, 193, 195, 209, 211, 
212, 230-1, 238, 252, 269, 370, 272-3, III. 


GENERAL INDEX 


- 265, 266, 273-4. 275. 176, 286-7, 389, 395, 
301, 309. 314, 321, 324, 327, 33^. 334 
.349, 341, 349» 351, 359. 362, 375. 433» 434 
Sind b. AH Aba 't-Taiyib 1. 86 


Size, translation of swjuxérgs in V. 
"Def. 3, nt. 116-7, 189-90 n 


Smith and Bryant, alternative proofs of v. 16, 
17, I8 by means of v1. 1, where i 
are straight lines or rectilineal areas Il. 
165-6, 169, 173-4: L 404, III. 268, 375, 
284, 303, 307 mE 

Solid: definition of, 111. 260, 362-3: similar 
solids, definitions of, ir. 261, 265-7: 
equal and similar solids, id. 

Solid angle: definitions of, 111. 261, 267-8: 
solid **angle" of “quarter of sphere,” of 
cone, or of half-cone HI. 268 

“Solid loci" 1. 329, 330: Solid Lec of 
Aristaeus I. 16, 339 

Solid numbers, three varieties according to 
relative lengths of sides 11. 290-1 

“Solid problems" 1. 339, 330 

Speusippus I. 125 

Sphaerica, early treatise on, I. 17 

Sphere: definitions of, by Euclid 111. 261, 
269, by others 111. 269 

Spherical number, a particular species of cube 
number ii. 291 

Spiral, *single-turn," 1. 122-3 m., 164—5: in 
ee radi helix 1. 165 

Spiral of Archimedes 1. 26, 267 

Spire (tore) or Spiric surface |. 163, 170; 
varieties of, I. 163 

Spiric curves or sections, discovered by 

. Perseus 1. 161, 162-4 

Square number, product of equal numbers 
11. 289, 291: one mean between square 
numbers Ii. 294, 363-4 

Staudt, Ch. von i11. 276 

Steenstra, Pybo 1. 109 

Steiner, Jakob 1. 193 

Steinmann, Johann i11. 523 

Steinmetz, Moritz 1. ror, III. 523 

Steinschneider, M. 1. 8 »., 76 sqq. 

Stephanus Gracilis I. 101-3 

Stephen Clericus I. 47 

Stevin, Simon III. 8 

Stifel, Michael 111. 8 

Stobaeus I. 3, II. 280 

Stoic “ axioms” 1. 41, 221: illustrations (3ety- 

. para) I. 329 

Stolz, O. 1. 338, III. 16 

Stone, E. I. 105 

Straight line: pre-Euclidean (Platonic) de- 
finition I. 165-6: Archimedes’ assumepti 
respecting, I. 166: Euclid's definition, inter- 
preted by Proclus and Simplicius 1. 166-7: 

- language and construction of, I. 167, and 

. conjecture as to origin 1. 168: other defi- 
nitions 1. 168-9, in Heron 1. 168, by Leib- 

- mizi. 169, by Legendre 1. 169: two straight 
lines cannot enclose a space I. 195-6, can- 
not have a common segment I. 196-9, III. 
273: one or two cannot make a figure 1. 
169, 183: division of straight line into any 
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number of equal parts (an-Nairizi) 1. 326: 
straight line at right angles to plane, defi- 
nition of, III. 260, alternative constructions 
for, III. 293-4 

Strómer, Márten 1. 113 

Studemund, W. I. 92s. 

St Vincent, Gregory of, 1. 401, 404 

Subduplicate of any ratio found by Eucl. v1. 
I3, II. 216 

Subtend, meaning and construction I. 249, 
383, 350 

Suidas I. 370, III. 366, 438, 525 

Sulaiman b. 'Usma ler "Uqba) 1. 85, 9o 

Superposition: Euclid's dislike of method 
of, 1. 325, 249: apparently assumed by 
Aristotle as legitimate 1. 226: used by 
Archimedes 1. 225: objected to by Pele- 
tarius I. 249: no use theoretically, but 
merely furnishes practical test of equality 1. 
227: Bertrand Russell on, 1. 227, 24 

Surface: Pythagorean term for, xpo (—co- 
lour, or skin) I. 169: terms for, in Plato and 
Aristotle 1. 169: éwipdveca in Euclid (not 
éwlredov) 1. 169: alternative definition of, 
in Aristotle I. 170: produced by motion of 
line 1. 170: divisions or sections of solids 
are surfaces 1. 170, 171: classifications of 
surfaces by Heron and Geminus 1. 170: 
composite, incomposite, simple, mixed I. 
170: spiric surfaces I. 163, 170: komoro- 
meric (uniform) surfaces 1. 170: spheroids 
I. 170: plane surface, see plane: loci on 
surfaces I. 329, 330 

Surface-loct of Euclid 1. 15, 16, 330: Pappus’ 
lemmas on, I. 15, 16 

Susemihl, F. 111. 523 

Suter, H. 1. 822., Q7., 17%., 18n., 25%., 
787., 85-90, III. 3 

Suvoroff, Pr. 1. 113 

Swinden, J. H. van 1. 169, II. 188 

Sylvester, J. 111. 537 

Synthesis, see Analysis and Synthesis 

Syrianus J. 30, 44, 176, 178 


Tacquet, André 1. 103, 105, 111, II. 121, 
258 

Taittirlya-Samhita 1. 362 

Tannery, P. 1. 778., 37-40, 44, 160, 163, 221, 
223, 224, 225, 232, 305, 353, II. 112, 113, 
III. I, 5, 524 

Ta rikh al-Hukamá 1. 4m. 

Tartaglia, Niccoló 1. 3, 103, 106, 11. 2, 47 

Taurinus, F. A. I. 219 

Taurus I. 62, 184 

Taylor, H. M. 1. 248, 377-8, 404, IL. 16, 22, 
29, 56, 75, 102, 227, 244, 247, 272, IIL. 
268, 275, 303, 491-2, 498 

Taylor, Th. 1. 25 

Tetrahedron, regular: 11. 98: problem of 
inscribing in given sphere, Euclid’s solu- 
tion 111. 467-72, Pappus’ solution 111. 472-3 

Thabit b. Qurra, translator of Elements 1. 
9 #., 42, 75-80, 82, 84, 87, 94: proof of I. 
47, 1- 364-5 

Thales 1. 36, 37, 185, 252, 253, 278, 317, 


553 


18, 319, II. 111, 280: on distance of ship 
rom shore I. 304-5 

Theaetetus 1. 1, 37: contributions to theory 
of incommensurables 111. 3: Eucl X. 9 
attributed to, III. 3, 30: supposed to have 
discovered octahedron and icosahedron 111. 
438: was the first to write a treatise on 
regular solids III. 438, 525: III. 442 

Theodorus Antiochita I. 71 

Theodorus Cabasilas 1. 72 

Theodorus of Cyrene: proved incommen- 
surability of 4/3, «/5 etc. up to A/17, III. 
I, 2, 522, 524-5 

Theodorus Metochita, 1. 3 

Theodosius 11. 37, III. 269, 366, 472 

Theognis 1. 371 i 

Theon of Alexandria: edition of Ælements 1. 
46: changes made hy, I. 46: Simson on 
*' vitiations"' by, I. 46: principles for detect- 
ing his alterations, by comparison of P, 
ancient papyri and “Theonine” Mss. I. 
$1-3: character of changes by, I. 54-8: 
interpolation in v. r3 and Porism II. 144: 
interpolated Porism to VI. 20, 11. 239: ad- 
ditions to VI. 33 (about sectors) 11. 274-6: 
Il. 43, 109, 117, 119, 149, 152, 161, 186, 
190, 234, 235, 240, 242, 256, 262, 311, 
322, 412, III. 523 

Theon of Smyrna: 1. 172, 357, 358, 370, 
398, II. III, 119, 279, 280, 281, 284, 285, 
286, 288, 289, 290, 291, 293, 293, 1294. 
III. 2, 263, 273 

Theorem and problem, distinguished by 
Speusippus I. 125, Amphinomus I. 125, 
128, Menaechmus I. 125, Zenodotus, Posi- 
donius 1. 126, Euclid 1. 126, Carpus I. 127, 
128: views of Proclus 1. 127-8, and of 
Geminus 1. 128: ‘‘general” and ‘‘not- 
general” (or partial) theorems (Proclus) I. 
325 

Theudius of Magnesia I. 117 

Thibaut, B. F. 1. 321 

Thibaut, C.: On Sulvasütras 1. 360, 363-4 

Thompson, Thomas Perronet 1. 112 

Thrasyllus 11. 293 

Thucydides I. 333 

Thymaridas 11. 279, 285 

Tibbon, Moses b. 1. 76 

Timaeus of Plato 11. 97-8, 294-5, 363, III. 
525 

Tiraboschi I. 94%. 

Tittel, K. 1. 39 

Todhunter, I. 1. 112, 189, 246, 258, 277, 
283, 293, 298, 307, II. 3, 7, 22, 49) 51, 52, 
67, 73, 90, 99, 172, 195, 202, 204, 208, 
259, 271, 272, 300 

Tonstall, Cuthbert 1. 100 

Tore 1. 163 

Transformation of areas 1. 346-7, 410 

Trapezium: Euclid’s definition his own 1. 
189: further division into trapezia and 
Mis iiem. (Posidonius, Heron) t. 189-90: 
a theorem on area of parallel-trapezium 1. 
338-9: name applied to truncated pyramidal 
numbers (Theon of Smyrna) 11. 291 
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Treasury of Analysis (&vaNvóueros ríos) 1. 
8, 10, 11, 138 

Trendelenburg, F. A. I. 146 »., 148, 149 

Treutlein, P. 1. 358-60 
Triangle: seven species of, 1. 188: ‘‘four- 
sided" triangle, called also ‘‘barb-like” 
(dxcdoec8és) and (by Zenodorus) cochoyusrey 
I. 27, 188: construction of isosceles and 
scalene triangles 1. 243: Heron’s proof 
of expression for area in terms of sides, 
v/s (s-a) (s- b) (s-c), n. 87-8: right- 

ed triangle which is half of equilateral 

angle used forconstruction of tetrahedron, 
octahedron and icosahedron (7imacus of 
Plato) 11. 98 

Triangular numbers 11. 289 

Tribedral angles: conditions of equality 111. 
311-2: symmetrical trihedral angles 111. 


312 
Trimedial (straight line), first and second, 
corresponding to imedia! 111. 257-8 
Trinomial (straight line), extension from 
binomial 111. 256 
Triplicate, distinct from friple, ratio 11. 133 
Trisection of an angle 1. 265-7 
at-Tüsi, see Nasiraddin 


Unger, E. S. 1. 108, 169 

Unit: definitions of, by Thymaridas, **some 
°  Pythagoreans," Chrysippus, Aristotle and 
others 11. 379: Euclid's definition that of 
the “more recent" writers 11. 379: uords 
connected etymologically b eon of 
Smyrna and Nicomachus with yévos (soli- 
tary) or povrh (rest) II. 279 


Vachtchenko-Zakhartchenko 1. 113 
Vailati, G. 1. 144%., 145%. 

Valerius Maximus 1. 3 

Valla, G., De expetendis et fugiendis rebus 1. 


73» Ea 
Van Swinden, J. H. 1. 169, 11. 188 
Vatican MS. 190 (P) 1. 46, 47 
Vaux, Carra de, 1. 20 
Verona palimpsest I. 91 
Veronese, G. I. 157, 168, 175, 180, 193-4, 
195, 201, 326-7, 238, 249, 328, II. 30, 126 
Vertical (angles) 1. 278 


GENERAL INDEX 


Vettius Valens 111. 3 

Viennese Ms. (V) 1. > 8, 49 

Vieta: on angle of contact 11. 42 

Vinci, Lionardo da 1. 365-6 

Vitruvius I. 352: Vitruvius and Heron I. 30, 
21 

Viviani, Vincenzo I. 107, 40 

Vogt, Heinrich, 1. 360, oat um 523-6 

Vooght, C. J. 1. 108 


Wachsmuth, C. 1. 32 »., 73 

Walker, John 11. 204, 208, 259 

Wallis, John 1. 103: edited Comm. on did 
lemy's Harmonica 1. 17: attempt to 
Post. 5, 1. 210-11: on angie of contact “de 
gree of curvature”) ri. 42 

Weber (H.) and Wellstein g-) 1. 157 

Weierstrass I}. 124 

Weissenborn, H. 1. 78», 92 %., 94 »»., 95, 
96, 97 n. 


Williamson, James I. 111, 393 

Witt, H. A. I. 113 

Woepcke, F., discovered De divisionzdus in 
Arabic and published translation I. 9: on 
Pappus’ commentary on Elements 1. 25, 
66, 77: 1. 857., 86, 87, II. 5, Ill, 3, 255, 
256, 258, 259 


Xenocrates 1. 268 
Ximenes, Leonardo 1. 107 
Xylander 1. 107 


Yahy& b. Khalid b. Barmak 1. 75 

Yahya b. Muh. b. ‘Abdin b. Abdalwahid 
(Ibn al- -Lubiidi) 1. go 

Yrinus = Heron 1. 22 

Yühanná b. Yüsuf b. al-Hárith b. al-Bitriq 
al-Qass 1. 76,. 87 


ee Bartolomeo 1. 98-100, ror, 104, 

i 

Zeno the Epicurean I. 34, 196, 197, 199 
242 

Zenodorus I. 26, 27, 188, 333, II. 276 

Zenodotus I. 126 


Zeuthen, H. G. I. 15, 139, 141, 146 7., 151, 
355-6, 360, 363, 387, 398, 399, III. 4, 366 
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